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Abstract: Based on the compression mechanism for analyzing the cavity expansion problem in soil under high stresses, generalized 
non-linear failure criterion and large strain and energy conservation in plastic region during the cavity expanding were adopted. The 
energy conservation equation was established and the limited pressure of cavity expansion under high stresses was given based on 
the energy dissipation analysis method, in which the energy generated from cavity expansion is absorbed by the volume change and 
shear strain caused in soil. The factors of large strain and dilatation were considered by the proposed method. The analysis shows that 
the limited pressure is determined by failure criterion, stress state, large deformation characteristic, dilatation and strength of soil. It 
is shown from the comparison that the results with the proposed method approximate to those of the in-situ method. The cavity 
expansion pressure first decreases and then increases nonlinearly with both of shear modulus and dilatation increasing. 
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1 Introduction 
 

The cavity expansion theory is widely used in the 
field of geotechnical engineering, especially for 
calculating the ultimate bearing capacity of foundation, 
analyzing pile driving, cone penetration test and 
compacting grouting, etc [1−6]. FAN et al [7] and other 
earlier researchers assumed that the soil mass of plastic 
zone around the cavity is incompressible by using the 
pure shear method, without considering the influence of 
volume strain. The theory substance regards the process 
of pile or cone penetration as a local shear failure. 
However, the soil mass failure is controlled by 
compression mechanism and volume strain can never be 
neglected during the pile driving, cone penetration and 
compacting grouting. In the 1960s, LADANYI [8] 
observed the volume strain phenomenon in plastic region 
from the stress−volume strain relationship test results of 
saturated clay, and brought it into analyzing cavity 
expansion. And in succession, the author gave the 
theoretical solution of cavity expansion considering the 
volume strain in the plastic zone [1]. 

However, in the current researches on cavity 
expansion, the factors such as the shear dilatancy, strain 
softening, radius of the plastic zone and cavity expansion 
pressure are considered, based on the assumption of the 
perfectly elasto-plastic solid and small deformation 

theory. Though there are still several conclusions [9−13] 
by using the failure criterion of Mohr-Coulomb or 
Cambridge Model considering the non-associated flow, 
the expansion pressure and excess pore water pressure 
are studied for strain hardening solid. The essence of 
these results belongs to the elasto-plastic mixed subject 
based on the shear mechanism. Although they 
accumulated lots of results considering the volume strain 
in the plastic zone, it is hard to make quantitative 
analysis for static cone penetration test and pile driving, 
especially in the high-stress soil. ZHANG [14] modified 
the expansion pressure for the spherical cavity expansion 
in sands under high stress without large deformation and 
the non-associated flow rule after yielding. Actually, it is 
a consensus in geotechnical engineering field that the 
soil mass will cause large deformation in the process of 
the cone penetration test and pile driving, and the plastic 
deformation obeys the non-associated flow rule. ZOU et 
al [15] obtained the cavity expansion pressure in sands 
under high stress considering the large deformation, 
volume change and non-associated flow rule with energy 
and volume change conservation method. However, the 
developed theory did not consider high stresses and large 
strain in clay. 

Currently, it remains a challenging subject for using 
the energy method to analyze the cavity expansion under 
high stresses considering large strain and energy 
conservation in plastic region. It is the main subject in 
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this work to consider comprehensively the factors of 
large strain, energy conservation, and generalized 
nonlinear failure criterion for analyzing cavity expansion 
problem under high stresses with energy dissipation 
analyzing method. 

In this work, according to the compression 
mechanism and the stress−strain−volume strain 
relationships under high stresses, the generalized 
non-linear failure criterion, large strain, and the theory of 
energy conservation in the process of cavity expansion 
were adopted. From the comparisons between the 
proposed method and in-situ results, the formulation for 
cavity expansion pressure was obtained. 
 
2 Basic assumption 
 
2.1 Theory basis 

The penetrating persistence increases gradually 
when the static cone test or pile toe penetrates into the 
soil mass. Some regions begin to yield and absorb part of 
volume generated by penetration. With the increase of 
penetration, the compression region expands gradually 
and reaches an equilibrium state. In this region, the 
volume compression of soil equals the whole volume of 
penetration instrument until penetration is over and 
penetrated resistance tends to be a steady value. In a 
certain region around the penetration device, the 
compression instrument of soil is compensated by part of 
penetration volume and the continuum penetration 
displacement is ensured. The energy loss of penetration 
should be equal to that needed by the volume strain and 
deformation of the circumambient soil mass and the 
energy loss of volume strain occupies the main part. 

In order to simplify the analysis, the soil mass 
around cavity can be divided into two regions: the plastic 
region and the elastic region, as illustrated in Fig. 1. 
 

 
Fig. 1 Sketch of cavity expansion 
 

Figure 1 shows a cavity with an initial radius a0 and 
an initial internal pressure p0. Compressive stress and 
strain are taken as positive. The cavity expands to a 
radius of a and meanwhile the internal cavity pressure 

increases from p0 to pu. Correspondingly, an element 
initially at a distance r0 from the center of the cavity wall 
moves to a new radial position r from the center. A zone 
of soil around the cavity will deform plastically when the 
internal pressure exceeds the yield pressure in the cavity. 
The radial distance of the plastic zone around cavity is 
denoted by rp and the displacement of the elastic/plastic 
interface is denoted by up. The soil beyond the plastic 
zone would remain in a state of elastic equilibrium. The 
property of the soil in the elastic zone is defined by 
elastic modulus E, and Poisson ratio v. 

Based on these assumptions, the condition of 
spherical symmetry holds in the expansion of a spherical 
cavity. Using a spherical polar coordinate system, the 
initial position of soil element around a spherical cavity 
can be described as (r0, α, θ). The principal stresses σθ 
and σα are the same. Similarly, using a cylindrical polar 
coordinate system, the initial position of soil element 
around a cylindrical cavity can be described as (r0, θ, z). 
Plane-strain conditions are assumed for the cylindrical 
cavity in the vertical direction. With these assumptions, 
the displacements in the medium are totally radial, and 
problem is essentially one-dimensional. 
 
2.2 Basic hypothesis 

Based on the theoretical analysis above, the 
development of analytical framework for the analysis of 
cavity expansion with energy method is based on the 
following assumptions: 

1) The energy dissipation of the external stress 
during cavity expansion is mainly focused on a plastic 
region, in which the volume change generated by cavity 
expansion is absorbed by the deformation of the soil 
mass. Considering that the average normal stress of soil 
under elastic state in elastic and plastic region is 
comparatively small and the elastic deformation can be 
recovered, the energy dissipation and volume 
compression are too small to be observed, thus, they can 
be neglected. 

2) The soil is homogeneous and contains a single 
cavity with radius in an unbounded three-dimensional 
space. A homogeneous state of stress, p0, is assumed to 
act throughout the soil. 

3) The soil is assumed to obey Hookian elasticity 
until the onset of yielding. Yielding of soil is described 
by the generalized non-linear failure criterion. 

According to Ref. [16], the generalized non-linear 
failure criterion can be expressed as 
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where σt is the three-dimensional extension strength, and 
Mf is the failure stress ratio under a given reference 
pressure pr. For frictional materials, the range of 



J. Cent. South Univ. (2012) 19: 1419−1424  

 

1421

 

frictional angle is 0°−90° and the corresponding range of 
Mf is 0< Mf <3. β is the material constant reflecting the 
influence of mean principal stress on strength, 0<β<1. 

For cavity expansion problem, the octahedral 
normal stress p and octahedral deviator stress q in sand 
and clay can be written as 
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From Eqs. (2) and (3), the octahedral normal stress 

pc and p, the octahedral deviator stress qc and q are 
obtained. 

According to Ref. [17], as the cavity continues to 
expand indefinitely (i.e. a0/a→∞), the cavity radius au  
can be related to the position of the elastic-plastic 
boundary as 
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where rp is plastic region radius, au is cavity expansion 
radius, B0=(σR−p0)/(2G), σR is stress of interface between 
elastic and plastic region, and G is shear modulus [1]. 
 
3 Energy dissipation equation 
 
3.1 Energy conservation equation 

According to Ref. [17−18], energy conservation 
equation leads to 

p p

u u
u vd d

r r

a a
Vp p v q v                         (5) 

 
where V, p, q, εv, γ and pu represent the volume, normal 
stress, deviator stress, volume change, shear strain and 
expansion pressure, respectively. 
 
3.2 Cavity expansion pressure 

For cavity expansion, we have dv=2kπrkdr. Ignoring 

higher-order terms of a0, 
1 1

u 02 π( ) /( 1)k kV k a a k    ≈ 
1

u2 π /( 1)kk a k  . 
By combing Eqs. (1), (2), (3), (4), and (5), the 

expansion pressures of cavity expansion for the clay soil 
and sand soil are obtained. Then, the problem can be 
resolved with the aid of numerical calculation. 
 
4 Analysis of examples 
 
4.1 Analysis of example for sand soil 

In order to evaluate the validity of the proposed 
method, some in-situ results of the resistance in static 
cone penetration for sand soil under high stresses are 
presented in Table 1 [14, 17]. 

It is found from Table 1 that the limited penetration 
resistance is no more than 5.0 MPa for loose sand, is less 
than 7.0 MPa for slightly dense sand, mainly ranges from 
4.0 to 12.0 MPa for mid dense sand and is more than  
7.0 MPa for dense sand. Therefore, the limited 
expanding pressure in penetration cone ranges from 10.0 
to 20.0 MPa in most of the cases, though the limited 
penetration resistance of best loose sand is larger than 
20.0 MPa. 

Table 2 and Table 3 present values of limited 
expansion pressure obtained by the proposed method for 
A=0.005 9, B=−0.004 2, C=0.009 2, σ=100 kPa, =32.5°, 
v=0.27, γ=16.8 kN/m3, m=n=0.5, the embedment of soil 
mass of 15.9 m, pr=1.8 MPa, Mf=1.3, β=0.56, σt=0 with 

 
Table 1 Limited values of ps or qc for sand-soil with different close-grained ratios 

Unit Best loose Loose Slightly dense Mid dense Dense Best dense

Liaoning Colliery Designing Institute — <2.5 2.0−4.5 4.5−11.0 >11.0 — 

Beijing Geological Exploration Bureau <2.0 2.0−4.5 4.5−7.0 7.0−14.0 14.0−22.0 — 

Coarse, medium sand — <3.0 3.0−8.0 >8.0 >22.0 Central Southern China Electric Power 

Design Institute Fine sand and silt — <6.0 6.0−12.0 >12.0 — 

Medium sand <5.0 — 5.0−15.0 >15.0 — 

Fine sand <4.0 — 4.0−12.0 >12.0 — 

Slightly wet silt <3.0 — 3.0−10.0 >10.0 — 
Soviet Union 

Saturated silt <2.0 — 2.0−7.0 >7.0 — 

Norway <2.5 2.5−5.0 — 5.0−10.0 10.0−20.0 >20.0 

America — <4.0 — 4.0−12.0 12.0−20.0 >20.0 

Japan — <4.0 — 4.0−12.0 12.0−20.0 >20.0 

Bulgaria — <4.5 — 4.5−11.0 >11.0 — 
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parameters of h and G varying from 1.0 to 5.0 and from 
10.0 to 70.0 MPa for spherical and cylindrical cavities, 
respectively [2]. 

It can be seen from Table 2 that the limited 
expansion pressure of spherical cavity is between 1.9 
MPa and 17.0 MPa, except 26.6 MPa for h=1.0 and 
G=10 MPa. The expansion pressure decreases with shear 
dilatancy (h) and shear modulus (G), and increases at 
first and then decreases. 

It is shown in Table 3 that the limited expansion 
pressure of cylindrical cavity is between 0.3 and 7.6 MPa. 
The expansion pressures increase with both parameters 
of shear dilatancy (h) and shear modulus (G) increasing. 
The cylindrical cavity expansion pressure calculated by 
the developed theory is slightly larger than that obtained 
by VESIC’s theory. The result obtained by the proposed 
method is more approximated to the in-situ results than 

that obtained by VESIC’s theory. 
In order to avoid the coincidence of the results, 

Table 4 and Table 5 present values of limited expansion 
pressure obtained by the developed theory for A=0.03 2, 
B=0.009, C=0.005 5, σ=100 kPa, =33°, m=n=0.5, 
v=0.25, γ=18.6 kN/m3, the embedment of soil mass of 
13.7 m, pr=2.0 MPa, Mf=1.4, β=0.5, σt=0 with parameters 
of h and G varying from 1.0 to 2.0 and from 10.0 to 70.0 
MPa for spherical and cylindrical cavities, respectively 
[2]. 

Table 4 shows that the limited expansion pressure of 
spherical cavity is between 0.1 and 20.0 MPa except 
30.86 MPa for h=1 and G=10 MPa. The expansion 
pressure decreases with shear dilatancy and shear 
modulus increasing and this illustrates the influence of 
dilatation on expansion pressure. 

Table 5 presents that the limited expansion pressure 
 
Table 2 Limited expansion pressure (kPa) of spherical cavity with different values of h and G 

G/MPa 
h 

10 20 30 40 50 60 70 

1.0 26 575.0 16 213.5 12 453.0 10 432.0 9 144.0 8 239.6 7 563.8 

1.2 16 946.6 10 292.7 7 908.1 6 639.0 5 836.7 5 277.5 4 862.4 

1.5 10 011.7 6 112.2 4 746.7 4 033.6 3 590.5 3 286.8 3 065.0 

1.8 6 714.8 4 182.0 3 322.2 2 886.3 2 623.9 2 449.9 2 327.5 

2.0 5 423.2 3 448.8 2 797.4 2 477.5 2 292.1 2 174.7 2 096.7 

3.0 2 811.0 2 106.8 1 963.5 1 953.3 1 994.5 2 060.5 2 140.0 

4.0 2 151.5 1 953.8 2 084.6 2 292.0 2 528.8 2 779.9 3 038.9 

5.0 1 968.7 2 113.0 2 497.2 2 942.8 3 415.6 3 903.9 4 402.7 
 
Table 3 Limited expansion pressure (kPa) of cylindrical cavity with different values of h and G 

G/MPa 
h 

10 20 30 40 50 60 70 

1.0 7 620.7 3 983.6 2 797.7 2 202.9 1 842.9 1 600.4 1 425.2 

1.2 4 853.8 2 500.4 1 751.0 1 380.7 1 159.1 1 011.1 905.0 

1.5 2 900.8 1 486.6 1 049.3 837.3 712.2 629.8 571.5 

1.8 1 979.3 1 023.9 735.6 598.4 518.7 467.0 431.0 

2.0 1 616.0 845.8 616.9 509.3 447.6 408.1 381.1 

3.0 848.1 483.8 383.9 341.3 319.9 308.4 302.5 

4.0 611.5 381.2 325.0 305.6 299.6 299.8 303.1 

5.0 506.7 340.1 305.9 299.2 302.2 309.5 318.9 
 
Table 4 Limited expansion pressure (kPa) of spherical cavity with different values of h and G 

G/MPa 
h 

10 20 30 40 50 60 70 

1.0 3 0861.0 1 4310.1 9 468.1 7 131.66 5 744.46 4 820.37 3 891.73 

1.2 1 8931.6 8 431.75 5 400.93 3 955.47 3 106.21 2 545.9 1 988.92 

1.5 1 0407.7 4 314.26 2 601.59 1 803.3 1 344.1 1 047.22 759.183 

1.8 6367.5 2 422.99 1 350.92 866.508 596.473 427.564 270.7 

2.0 4 782.75 1 704.26 889.721 531.653 338.116 221.337 118.55 
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Table 5 Limited expansion pressure (kPa) of cylindrical cavity with different values of h and G 

G/MPa 
h 

10 20 30 40 50 60 70 

1.0 8 621.37 3 434.2 2 044.42 1 417.21 1 064.71 840.686 626.518 

1.2 5 509.61 2 065.6 1 173.31 780.836 565.066 430.65 305.002 

1.5 3 238.93 1 109.66 585.004 363.329 245.816 175.12 111.75 

1.8 2 131.88 667.884 324.686 185.811 115.271 74.6956 40.4507 

2.0 1 686.24 497.747 228.233 122.534 70.6284 41.9167 19.0714 

 

of cylindrical cavity is between 0.02 and 8.6 MPa. The 
expansion pressures decrease with shear dilatancy index 
and shear modulus increasing. 

It can be found from the both examples that the 
results with the proposed method are more approximated 
to the in-situ results than those with VESIC’s theory [2]. 
Therefore, the comparison shows that the proposed 
method is an effective method for estimating the limited 
penetration resistance. The comparisons show that the 
proposed method is effective for evaluating the cavity 
expansion pressure with the analyzing method of energy 
dissipation. 
 
4.2 Parameter analysis 

In order to validate the analytical solutions, two 
examples were analyzed by using the proposed method 
for A=0.032, B=0.009, C=0.005 5, σ=100 kPa, 　=33°, 
m=n=0.5, v=0.25, γ=18.6 kN/m3, the embedment of soil 
mass of 13.7 m, pr=1.65 MPa, Mf=1.6, β=0.6, σt=0 with 
parameters of h and G varying from 1.0 to 2.0 and from 
10.0 to 70.0 MPa, respectively [2]. Figures 2 and 3 
present the relationships between the limited cavity 
expansion pressure and both parameters of dilatation h 
and ratio rp/au in sand soil for the condition of k=1 and 
k=2, respectively. 
 

 
Fig. 2 Relation of pu, h and rp/au in cylindrical expansion (k=1) 

 

The numerical simulation results from Fig. 2 and 
Fig. 3 show that the relationships are nonlinear under the 
conditions of spherical cavity expansion and cylindrical 
cavity expansion. The change tendency of pu becomes 
more obvious with the increase of shear dilatancy index. 
The relationships between pu and rp/au are linear for 

h≤3.0, while become nonlinear for h≥3.0. The 
relationships between pu and h become linear basically 
for rp/au≤3.0. Meanwhile, the tendency of pu changes 
more rapidly when the ratio rp/au increases than 
dilatation h. 

Figures 4 and 5 present the relationships between 
limited expanding pressures and both parameters of h 
and G for k=1 and k=2 in clay, respectively. 

 

  
Fig. 3 Relation of pu, h and rp/au in spherical expansion (k=2) 

 

 
Fig. 4 Relation of puc, h and G in cylindrical expansion (k=1) 

 

 
Fig. 5 Relation of puc, h and G in spherical expansion (k=2) 
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It can be seen from Fig. 4 and Fig. 5 that the 
relationships between puc and both of G and h are 
nonlinear and puc decreases at first and then increases as 
the parameters of G and h increase under the conditions 
of spherical cavity expansion and cylindrical cavity 
expansion. This is because more expansion pressure is 
needed to overcome the influence of shear dilation in 
initial, and then the strain softening makes the expansion 
pressure decrease. Furthermore, expansion pressure 
increases as the dilation disappears and the soil mass 
compacts gradually. 
 
5 Conclusions 
 

1) The formulations of cavity expansion pressure 
under high stresses in sand soil and clay are developed 
with energy conservation considering large strain. It is 
shown from comparisons that the cavity expansion 
pressures obtained by using the developed theory are 
slightly larger than those obtained by VESIC’s theory, 
and more approximated to the in-situ results than those 
by VESIC’s theory. 

2) From the comparisons between theoretical and 
in-situ results, it can be found that the proposed method 
is valid and effective. 

3) Due to the influence of shear dilation, the general 
relation between expansion pressure and shear modulus 
is nonlinear, and it decreases at first and then increases 
with shear modulus and dilatation increasing under the 
conditions of spherical and cylindrical cavity expansion. 
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