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ABSTRACT: Ten papers, from different countries, were accepted to this Discussion Session on Shallow Foundations. This General 
Report reviews and summarizes the main contents and objectives of each of the submitted papers. This review shows that different
themes are treated and studied. Most of them are related to the improvement of models for predicting settlements of shallow 
foundations in granular soils and in clayey soils. Accuracy and uncertainties in estimating settlements are assessed through
probabilistic analyses in four of the accepted papers. The definition and the determination of moduli and elastic soil properties are also 
studied, like for instance the use of measured non-linear dynamic properties of soil. One paper addresses the settlement reduction by 
aggregate piers (stone columns) and defines, through a full scale loading program, the corresponding “improvement factor”. Another
theme related to the eccentrically and inclined loading of shallow foundations is treated in three papers. The interaction of nearby
footings submitted to inclined loading is studied through Finite elements analyses. Foundations submitted to dynamic loadings are
also emphasized through a paper presenting the study of an improved type of foundation combining massive block and plates.  

RÉSUMÉ : Dix articles provenant d’auteurs de différentes nationalités ont été acceptés pour cette session de discussion sur les
Fondations superficielles. Le présent rapport fournit une synthèse du contenu et des objectifs de chaque article. La revue montre que
différents sujets ont pu être abordés. La plupart porte sur l’amélioration des modèles de prédiction des tassements de fondations aussi
bien dans les sols granulaires que dans les sols argileux. La précision et les incertitudes associées à l’estimation des tassements sont
évaluées au travers d’analyses probabilistes dans quatre des articles présentés. La définition et la détermination des modules et des
propriétés élastiques des sols, comme par exemple, l’utilisation des propriétés dynamiques non linéaires, mesurées sont également
abordées. Un article traite de l’amélioration des tassements par des colonnes ballastées et définit, sur la base d’un important
programme de chargement de semelles en vraie grandeur, les facteurs de réduction des tassements. Trois des articles de la session
concernent les semelles soumises à des charges inclinées et excentrées. L’interaction entre semelles rapprochées soumises à des
charges inclinées est également étudiée par l’intermédiaire de modélisations aux éléments finis. Les fondations soumises à des
chargements dynamiques sont également abordés par la présentation d’un système combinant un bloc massif associé à une ou
plusieurs dalles. 

KEYWORDS: shallow foundation, settlement, probabilistic approach, dynamic properties. 
 

 
1 INTRODUCTION.  

This general report reviews and summarizes the main 
contents and objectives of each of the papers submitted to the 
Shallow foundation session. Different themes are covered and 
studied by these papers. 

Most of them are related to the study of settlements under 
shallow foundation either in granular soils or in clayey soils. 

The definition and the determination of moduli and elastic 
soil properties are also studied. The use of non-linear dynamic 
properties, measured in-situ, to predict settlement is covered in 
one of the submitted papers. 

Accuracy and uncertainties in estimating settlements are also 
assessed through probabilistic analyses. 

The settlement reduction by using aggregate piers (stone 
columns) and a proposal for the definition, through the results 
of a full scale foundation loading program, of the corresponding 
“improvement factor” is given. 

Another theme subject is related to the eccentrically and 
inclined loading of shallow foundations. The interaction of 
nearby footings submitted to inclined loading is studied through 
Finite elements analyses. 

Foundations submitted to dynamic loadings are also 
emphasized through a paper presenting a study of an enhanced 
type of foundation combining massive block and plate. 

2 SETTLEMENT OF SHALLOW FOUNDATIONS  

2.1 Settlement measurements 

In the paper of Dapena & al. from Spain, the settlements of 
major-scale shallow foundations of large biodigesters tanks of a 
Waste Water Treatment Plant have been recorded over the first 
ten years after they have been put in operation and loaded.  

These biodigesters are located on top of a layer of dark gray 
silty clay alluvial sediments between 15 and 20 m thick 

Dapena & al. discuss the amount of settlement recorded over 
the first 10 years and how it has developed over time. It also 
identifies how the pools have behaved differently, delimiting 
the areas with similar settlement rates.  

The measured settlement values vary between 50mm and 
200mm (figure 1). 

They show (figure 2) that the settlement s, which occurs with 
time, fits the model s = a ta  + b, where ta is the time in years 
since the tank has been full. 

Coefficient “a” is related to the rate of settlement and its 
distribution is similar to the settlement values. 
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Figure 1. Contour lines for settlement at the biodigesters (in mm). 

 

 
Figure 2. Settlement at point 53 of pool 2 based on the root of t (t= time 
in minutes) between 0.5 and 9 years and adjustment of the model. 

2.2 Settlement prediction 

In their paper, Yang Guang-hua & al. from China, analyze the 
nonlinear settlement results of five plate loading tests carried 
out on the sand foundation in Riverside Campus (Texas A & M 
University) by using tangent modulus method. 

 
Figure 3. Example of experimental and calculated Loading curves for a 
1.5m x 1.5m footing. 

They show that the tangent modulus method can calculate 
the nonlinear settlement of foundation in a better way (see 
figure 3). 

They also seek for simpler in-situ tests such as the Cone 
penetration test and the pressuremeter test to determine the soil 
parameters required in nonlinear settlement calculation. 

Their paper attempts providing a more convenient way of 
using the tangent modulus method for calculation of the 
nonlinear settlement of foundations. 

In the paper of Stokoe & al., an approach based on field 
seismic evaluation of small-strain (“elastic”) shear modulus 
(Gmax) combined with nonlinear normalized shear modulus-
shear strain (G/Gmax-log γ) relationships is presented. The 
effects of increasing confining pressure and strain amplitude on 
soil stiffness during loading of the footing are incorporated in 
this formulation.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4. Average Vs profile from SASW tests and the two-layers 
model used in the finite element analysis.. 

 
Figure 5. Measured and predicted load-settlement curves for the 0.91-m 
diameter footing. 

The presented approach has several important benefits 
including: (1) in-situ seismic testing (figure 5), such as surface 
wave tests (SASW), which can readily be performed in all types 
of granular soils, including gravels and cobbles, (2) continuous 
load-settlement curves that are evaluated to stress states 
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considerably above those expected under working loads, and (3) 
a methodology that is appropriate for all types of geotechnical 
materials, even those where the effective stresses change with 
time. 

The method was investigated by comparing with a load-
settlement test using a 0.91-m diameter footing. In the working 
stress range, predicted nonlinear footing settlements matched 
quite well with the measured ones (figure 6). The predicted 
nonlinear settlements in this range were also in reasonable 
agreement with predictions from traditional CPT and SPT 
procedures. 

3 PROBABILISTIC APPROACHES  

3.1 Bearing capacity of shallow foundations 

 
In their paper, Tian & Cassidy, from Australia and Uzielli, 
from Italy, investigate the effect of the spatial variability in 
undrained shear strength Su on the bearing capacity of a shallow 
strip footing on two-layered stiff-over-soft clay (see figure 6). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 6. Definition of problem being investigated: stiff clay top layer 
over soft clay bottom layer. 

They analyze the probabilistic assessment of the resistance 
factor Nc for bearing capacity for a strip footing on a stiff-over-
soft clay profile. The analysis is performed by applying the 
Random Finite Element Method, which combines finite 
elements simulation, spatial variability analysis and Monte 
Carlo simulation. 

Finite-element analyses are performed on meshes in which 
undrained strength values are assigned on the basis of 
quantitative estimates of the vertical and horizontal spatial 
variability and the probabilistically modeled scatter of 
undrained strength itself (see figure 7). 

 
Figure 7. Example of random field mesh. 

The study first results indicate that with high spatial 
variability in the undrained shear strength there is a significant 
reduction in the bearing capacity.  

Mean bearing capacity factors and statistical distributions 
were provided for 12 cases of sut/sub = 2. 

However, the 12 cases presented here represent a small 
subset of 1600 cases analyzed in a more ambitious numerical 
experiment. 

3.2 Settlement of shallow foundations  

Generally accepted methods for estimating immediate 
settlement of spread footings require the use of linear elastic 
models to simulate soil behavior; this approach does not capture 
the true non-linear behavior of soil. Strahler & Stuedlein 
present a statistical evaluation of a commonly used elasticity-
based method and soil stiffness correlation using a load test 
database. Then, a simple non-linear model capturing observed 
load-displacement curvature in footing load tests is presented 
and its accuracy is characterized.  The undrained initial elastic 
modulus is back-calculated using the load test database, and is 
found to vary as a function of overconsolidation ratio. 

The use of a single undrained Young’s modulus to predict 
the highly non-linear response of footings supported on 
cohesive soil has been shown to be slightly conservative at low 
displacements but increases in error with increasing 
displacement. A method to estimate displacements based on the 
non-linear Duncan-Chang model was shown to be slightly 
conservative and more accurately captures the overall load-
displacement curve. The proposed method also allowed the 
estimation of an initial undrained Young’s modulus, which 
appears to be correlated with OCR (see figure 8). This trend can 
be used to estimate the initial Young’s modulus for use in the 
non-linear model or additionally modified to be used in 
elasticity based methods.  

 

 
Figure 8. Back-calculated initial Young’s modulus using Duncan-Chang 
model.  

Despite the improvement in modeling footing response 
reported herein, significant uncertainty in the response remains 
without the adequate characterization of inherent soil 
variability, transformation error associated with correlations, 
and model error. Improved site characterization presents the 
best approach to reducing the uncertainty of footing load-
displacement response.

Bungenstab & al. from Brazil, discuss about probabilistic 
settlement analysis of footings in sands, focusing on the load 
curve (estimated settlements). For this purpose, three 
methodologies that take the First and Second Order Second 
Moment (FOSM and SOSM), and Monte Carlo Simulation 
(MCS) methods for calculating mean and variance of the 
estimated settlements through Schmertmann’s 1970 equation 
are discussed. 

The deformability modulus (ESi) is considered varying 
according to the division of the soil into sublayers and it is 
analyzed as the only independent random variable. 

As an example of application, a hypothetical case in state of 
Espirito Santo, Brazil, is evaluated. Simulations indicate that 
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there is significant similarity between SOSM and MCS 
methods, while the FOSM method underestimates the results 
due to the non-consideration of the high orders terms in 
Taylor’s series. The contribution to the knowing of the 
uncertainties in settlement predictions can provides a more 
safety design. 

Figure 9 shows the results for the probability of the predicted 
settlement to exceed different values of limiting settlements in a 
range between 10 to 50 mm. For example, the probability of the 
predicted settlement to exceed 25 mm is about 1,1%. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9. Probability for the predicted settlement, to exceed different 
values of limiting settlement.  

The analysis of the sources of uncertainties indicates that 
about 80% of the settlement variance is influenced by the 
uncertainties due to inherent soil variability and measurement 
test errors. 

4 SHALLOW FOUNDATIONS UNDER INCLINED 
LOADING 

 
In their paper, Atalar & al. present laboratory model tests that 
were conducted in a dense sand to determine the bearing 
capacity of shallow strip foundation subjected to eccentrically 
inclined load. The embedment ratio (ratio of the depth of 
embedment Df to the width of the foundation B) was varied 
from zero to one.  
 
 
 
 
 
 
 
 
 
 
 
Figure 10. Shallow foundation on granular soil subjected to 
eccentrically inclined load.  

Load eccentricity e was varied from zero to 0.15B and the 
load inclination with the vertical (α) varied from zero to 20 
degrees. Based on the results of the present study, an empirical 
non-dimensional reduction factor RF has been developed. This 
reduction factor (see Eq. (1)) is the ratio of the bearing capacity 
of the foundation subjected to an eccentrically inclined load 
(average eccentrically inclined load per unit area) to the bearing 
capacity of the foundation subjected to a centric vertical load. 

It was assumed that, for a given Df /B: 
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The determined values of a ≈ 2, m ≈ 1 and n ≈ 2-(Df/B), 
based on the test results and within the range of parameters 
tested, have been proposed. 

A comparison between the reduction factors obtained from 
the empirical relationships and those obtained experimentally 
shows, in general, a variation of 15% or less. In a few cases, 
the deviation was about 25 to 30%. 

The interaction of nearby footings resting on homogeneous 
soil bed and subjected to vertical and inclined loads has been 
studied by Nainegali & al., from India. 

Two rigid strip footings of symmetrical width, B rest on the 
surface of the homogeneous soil layer of depth H, as shown in 
Figure 11. 

The two footings are placed at a clear spacing, S and an 
inclined load, P is applied at an angle of inclination θL and θR 
with horizontal on the left and right footings, respectively. The 
effect of angles of inclination of load (θL and θR) and the clear 
spacing between the footings on the ultimate bearing capacity 
and settlement are analyzed. 

A two dimensional finite element analysis is then carried out 
using the commercially available finite element software, 
ABAQUS. 

 
 
 
 
 
 
 
 
 
 
 

Figure 11. Problem definition for footings interaction.  

 
Their study shows that the interference phenomenon has a 

considerable effect on the ultimate bearing capacity, increasing 
this capacity when footings are vertically loaded. For the cases 
where footings are subjected to inclined load the effect of 
interference on the bearing capacity has no significant effect. 
However for all cases of inclined loading condition, the 
interference effect on the settlement is quite significant. The 
settlement of interfering footings in the range of working load 
decreases with increase in the clear spacing between the 
footings and attains a value similar to isolated footing at greater 
clear spacing (S ≥ 5B). 

5 IMPROVEMENT OF SHALLOW FOUNDATIONS 

In their paper, Kuruoglu & al., from Turkey, study the 
settlement improvement factor for footings resting on rammed 
aggregate pier groups. They use a 3D finite element program, 
calibrated with the results of a series of full scale instrumented 
load tests. 

Four large plate load tests were conducted with rigid steel 
plates of 3.0m by 3.5m. One of the load tests was on non-treated 
soil. Second load test was Group A loading on improved ground 
with aggregate piers of 3.0m length, third load test was Group B 
loading on improved ground with aggregate piers of 5.0m 
length and finally fourth load test was Group C loading on 
improved ground with aggregate pier lengths of 8.0m. 

The aggregate pier groups under each footing, consisted of 7 
piers installed with a spacing of 1.25 m in a triangular pattern. 
The pier diameter was 65cm. (See Figure 12) 
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Figure 12. Location of aggregate piers at the test site.  

 
A simplified 3D finite element composite soil model was 

then developed, which takes into account the increase of 
stiffness around the piers due to the ramming process. Design 
charts for settlement improvement factors of square footings of 
different sizes (B = 2.4m to 4.8m) resting on aggregate pier 
groups of different area ratios (AR = 0.087 to 0.349), pier 
moduli (Ecolumn = 36MPa to 72MPa), and with various 
compressible clay layer strengths (cu = 20kPa to 60kPa) and 
thicknesses (L = 5m to 15m) were prepared using this calibrated 
3D finite element model (see example in figure 13). 

It was found that, the settlement improvement factor 
increases as the area ratio, the pier modulus and the footing 
pressure increase.  

On the other hand, they observe that the settlement 
improvement factor decreases as the undrained shear strength 
and thickness of compressible clay and footing size increase. 
 

 
Figure 13. Settlement improvement factor (IF) vs. area ratio (AR) charts 
for a rigid square footing (B=2.4m) with a foundation pressure of q=100 
kPa resting on end bearing rammed aggregate piers (L=5m, E=36 MPa). 

Heavy machinery with rotating, reciprocating or impacting 
masses requires a foundation that can resist dynamic loadings 
and the resulting vibrations. Y.Kirichek & V.Bolshakov 
present in their paper new forms of foundations under machines 
with low dynamic loadings. They are named «Combined 
massive and plate foundations” (see Figure 14). 

This type of foundations consists of deepened rigid solid 
mass, and attached to it in soil, thin horizontal plates. 

Its natural frequencies can be sat in a wide frequency range 
by changing dimension and location of the attached thin 
horizontal plates in soil. 

 
(a) 

 
(b) 
 

Figure 14. Combined massive and plate foundations: (a) – a solid block 
and three plates, (b) – a solid block and two plates.  

As a result natural frequency of such foundation can be 
significantly higher in amount than of block-type foundation, 
and vibration level of the combined massive and plate 
foundations under low-frequency loading and impacting 
machinery generally is considerably lower. 

For studying the behavior of the combined massive and plate 
foundations under low-frequency, large-scale field loading tests 
were conducted by Kirichek & Bolshakov. The comparison of 
the footing vibration tests with theory was done. For these tests, 
the vertical and horizontal dynamic forces on footing were 
generated by rotating mass vibrators. The large-scale models 
were 1.5 m in wide and 3.71 m in length. 

The comparison of the amplitude-frequency responses of the 
combined massive plate foundations enable to evaluate 
influence of the dimension of plates on responses of foundation. 
It shows that the vibration amplitude decreases half as much 
with increasing of the plate area F twice as many. 

The plate thickness h has less effect on the responses of 
foundation (see figure 15). 
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Figure 15. Amplitude-frequency responses of the combined massive and 
plate foundations with the plate on the top of the foundations to 
horizontal periodic load: 1 – amplitude-frequency response of the block, 
2 – F=2.13, h=0.05, 3 – F=4.5, h=0.05, 4 – F=2.13m, h=0.1, 5 – 
F=4.5m, h=0.1m  

It was experimentally determined that the effect of top plates 
was more effective under horizontal dynamic loading and the 
effect of bottom plates was more effective under vertical 
dynamic loading.  

A thin plate on the soil can significantly reduce the vibration 
level of the block foundation. 
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Bearing capacity of shallow foundation under eccentrically inclined load 

Capacité portante d’une fondation superficielle sous une charge inclinée excentrique 
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Patra C.R. 
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ABSTRACT: Laboratory model tests were conducted in a dense sand to determine the bearing capacity of shallow strip foundation 
subjected to eccentrically inclined load. The embedment ratio (ratio of the depth of embedment Df  to the width of the foundation B) 
was varied from zero to one. Load eccentricity e was varied from zero to 0.15B and the load inclination with the vertical (α) was 
varied from zero to 20 degrees. Based on the results of the present study, an empirical nondimensional reduction factor has been
developed. This reduction factor is the ratio of the bearing capacity of the foundation subjected to an eccentrically inclined load 
(average eccentrically inclined load per unit area) to the bearing capacity of the foundation subjected to a centric vertical load. 

RÉSUMÉ: Des essais ont été réalisés sur un sable dense en utilisant des modèles au laboratoire afin de déterminer la capacité portante 
d’une fondation superficielle filante sous chargement inclinée excentrique. Nous avons fait varier le rapport d’encastrement de la
fondation (rapport entre la profondeur d’encastrement Df et la largeur de la semelle B) entre 0 et 1. Nous avons également fait varier 
l’excentricité de la charge e de 0 à 0.15B et l’inclinaison de 0 jusqu’à 20 degrés. Sur la base des résultats de cette étude, un facteur
empirique de réduction adimensionnel a été développé. Ce facteur de réduction est le rapport de la capacité portante d’une fondation 
soumise à une charge inclinée excentrique (charge excentrique inclinée moyenne par unité de surface) par rapport à la capacité
portante d’une fondation soumise à une charge verticale centrée. 

KEYWORDS: Load eccentricity, load inclination, sand, shallow foundation, reduction factor, ultimate bearing capacity 
 

 
1 INTRODUCTION  

On some occasions shallow foundations are subjected to 
eccentrically inclined load as shown in Fig. 1 for the case of a 
strip foundation of width B  supported by sand. In Fig. 1, Qu is 
the ultimate load per unit length of the foundation applied with 
an eccentricity e and inclined at an angle α with respect to the 
vertical. Meyerhof (1963) proposed a relationship for the 
vertical component of the average ultimate load per unit area of 
the foundation based on the effective area concept. For granular 
soil it can be expressed as 
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where quv(e,α) = average vertical component of the ultimate load 
per unit area with load eccentricity e and load inclination α, q = 
γDf , γ = unit weight of sand, Df  = depth of foundation, Nq , Nγ = 
bearing capacity factors, B' = effective width = B � 2e, dq , dγ  = 
depth factors, and iq, iγ = inclination factors. 
 

 

 
 

 

Figure 1. Shallow foundation on granular soil subjected to eccentrically 
inclined load. 

The relationships for bearing capacity, depth and inclination 
factors are as follow, 
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where  = soil friction angle. 

Purakayastha and Char (1977) conducted stability analyses 
of eccentrically loaded strip foundations (α = 0) supported by 
granular soil using the method of slices proposed by Janbu 
(1957). Based on their study it was proposed that, for a given  
Df /B, 
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where quv(e,α=0) = average ultimate vertical load per unit area of 
the foundation with load eccentricity e and load inclination α = 
0, quv(e=0,α=0) = average ultimate bearing capacity with centric 
vertical load, R = reduction factor, b and c = functions of Df /B 
only and independent of soil friction angle . The variation of b 
and c with Df /B [Eq. (7)] is given in Table 1. 
 

Table 1. Variation of b and c with Df /B— 
Analysis of Purkayastha and Char (1977)  
Df /B b c

0 
0.25 
0.5 
1.0 

1.862 
1.811 
1.754 
1.820 

0.73 
0.785 
0.80 

0.888 
 
For Df /B between zero and 1, the average values of b and c are 
about 1.81 and 0.8 respectively. So Eq. (7) can be approximated 
as, 
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Saran and Agarwal (1991) performed a limit equilibrium 

analysis to evaluate the ultimate bearing capacity of strip 
foundation subjected to eccentrically inclined load. According 
to this analysis, for a foundation on granular soil, 
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where qu(e/B,α) = average inclined load per unit area with load 
eccentricity ratio e/B and load inclination α, Nq(e/B,α) and Nγ(e/B,α) 
= bearing capacity factors expressed in terms of load 
eccentricity e and inclined at an angle α to the vertical. They are 
available in tabular and graphical form in the original paper of 
Saran and Agarwal (1991). 

The purpose of the present study is to present several 
laboratory model test results for the average ultimate inclined 
load per unit area of a strip foundation, qu(e,α), supported by 
dense sand [i.e. quv(e,α)/cosα]. A reduction factor has been 
proposed to estimate qu(e,α) at a given Df /B from the ultimate 
bearing capacity with centric vertical loading quv(e=0,α=0) at 
similar Df /B. 
 

2  LABORATORY MODEL TESTS 

Laboratory model tests were conducted using a poorly graded 
sand with effective size D10 = 0.325 mm, uniformity coefficient 
Cu = 1.45 and coefficient of gradation Cc = 1.15. The model 
tests were conducted in a tank measuring 1.0 m (length)  0.504 
m (width)  0.655 m (height). The two length sides of the tank 
were made of 12mm thick high strength fiberglass. All four 
sides of the tank were braced to avoid bulging during testing. 
The model foundation measured 100 mm (width B)  500 mm 
(length L)  30mm (thickness t) and was made from a mild steel 
plate. The bottom of the footing was made rough by applying 
glue and then rolling the steel plate over sand. Since the width 
of the test tank and the length of the model foundation were 
approximately the same, a plane strain condition roughly 
existed during the tests. 

Sand was poured into the test tank in layers of 25 mm from a 
fixed height by raining technique to achieve the desired average 
unit weight of compaction. The height of fall was fixed by 
making several trials in the test tank prior to the model test to 
achieve the desired unit weight of sand. The model foundation 
was placed at a desired Df /B ratio at the middle of the box. 
Load to the model foundation was applied by a loading 
assembly which was capable of applying eccentrically inclined 

load. It consisted of three units: (a) the electrical control panel, 
(b) hydraulic power pack and (c) loading device. The loading 
device was a combination of a beam, four cylinders, four 
supporting columns and a base. The hydraulic cylinder was the 
device that converted fluid power into linear mechanical force 
and motion. It converted fluid energy to an output force in a 
linear direction for executing different jobs. The capacity of the 
hydraulic cylinder in universal static loading setup was 100 kN. 
The load could be applied to the model foundation in the range 
of 0 to 100 kN with an accuracy of 1 N. The inclination of the 
load could be changed by forward and backward movement of 
the cylinder. The inclination of the load remained intact 
throughout the testing period by the provision of the check 
valve. Settlement of the model foundation was measured by dial 
gauges placed on two edges along the width side of the model 
foundation. 

The average values of the various parameters during the 
model tests are given in Table 2. 

 
Table 2. Model Test Parameters  

Parameters Values 
Unit weight of compaction of sand 

Relative density of compaction 
Soil friction angle 

Df /B 
e/B 

Load inclination α 

14.36 kN/m3 
69% 
40.8 

0, 0.5, 1 
0, 0.05, 0.1, 0.15 

0, 5, 10, 15, 20 

3   MODEL TEST RESULTS 

Based on the load-settlement curves, the average ultimate 
inclined loads per unit area of the foundation qu(e,α) (= Qu /B; see 
Fig. 1) obtained from the present tests are given in Table 3. 

4   ANALYSIS OF MODEL TEST RESULTS 

Based on Eqs. (5), 6) and (7), it was assumed that, for a given 
Df /B, 
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In order to determine the values of a, m and n, the following 
procedure was used: 

Step 1:  For vertical loading conditions (i.e.  =0), Eq. (10) 
takes the form 
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B
eaRF 1  (11) 

 
With  = 0 and, for a given Df /B, regression analyses were 
performed to obtain the magnitudes of a and m. 

Step 2:  Using the values of a and m obtained in Step 1 and 
Eq. (10), for a given Df /B, a regression analysis was performed 
to obtain the value of n for  > 0°. 

The values of a, m and n obtained from analyses described 
above are given below, 

   Df /B = 0 ― a = 2.23, m = 0.81, n = 1.98 
   Df /B = 0.5 ― a = 2.0, m = 0.88, n = 1.23 
   Df /B = 1.0 ― a = 1.76, m = 0.92, n = 0.97 

From the values of a, m and n, It can be seen that the variations 
of a and m with Df /B are very minimal; however, the value of n 
decreases with the increase in embedment ratio. The average 
values of a and m are 1.97 and 0.87 respectively.  
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                                        Table 3.  Experimental Average Ultimate Loads Per Unit Area and Reduction Factors. 
 

 
Df /B

(1) 
 (deg) 

(2) 
e/B
(3) 

Experimental 

),,/( eBDu f
q  

(kN/m2) 
(4) 

Experimental 
RF

[Eq. (10)] 
(5)

Calculated RF
[Eqs. (10), (12), 
(13) and (14)] 

(6)

Deviation— 

(%) 
6 Col.

5 Col.6 Col. 
 

(7) 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 

0 
0 
0 
0 
5 
5 
5 
5 
10 
10 
10 
10 
15 
15 
15 
15 
20 
20 
20 
20 
0 
0 
0 
0 
5 
5 
5 
5 
10 
10 
10 
10 
15 
15 
15 
15 
20 
20 
20 
20 
0 
0 
0 
0 
5 
5 
5 
5 
10 
10 
10 
10 
15 
15 
15 
15 
20 
20 
20 
20 

0 
0.05 
0.1 

0.15 
0 

0.05 
0.1 

0.15 
0 

0.05 
0.1 

0.15 
0 

0.05 
0.1 

0.15 
0 

0.05 
0.1 

0.15 
0 

0.05 
0.1 

0.15 
0 

0.05 
0.1 

0.15 
0 

0.05 
0.1 

0.15 
0 

0.05 
0.1 

0.15 
0 

0.05 
0.1 
0.5 
0 

0.05 
0.1 

0.15 
0 

0.05 
0.1 

0.15 
0 

0.05 
0.1 

0.15 
0 

0.05 
0.1 

0.15 
0 

0.05 
0.1 

0.15 

166.77 
133.42 
109.87 
86.33 
128.51 
103.01 
86.33 
65.73 
96.14 
76.52 
62.78 
51.99 
66.71 
53.96 
44.15 
35.12 
43.16 
34.83 
29.43 
23.54 
264.87 
226.61 
195.22 
164.81 
223.67 
193.26 
165.79 
140.28 
186.39 
160.88 
137.34 
116.74 
151.07 
129.49 
111.83 
94.18 
115.76 

98.1 
85.35 
72.59 
353.16 
313.92 
278.6 
245.25 
313.92 
277.62 
241.33 
215.82 
264.87 
239.36 
212.88 
188.35 
225.63 
206.01 
179.52 
155.98 
183.45 
166.77 
143.23 
126.55 

1.0 
0.8 

0.659 
0.518 
0.771 
0.618 
0.518 
0.394 
0.576 
0.459 
0.376 
0.312 

0.4 
0.324 
0.265 
0.211 
0.259 
0.209 
0.176 
0.141 

1.0 
0.856 
0.737 
0.622 
0.844 
0.73 

0.626 
0.530 
0.704 
0.607 
0.519 
0.441 
0.57 

0.489 
0.422 
0.356 
0.437 
0.37 

0.322 
0.274 

1.0 
0.889 
0.789 
0.694 
0.889 
0.786 
0.683 
0.611 
0.750 
0.678 
0.603 
0.533 
0.639 
0.583 
0.508 
0.442 
0.519 
0.472 
0.406 
0.358 

1 
0.9 
0.8 
0.7 
0.77 

0.693 
0.616 
0.539 
0.570 
0.513 
0.456 
0.399 

0.4 
0.36 
0.32 
0.28 
0.26 

0.234 
0.208 
0.182 

1.0 
0.9 
0.8 
0.7 

0.822 
0.74 

0.658 
0.575 
0.656 
0.59 

0.525 
0.459 
0.503 
0.453 
0.402 
0.352 
0.364 
0.328 
0.291 
0.255 

1.0 
0.9 
0.8 
0.7 

0.877 
0.79 

0.702 
0.614 
0.755 
0.679 
0.604 
0.528 
0.632 
0.569 
0.506 
0.443 
0.51 

0.459 
0.408 
0.357 

0.00 
11.11 
17.63 
26.00 
-0.13 
10.82 
15.91 
26.90 
-1.05 
10.53 
17.54 
21.80 
0.00 
10.00 
17.19 
24.64 
0.38 
10.68 
15.38 
22.53 
0.00 
4.89 
7.88 
11.14 
-2.68 
1.35 
4.86 
7.83 
-7.32 
-2.88 
1.14 
3.92 

-13.32 
-7.95 
-4.98 
-1.14 
-20.06 
-12.80 
-10.65 
-7.45 
0.00 
1.22 
1.38 
0.86 
-1.37 
0.51 
2.71 
0.49 
0.66 
0.15 
0.17 
-0.95 
-1.11 
-2.46 
-0.40 
0.23 
-1.76 
-2.83 
0.49 
-0.28 

 
Considering the uncertainties involved in any experimental 

evaluation of ultimate bearing capacity, we can assume without 
loss of much accuracy 

 
2a  (12) 
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The experimental values of RF defined by Eq. (10) are 

shown in Col. 5 of Table 1. For comparison purposes, the 
predicted values of the reduction factor RF obtained using Eqs. 
(10), (12), (13) and (14) are shown in Col. 6 of Table 3. The 
deviations of the predicted values of RF from those obtained 
experimentally are shown in Col. 7 of Table 3. In most cases the 
deviations are 15% or less; however, in some cases, the 
deviations were about 25%. Thus Eqs. (10), (12), (13) and (14) 
provide reasonable good and simple approximations to estimate 
the ultimate bearing capacity of strip foundations (0  Df /B  1) 
subjected to inclined eccentric loading. Or, for a given Df /B, 
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5   CONCLUSIONS 

The results of a number of laboratory model tests conducted to 
determine the ultimate bearing capacity of a strip foundation 
supported by sand and subjected to an eccentrically inclined 
load with an embedment ratio varying from zero to one have 
been reported. Tests were conducted on dense sand. The load 
eccentricity ratio e/B was varied from zero to 0.15, and the load 
inclination  was varied from zero to 20° (i.e. /  0 to 0.5). 
Based on the test results and within the range of parameters 
tested, an empirical relationship for a reduction factor RF has 
been proposed [Eq. (15)]. A comparison between the reduction 
factors obtained from the empirical relationships and those 
obtained experimentally shows, in general, a variation of 15% 
or less. In a few cases, the deviation was about 25 to 30%. 
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Estimating settlements of footings in sands – a probabilistic approach 

Estimation des tassements de semelles dans les sables – une approche probabiliste 

Bungenstab F.C., Bicalho K.V., Ribeiro R.C.H. 
Federal University of Espirito Santo – UFES – Vitória/ES, Brazil. 

Aoki R.C.H. 
Engineering School of São Carlos – USP, São Carlos/SP, Brazil. 

ABSTRACT: This paper discuss about probabilistic settlement analysis of footings in sands, focusing on the load curve (estimated
settlements). For this purpose, three methodologies that take the First and Second Order Second Moment (FOSM and SOSM), and
Monte Carlo Simulation (MCS) methods for calculating mean and variance of the estimated settlements through Schmertmann’s 1970
equation are discussed. The deformability modulus (ESi) is considered varying according to the division of the soil into sublayers and 
it is analyzed as the only independent random variable. As an example of application, a hypothetical case in state of Espirito Santo,
Brazil, is evaluated. Simulations indicate that there is significant similarity between SOSM and MCS methods, while the FOSM 
method underestimates the results due to the non-consideration of the high orders terms in Taylor’s series. The contribution to the
knowing of the uncertainties in settlement predictions can provides a more safety design. 

RÉSUMÉ : Cet article traite de l'approche probabiliste de l’estimation des tassements de semelles dans les sables, en se concentrant
sur la courbe charge-tassements estimés. Pour ce faire, trois méthodes basées sur les moments du premier et deuxième ordre (FOSM
et SOSM), des moyennes et écarts-types et sur des simulations de Monte Carlo (MCS) ont été utilisées pour le calcul du tassement
moyen et sa variation à l’aide de l’équation de Schmertmann (1970) et sont discutées. Le module de déformabilité (ESi) est considéré
variable dû à la division du sol en sous-couches et il est considéré comme le seul paramètre indépendant et aléatoire. Comme exemple
d'application, une étude de cas situé dans l'état d'Espirito Santo, au Brésil, est discutée et évaluée. Les simulations montrent qu'il y a
une similitude significative entre les résultats obtenus par les simulations SOSM et MCS, alors que les estimations FOSM sous-
estiment les tassements en raison de la non-prise en compte des termes d'ordre élevé des décompositions en série de Taylor. La
contribution à la connaissance des incertitudes dans les prédictions de tassement peut fournir un dimensionnement plus fiable. 

KEYWORDS: Sandy soils, foundations (engineering), settlement of structures, reliability (engineering), probabilities. 
 

 
1 INTRODUCTION 

Probabilistic or reliability studies and risk evaluation have 
become increasing popular in geotechnical engineering only in 
the last decades (Sivakugan and Johnson 2004), while 
geotechnical analysis are still usually made by conventional 
deterministic approaches, based on safety factors. Most 
commonly studies in probabilistic analysis reported in the 
literature discuss the ultimate limit state (ULS), representing the 
probability of a foundation to failure, pF. According to Aoki et 
al. (2002), this probability is function of relative position and 
scatter degree of the probability density curves of solicitation, 
fs(S), and resistance, FR(R), as shown in figure 1, so: 

 

 

      
 
 

                                             (1)  

Figure 1. Solicitation and resistance curves and factors of safety – 
Reliability analysis of a foundation at the ULS (Aoki et al., 2002). 

The same probabilistic concept can be applied to analyze the 
serviceability limit state (SLS) of a foundation (figure 2). In a 
foundation settlement analysis, the probability of failure 
becomes the probability of predicted or estimated settlement 
(calculated with service loads) to exceed limiting settlement 

(limiting movement affecting visual appearance, serviceability 
or function and stability). Here, solicitation and resistance 
functions assume the variability of predicted and limiting 
settlements, respectively, which are treated as dependent 
random variables. The probability of SLS to failure, pE is then:  

 
                    (2)   
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Figure 2. 
Solicitation and resistance curves – Reliability analysis of a foundation 
at the SLS.  
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In the specific case of settlements of footings in sands, the 
predicted settlements can be evaluated through traditional 
methods, such as: Schmertmann (1970), Schmertmann et al. 
(1978), Burland and Burbidge (1984), Berardi and Lancellotta 
(1991). The limiting settlements evaluation can be made by 
using observational, empirical, structural or numerical 
modelling methods (Negulescu and Foerster 2010), but are 
beyond the scope of this paper. 

This paper focuses on the solicitation curve and assumes, as 
a simplification, that the variability of the resistance (limiting 
settlement) curve is zero (i.e. it has been considered constant for 
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some specific deterministic value). Thus, the probability of 
occurrence of limiting settlements becomes:  
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The integrals of equations (1, 2 and 3) are commonly solved 
using analytical approximations (or reliability methods). In the 
following sections three methodologies using FOSM, SOSM 
and MCS methods with Schmertmann’s (1970) equation are 
shortly presented and discussed as a simple and practical way to 
characterize the settlement solicitation curve for a case of a 
single footing in a sandy soil.  

2 ANALYZED METHODOLOGIES 

2.1 Main concepts adopted 

The main concepts adopted on the analyzed methodologies are:  
 The total predicted settlement (ρ) is given by 

Schmertmann’s (1970), calculated through the sum of 
the settlement increments (ρi) of each sublayer: 

 
                                                                  (4) 
 

where: i=1, N and N is the number of adopted sublayers.  
 If the increments (ρi) are statistically independents and 

V[ρi] are the variance increments of the sublayers then, 
the total variance also can be calculated as the sum of 
V[ρi]: 

                                                          (5)

The proposed simplifications consider that the predicted 
settlement is function of only one random variable (ESi, in each 
sublayer), and is completely described by its first two moments 
(mean and variance). The evaluation must have done 
considering the soil stratification, first through the evaluation of 
each sublayer, individually, and then accounting for the entire 
stratum of the subsoil (sum of the increments).                                                                                                                                                             where: E[ρ1] and E[ρ2] are mean predicted settlements of the 

footings and V[ρ1] and V[ρ2] are its variances.  
2.2 The FOSM and SOSM methods 

Consider the given form of the performance function of the 
random variables x1, x2, x3... xi, independent, such as: 
G[X]=G(x1, x2, x3... xi). Developing the function G[X] about its 
mean and the mean of the random variables xi, using the 
Taylor’s expansion series, gives (Baecher and Christian 2003):  

                 (6)

The mean (E[ρ]) and variance (V[ρ]) of the predicted 
settlement can be obtained from equation (6), considering the 
Schmertmann’s (1970) method as the performance function and 
assuming the parameter ES as the unique random variable. For 
the FOSM method, gives:     

                              (7) 

 

                          (8)

For the SOSM method, settlement mean and variance are:      
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The first terms at 
the right side of equations (9 and 10) correspond exactly to the 
mean and variance calculated by the FOSM method, while the 
second terms represent the additional terms considered in the 
Taylor’s series. This simple observation shows that the use of 
the FOSM method underestimates the results of mean and 
variance as increasing the importance of the second term of the 
considered performance function. 

With the calculated values of settlement mean, variance and 
standard deviation (root square of variance) in hands, the 
probabilistic analysis can be made by setting the lognormal 
distribution to represent the predict settlement and specifying 
deterministic values to limiting settlement.  





N

i
i
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The lognormal distribution was used here for being a strictly 
positive distribution, while having a simple relationship with the 
normal distribution (Bredja et al. 2000, Fenton and Griffiths 
2002, Goldsworthy 2006). 
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N

i
iVV  The methodologies assume the analysis of an isolated 

footing. Nevertheless, if two non-correlated footings are being 
evaluated, differential settlement can be obtained by: 
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2.3 The MCS method 

The Monte Carlo Simulation method consists basically in the 
simulation of all random variables and the resolution of the 
performance function for all those generated values. Here again, 
deformability modulus is the only random variable.  

As a simplification, is proposed a number of 1.000 
simulations of modulus for each sublayer, using lognormal 
distribution. The simulation can be done by using random 
number generator algorithms for Microsoft Excel. The main 
steps are summarized below: 

 Analysis of mean and variance of qci results, for each 
sublayer. 

 Estimation of mean and variance of E . Si
 Simulation of ESi (using mean, variance and lognormal 

distribution). 
 Calculus of settlement mean and variance increment for 

each sublayer. 
Calculus of total settlement mean and variance. 

 Probabilistic settlement analysis using lognormal 
distribution and an adopted limiting settlement value(s). 

2.4 Evaluation of deformability modulus in the sublayers 

In reliability analysis, independent random variables are 
influenced by uncertainties and it must be appropriate 
quantified. In the proposed methodologies, only one random 
variable is adopted (ESi) for each sublayer.  
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some specific deterministic value). Thus, the probability of 
occurrence of limiting settlements becomes:  
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The integrals of equations (1, 2 and 3) are commonly solved 
using analytical approximations (or reliability methods). In the 
following sections three methodologies using FOSM, SOSM 
and MCS methods with Schmertmann’s (1970) equation are 
shortly presented and discussed as a simple and practical way to 
characterize the settlement solicitation curve for a case of a 
single footing in a sandy soil.  

2 ANALYZED METHODOLOGIES 

2.1 Main concepts adopted 

The main concepts adopted on the analyzed methodologies are:  
 The total predicted settlement (ρ) is given by 

Schmertmann’s (1970), calculated through the sum of 
the settlement increments (ρi) of each sublayer: 

 
                                                                  (4) 
 

where: i=1, N and N is the number of adopted sublayers.  
 If the increments (ρi) are statistically independents and 

V[ρi] are the variance increments of the sublayers then, 
the total variance also can be calculated as the sum of 
V[ρi]: 

                                                          (5)

The proposed simplifications consider that the predicted 
settlement is function of only one random variable (ESi, in each 
sublayer), and is completely described by its first two moments 
(mean and variance). The evaluation must have done 
considering the soil stratification, first through the evaluation of 
each sublayer, individually, and then accounting for the entire 
stratum of the subsoil (sum of the increments).                                                                                                                                                             where: E[ρ1] and E[ρ2] are mean predicted settlements of the 

footings and V[ρ1] and V[ρ2] are its variances.  
2.2 The FOSM and SOSM methods 

Consider the given form of the performance function of the 
random variables x1, x2, x3... xi, independent, such as: 
G[X]=G(x1, x2, x3... xi). Developing the function G[X] about its 
mean and the mean of the random variables xi, using the 
Taylor’s expansion series, gives (Baecher and Christian 2003):  

                 (6)

The mean (E[ρ]) and variance (V[ρ]) of the predicted 
settlement can be obtained from equation (6), considering the 
Schmertmann’s (1970) method as the performance function and 
assuming the parameter ES as the unique random variable. For 
the FOSM method, gives:     

                              (7) 
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For the SOSM method, settlement mean and variance are:      
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The first terms at 
the right side of equations (9 and 10) correspond exactly to the 
mean and variance calculated by the FOSM method, while the 
second terms represent the additional terms considered in the 
Taylor’s series. This simple observation shows that the use of 
the FOSM method underestimates the results of mean and 
variance as increasing the importance of the second term of the 
considered performance function. 

With the calculated values of settlement mean, variance and 
standard deviation (root square of variance) in hands, the 
probabilistic analysis can be made by setting the lognormal 
distribution to represent the predict settlement and specifying 
deterministic values to limiting settlement.  
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The lognormal distribution was used here for being a strictly 
positive distribution, while having a simple relationship with the 
normal distribution (Bredja et al. 2000, Fenton and Griffiths 
2002, Goldsworthy 2006). 
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footing. Nevertheless, if two non-correlated footings are being 
evaluated, differential settlement can be obtained by: 
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2.3 The MCS method 

The Monte Carlo Simulation method consists basically in the 
simulation of all random variables and the resolution of the 
performance function for all those generated values. Here again, 
deformability modulus is the only random variable.  

As a simplification, is proposed a number of 1.000 
simulations of modulus for each sublayer, using lognormal 
distribution. The simulation can be done by using random 
number generator algorithms for Microsoft Excel. The main 
steps are summarized below: 

 Analysis of mean and variance of qci results, for each 
sublayer. 

 Estimation of mean and variance of E . Si
 Simulation of ESi (using mean, variance and lognormal 

distribution). 
 Calculus of settlement mean and variance increment for 

each sublayer. 
Calculus of total settlement mean and variance. 

 Probabilistic settlement analysis using lognormal 
distribution and an adopted limiting settlement value(s). 

2.4 Evaluation of deformability modulus in the sublayers 

In reliability analysis, independent random variables are 
influenced by uncertainties and it must be appropriate 
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The uncertainties in ESi can be analyzed by attributing values 
to ESi variance (V[ESi]), or by analyzing the sources of 
uncertainties in the ESi estimations. Considering that the moduli 
ESi are estimated from CPT, three sources of uncertainty are 
suggested to be accounted for: 

(i) The uncertainties due to field measurements (qci, in this 
case) – in other words, the sum of inherent soil variability and 
equipments/measurement procedures errors of CPT. This 
variance is named V1[ESi]. 

(ii) The uncertainties due to transformation models – in other 
words, the empirical correlations used to transform the field 
measurement results (qci) into required design parameters (ESi). 
This variance is named V2[ESi]; 

(iii) Statistical uncertainties – due to limited sampling or 
insufficient representative sampling data in the field. This 
variance is named V3[ESi]. 

The sources of uncertainties represented by V1[ESi] and 
V2[ESi] are explicit in the ESi x qci correlations. The typical form 
of those correlations is:                
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Observe that in equation (13) two variables can contribute 
for the uncertainties in ESi estimations, which are: qci and α. It 
represents the uncertainties V1[ES] and V2[ES], as assumed 
before. The FOSM method is applied to equation (13) to give 
those sources of uncertainties. Then, V1[ES] e V2[ES] are: 
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in which: V[qci] is the sampling variance, calculated using qci 
results, of the ith sublayer, and αaverage is the average or mean α-
value, from the choosed correlations. 

 
                                          (15) 3 EXAMPLE OF APPLICATION 

in which: V[α] is the variance of α –values, supposed to be 
equally likely. To evaluate V2[ESi], two or more empirical 
correlations are needed or, in other case, it results zero. 

The third source of uncertainties evaluated is due to the 
representative of sampling data. Assuming that this source of 
uncertainties is function only of the amount of sampling (size of 
sample), it can be calculated using the following equation 
proposed by DeGroot (1986; apud Goldsworthy 2006):  
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in which: V1[ES] is the sampling variance from ES results; n is 
the number of data obtained from CPT. 

Thus, the equation to account for all sources of uncertainties 
on the variance of ESi, of the ith sublayer is:  
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2.5 Further discussions 

Comparative analysis has showed that the use of the FOSM 
method underestimates the results for COV[ES]>30%, reaching 
up to 50% error when COV[ES]=100%, due to the non-
consideration of the higher orders terms in Taylor‘s series, 
while SOSM and MCS methods seems to converge, 
approximately, to same results for all COV[ES] values. 

It has been also observed that the depth where the major 
variance contribution occurs is highly dependent of the ESi 
values, with strong influence of the IZ distribution factor, from 
Schmertmann’s (1970). So, the significance of settlement 
variance contribution (V[ρi]), of the ith sublayer, in total 
settlement variance (V[ρ]) increases as the lower the mean 
value of ESi and the closer the sublayer is to IZmax depth. 

As being simplified methods, is important to summarize the 

advantages and limitations of its use. Some advantages are:  
 Easy application, trough electronic spreadsheets, 

without having finite element or advanced calculation 
software’s. 

 It’s very helpful for giving guidance on the sensivity of 
design results (Griffiths et al. 2002), outcome from 
Schmertmann’s (1970) equation, to variations of 
deformability modulus. 

 Is possible to verify the distribution and the contribution 
of settlement variances in the sublayers. 

 Despite the non-account for spatial correlations or scale 
of fluctuation of deformability modulus, the use of 
Taylor’s methods is not against safety, as observed 
previously by Gimenes and Hachich (1992).  

Some limitations are:  
 It’s assumed a single and isolated footing (i.e. there are 

no interaction among strain bulbs of adjacent footings 
and no soil-structure interaction effects). 

 In a foundation SLS analysis is necessary to account for 
the variability of other important parameters as: 
geometry and load of footings, which were considered 
constants for the present study.  

CiSi qE .

On the use of the proposed methodologies, is recommended 
that the sublayer thickness be considered as small as possible, 
so the influence of tendencies in vertical variability is minimal 
(Campanella et al, 1987). For example, in mechanical CPT with 
20cm interval data, is indicated to set 20cm for sublayer 
thickness, so the vertical variability is already considered in the 
subsoil stratification and is not necessary to detrend the data 
(since the sublayers are treated as independent from each other). 
In this case, the evaluated uncertainties in moduli are only from 
horizontal variability of the sublayers.                            

This section presents an example of application of the SOSM 
methodology. The case considers one footing with 1600 kN 
centrally applied load, size of 2,0m x 2,0m, embedded 1,0m 
below ground surface. The subsoil stratum is showed in figure 
3. This situation with shallow stratum composed by sand with 
varied relative density is a typical soil formation from the 
coastal of Vitoria/ES, influenced by the transgression/regression 
marine phenomena, occurred in Quaternaries’ period.   
Figure 3. Subsoil stratum adopted for the example of application. 
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set at 20 cm. To account for soil variability in this region is 
firstly necessary to analyze statistically the CPT data. For each 
sublayer, q  mean and variance values must be calculated.   ci

After that, deformability modulus has to be estimated for 
each sublayer, through the adopted(s) empirical correlation(s). 
Here, it’s assumed the use of only one correlation, which is 
given by Schmertmann’s (1970): 
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The transformation must be done using mean q  valuesci
The next step is to calculate V[ESi]. Observe that, as only 

one empirical correlation was adopted, V[α] =0 and then, 
V2[ESi] becomes automatically null.  

. 4 CONCLUSIONS 

Following, the settlement mean and variance contribution of 
each sublayer has to be evaluated. Table 1 shows the main 
calculation steps and results for the given example, where: qci 
and ESi are given in MPa and predicted settlements results (ρ, 
σ[ρ]) are given in mm. Variances are given in square units. 

It has been proposed and briefly discussed three simplified 
methodologies for probabilistic analysis of settlements of 
footings in sands, which adopts the soil stratification to compute 
the only considered random variable (deformability modulus). 

 
Table 1. Evaluation of CPT results, uncertainties in ESi, and application 
of the SOSM method. 

Despite the presented limitations adopted on methodologies 
proposal, it can be assumed as a first approximation for 
evaluating the uncertainties (especially in deformability 
modulus) at the SLS analysis of a foundation. The association 
between probabilistic analysis and settlement predictions can 
become an interesting tool for geotechnical engineering in the 
knowing of soil variability and related uncertainties. 

Sublayer qci V[qci] ESi V [ESi] ρi V[ρi] % in V[ρ]

1 10,0 10,3 20,1 48,2 0,252 0,007 0,2 
2 9,6 9,9 19,2 46,0 0,791 0,077 2,0 
3 9,7 9,9 19,4 46,0 1,308 0,207 5,4 
4 9,2 9,4 18,4 44,1 1,937 0,481 12,5 
5 8,9 9,3 17,9 43,3 2,576 0,884 22,9 
6 9,4 9,6 18,8 44,7 2,607 0,845 21,9 
7 9,7 9,8 19,3 45,7 2,358 0,672 17,4 
8 11,9 12,1 23,8 56,4 1,737 0,297 7,7 
9 13,3 13,5 26,6 63,0 1,414 0,176 4,6 
10 15,4 15,5 30,8 72,2 1,104 0,092 2,4 
11 18,1 18,0 36,2 83,8 0,839 0,045 1,2 
12 21,5 21,6 42,9 100,8 0,628 0,022 0,6 
13 24,2 24,7 48,4 115,3 0,489 0,012 0,3 
14 24,8 25,8 49,7 120,5 0,413 0,008 0,2 
15 21,8 22,6 43,7 105,5 0,400 0,009 0,2 
16 20,4 21,0 40,7 97,9 0,352 0,007 0,2 
17 19,2 19,8 38,5 92,3 0,291 0,005 0,1 
18 16,1 16,3 32,3 76,1 0,250 0,005 0,1 
19 15,9 16,0 31,7 74,5 0,153 0,002 0,0 
20 15,9 16,0 31,8 74,5 0,051 0,000 0,0 

Sum - - - - 19,95 3,86 100,0 
σ[ρ] - - - - - 1,96 - 

COV (%) - - - - - 9,84 - 

Therefore, any attempt to quantify the sources of 
uncertainties and its effects in geotechnical analysis, through 
probabilistic models, may become an important tool for helping 
engineers to make better and consistent design decisions.    

5 REFERENCES 

Aoki, N.; Cintra, J. C. A. and Menegotto, M. L. 2002. Segurança e 
confiabilidade de fundações profundas. 8th Congresso Nacional de 
Geotecnia, vol. 2, p. 797-806, Lisboa. 

Baecher, G. B. and Christian, J. T. 2003. Reliability and statistics in 
geotechnical engineering. John Wiley and Sons, Chichester, 
England. 

Berardi, R. and Lancellotta, R. 1991. Stiffness of granular soils from 
field performance. Gèotechnique 41, No. 1, p. 149-157. 

Bredja, J. J. et al. 2000. Distribution and variability of surface soil 
properties at a regional scale. Soil Science Society of America 
Journal, 64, p. 974-982. 

Burland, J. B. and Burbidge, M. C. 1985. Settlement of foundations on 
sand and gravel. Proceedings of Institution of Civil Engineers, Part 
1, 78, Dec., p. 1325-1381. 

Campanella, R. G.; Wickremesingue, D. S. and Robertson, P. K. 1987. 
Statistical treatment of cone penetrometer test data. Department of 
Civil Engineering, University of British Columbia, Vancouver 
B.C., Canada, p. 1010-1019. 

 
The mean and variance of the predicted settlement are then 

the sum of the increments of each sub-layer, as suggested by the 
sum at the bottom of the table 1. So, the predicted settlement 
can now be represented by the form:  

Fenton, G. A. and Griffiths, D. V. 2002. Probabilistic foundation 
settlement on spatially random soil. ASCE Journal of Geotechnical 
and Geoenvironmental Engineering, 128(5), p. 381-390. 

Gimenes, E. A. and Hachich, W. 1992. Aspectos quantitativos em 
análises de risco geotécnico. Solos e Rocha, São Paulo, 15, (1), p. 
3-9. 

 
220)( mm                  (19) 

 
For the complete characterization of the solicitation curve 

(predicted settlement) lognormal distribution was used. Figure 4 
shows the results for the probability of the predicted settlement 
to exceed different values of limiting settlements in a range 
between 10 to 50 mm. For example, the probability of the 
predicted settlement to exceed 25 mm is about 1,1%. For 
exceeding values of over 40 mm, P [ρ≥40mm] ≈0. 

Goldsworthy, J. S. 2006. Quantifying the risk of geotechnical site 
investigations. PhD. The University of Adelaide, Australia, 
January. 

 



Griffiths, D. V.; Fenton, G. A. and Tveten, D. E. 2002. Probabilistic 
geotechnical analisys. How difficult does it need to be?, Proc. of the 
Int. Conf. on Probabilistics in Geotechnics: Technical and 
Economic Estimation, R. Pottler, H. Klapperich and H. Schweiger 
(eds.), Graz, Austria, United Engineering Foundation, New York, 
September. 

Negulescu, C. and Foerster, E. 2010. Parametric studies and quantitative 
assessment of the vulnerability of a RC frame building exposed to 
differential settlements. Natural Hazards and Earth System 
Sciences. Sci., 10, p. 1781-1792.   

 Schmertmann, J. H. 1970. Static cone to compute static settlement over 
sand. Journal of the Soil Mechanics and Foundations Division, 
ASCE, vol.96, n° SM.3, p. 1011-1043. 

 
 

Schmertmann J. H.; Hartman, J. P. and Brown, P. R. 1978. Improved 
strain influence factor diagrams. Journal of the Geotechnical 
Division, ASCE, 104(8), p. 1131-1135. 

 
 
 Sivakugan, N. and Johnson, K. 2004. Settlement predictions in granular 

soils: a probabilistic approach. Gèotechnique, LIV (07): p. 499-502.  
 

 

Figure 4. Probability of the predicted settlement to exceed different 
values of limiting settlement. 

The analysis of the sources of uncertainties indicates that 
about 80% of the settlement variance is influenced by the 
uncertainties due to inherent soil variability and measurement 
test errors. It is important to emphasize that the uncertainties 
due to transformation model was not evaluated in the example. 
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Settlement velocity measured over ten years in major-scale shallow foundations on 
a preloaded 20-m thick silty alluvial layer 

Velocité des affaissements mesurés sur dix ans, sur une foundation superficielle de grandes 
dimensions, sur une couche alluviale limoneuse de 20 m d’épaisseur préchargée 
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ABSTRACT: The site of the GALINDO Waste Water Treatment Plant stands on a layer of alluvial deposits between 15 and 20 m
thick which has been subjected to an average preloading of 2 Kg/cm2 for over 20 years. The Phase 2 biodigester tanks take up two 62 
x 195 m rectangles, separated by a 23 m wide central corridor in which the layer of alluvial sediment is 15 m thick. Construction of
the slabs and walls of the deposits and the load of the water during normal operation of the plant bring about an increased load of 1.1 
Kg/cm2, giving rise to a net increase in load, as compared to that of the previous five years, of 0.14 Kg/cm2, while still remaining 
below the preconsolidation pressure present from the beginning. According to the settlement measurements recorded, ten years after
construction, three different areas can be seen at the site of these biodigester tanks: the area corresponding to Deposits 1 and 4, which
has low compressibility, where the maximum settlement recorded was 32 and 40 mm; the area corresponding to Deposits 3 and 6, 
with average compressibility and maximum settlement recorded at 114 and 108 mm and that of Deposits 2 and 5, located in the
intermediate area, with high compressibility and maximum settlement recorded at 217 and 156 mm. One obtains the settlement 
velocity distribution and analyzes them for each of the four deposits that have significant movement, comparing the average velocity
corresponding to the period between 0.5 and 9 years, and the average velocity for the period between 8 and 10.3 years. 

RÉSUMÉ : le site de la Station de traitement des eaux usées de GALINDO repose sur une couche de dépôts alluviaux de 15 à 20 m
d’épaisseur qui a fait l’objet d’une surcharge moyenne de 2 Kg/cm2 pendant plus de 20 ans. Les réservoirs du digesteur anaérobie de 
la Phase 2 utilisent deux rectangles de 62 x 195 m, séparés par un couloir central de 23 m de large dans lequel la couche des sédiments
alluviaux mesure 15 m d’épaisseur. La construction des dalles et des parois des dépôts et le chargement de l’eau pendant le 
fonctionnement normal de la station entraînent un chargement supplémentaire de 1,1 Kg/cm2, ce qui donne lieu à une augmentation 
nette du chargement de 0,14 Kg/cm2, si nous le comparons à ceux des cinq années précédentes, tandis qu’il reste au-dessous de la 
pression de préconsolidation présente depuis le début. Conformément aux mesures de tassement enregistrées, dix ans après la
construction, trois zones différentes peuvent être observées à l’endroit de ces réservoirs du digesteur anaérobie : la zone correspondant
aux Dépôts 1 et 4 qui présente une faible compressibilité, où les tassements maximums enregistrés étaient de 32 et 40 mm ; la zone
correspondant aux Dépôts 3 et 6 présentant une compressibilité moyenne et un tassement maximum enregistrés de 114 et 108 mm et 
ceux des Dépôts 2 et 5 qui se trouvent dans la zone intermédiaire, présentant une compressibilité élevée et un tassement maximum
enregistré de 217 et 156 mm. Nous obtenons la distribution de la vitesse de tassement et nous l’analysons pour chacun des quatre
dépôts qui présentent un mouvement significatif. Nous comparons la vitesse moyenne correspondant à une période de 0,5 à 9 ans et la 
vitesse moyenne sur une période de 8 à 10,3 ans. 

KEYWORDS: settlement, alluvial sediments, waste-water treatment plant, blast furnace slag 

1 INTRODUCTION 

The foundations of the phase 2 biodigester tanks at the Galindo 
Waste Water Treatment Plant are located on top of a layer of 
dark gray silty clay alluvial sediments between 15 and 20 m 
thick. See Fig. 1. Beneath that is a compact layer of clay with 
gravel between 1 and 2 m thick, which extends down to solid 
rock.

This soil was preloaded for over 20 years with a layer of 
blast furnace slag, which transferred an average preload of 2 
kg/cm2. However, the distribution of the preload on the site of 
the phase 2 biodigesters was not known for certain, and this 
may explain the different behavior of the pools in response to 
settlement. 

In addition, for the 6 years prior to construction of the phase 
2 biodigesters, there was a uniform preload throughout the 
entire area on a scale equal to that which would be transferred 
by the biodigesters. However, when they were built, the initial 

design was modified and the load transferred was 0.14 kg/cm2

greater than the load of the soil removed. 
In Figure 1, it is possible to see that in the middle section of 

the site, precisely where pools 2 and 5 are located, the level of 
alluvial sediments is high, at the height of the support level for 
the foundation slab of pools 2 and 5. However, at the sites of 
pools 3 and 6, the surface of these deposits is 2.5 m below the 
foundation height, and the alluvial deposits are at an average 
depth of 3.5 m at pools 1 and 4. 

The influence of preloading on settlement due to primary 
consolidation has been studied by Johnson (1970), Mitchell 
(1981), and Statmatopoulos and Kotzias (1983), among others. 
Secondary consolidation has been studied by Jamiolkowski, et 
al. (1983), Magnan (1984), Kousotfas, et al. (1987), Yu and 
Frizzi (1992), Alonso, Gens and Lloret (2000 and 2001), and 
Alonso (2004). 
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Figure 1. Stratigraphic profile of the soil under the biodigester 
foundation slabs. 1. Concrete. 2. Slag. 3 and 4. Silty clay. 5. Clay with 
gravel.

This paper discusses the amount of settlement recorded over 
the first 10 years since the biodigesters were put into operation 
and how it has developed over time. It also identifies how the 
pools have behaved differently, delimiting the areas with 
settlement and with similar settlement rates 

2 SETTLEMENT RECORDED OVER THE 10 YEARS OF 
OPERATION

Figure 2 shows the total settlement recorded 10 years after the 
phase 2 biodigesters were constructed and filled. There are also 
lines connecting points with the same amount of settlement for 
the following values: 50, 60, 70, 100, 150 and 200 mm. The 50 
mm settlement line includes pools 2, 3, 5 and 6. Pools 1 and 4 
have settlement of less than 50 mm. Figure 2. The areas with the 
most settlement are in the center of pool 2, where it reaches 218 
mm, and the middle of pool 5, where settlement reaches the 
level of 158 mm. Despite this significant settlement, no 
problems with the operation of the pools have become apparent 

3 SETTLEMENT MODELS  

Settlement development over the 10 years since the phase 2 
biodigesters were constructed resembles the model s = am tm
+ b = a ta  + b, where tm is the time since the biodigesters 
were first filled expressed in minutes, and ta is this time 
expressed in years. 

This model was determined by adjusting the settlement 
values collected after 2.5 years, as contained in Dapena, et al. 
(2005). A least squares adjustment has now been applied to the 
settlement values collected for the period between 0.5 and 9 
years after the pools were filled, using the computer program. 

The corresponding a and b values at each point have thus 
been determined, as shown in Table 1.  

The graph of how settlement developed at point 53 of pool 2, 
where the greatest settlement value was obtained, is shown in 
Figure 3, together with the corresponding model. 

S53 = 0.0812 tm  + 37.4 = 58.9 ta  + 37.4; R2 = 0.99 

Because a decrease in the settlement rate was noted after 8 
years, the model has also been adjusted for the settlement values 
measured between 8 and 10 years, obtaining the value a8-10.
Table 1. 

Figure 2. Contour lines for settlement at the biodigesters in mm. 
Settlement measured on March 12, 2012. 

Figure 3. Settlement at point 53 of pool 2 based on the root of t (t= time 
in minutes) between 0.5 and 9 years and adjustment of the model. 

4 DISTRIBUTION OF THE COEFFICIENT ta

The increase in settlement over time is related to coefficient “a” 

of at  in the model used. The greater this coefficient is, the 
greater is the increase in settlement which will occur over a 
certain period of time. 

The distribution of the a0.5-9 coefficient for the biodigesters is 
shown in Figure 4. The lines connect points with the same value 
for this coefficient, separating different areas based on this 
value. The area of pools 1 and 4, where there was the least 
settlement, also has a0.5-9 coefficients with lower values, less 
than a0.5-9=5, whereas the center of pool 2 and pool 5, where the 
greatest settlement was recorded, have higher values for the 
coefficient: a0.5-9=58.9 and a0.5-9=37.5, respectively. 
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Figure 4. Distribution of values for the coefficient a. 

5 SETTLEMENT DEVELOPMENT 

According to the values for the coefficient a, shown in Table 1, 
in general, at each point the values for a8-10 are lower than the 
values for a0.5-9. This would seem to indicate that between 8 and 
10 years after the biodigesters were first filled, there was a 
period of stabilization. 

Dapena, et al. (2007) compared the settlement values for 
pool 5 measured after 4.5 years with the settlement values 
calculated for 4.5 years, using the model adjusted using the 
settlement values after 2.5 years. Except for point 8 of pool 5, 
where real settlement was clearly greater than calculations 
indicated, settlement at the remaining points of pool 5 matched 
that calculated using the model. The settlement measured at 10 
years for pool 5 is shown in Table 2, together with the 
calculations. We can see that the real settlement is lower than 
the calculations, confirming the stabilization process. 

6 SUMMARY AND CONCLUSIONS 

The phase 2 biodigesters at the Galindo Waste Water Treatment 
Plant are located on a layer of silty clay between 15 and 20 m 
thick, which has been subjected to irregular preloading for 20 
years, with average preconsolidation pressure of 2 kg/cm2.
However, for the site of the phase 2 biodigesters, the 
distribution of the preload was not known for certain. 

Table 1. Values for coefficient a when the model s=a ta + b is 
adjusted using measurements between 0.5 and 9 years (a-0.5-9) and 
measurements between 8 and 10 years (a8-10).

Point a0.5-9 a8-10 R  2
108

b0.5-9

Tank 2 
40 38.5 23.7 0.96 2.4 
41 38.3 24.7 0.97 -0.1 
42 36.3 19.1 0.95 8.9 
43 10.8 15.2 0.88 5.3 
52 9.5 6.2 0.84 17.1 
53 58.9 31.6 0.97 37.4 
61 36.2 26.4 0.97 7.9 
62 10.8 0 0.87 3.5 
63 9.9 0 0.87 2.0 

Tank 3 
35 18.1 10.9 0.98 -6.3 
36 15.0 3.9 0.92 -0.3 
37 13.5 9.6 0.91 +5.6 
38 - 13.6 0.92 - 
39 23.7 18.0 0.91 +0.9 
54 28.9 23.3 0.97 14.5 
55 21.0 9.0 0.95 16.1 
56 21.8 27 0.92 -1.1 
57 22.4 0 0.95 -4.1 
58 26.0 11.3 0.97 -1.6 
59 34.9 22.7 0.98 1.3 
60 36.0 26.7 0.97 1.0 

Tank 5 
6 7.7 6.7 0.59 7.1 
7 12.7 5.9 0.70 5.8 
8 35.2 29.7 0.96 8.1 

16 37.5 23.3 0.97 46
17 7.8 4.4 0.08 22.0 
26 7.5 2.9 0.52 6.6 
27 17.5 13.6 0.92 8.3 
28 22.8 15.6 0.96 8.0 
29 22.8 12.0 0.96 11.6 

Tank 6 
9 38.3 35.8 0.95 -6 

14 21.5 16.1 0.89 32.2 
15 28.9 28.7 0.94 21.5 
30 20.3 18.4 0.95 0.5 
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Table 2. Tank 5. Settlement measured after 4.5 and 10 years and 
calculated for 4.5 and 10 years. 
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The settlement which occurs based on time fits the model S 

= a at +b, where ta is the time in years where the tank has 
been full. 

Coefficient “a” is related to the rate of settlement and its 
distribution is similar to the settlement values as shown in 
Figure 4. Thus, at tanks 1 and 4, where the least settlement has 
occurred, the value of “a” is less than or equal to 5, while at the 
center of tank 2, it is a0.5-9 =58.9, and at the center of tank 5, it is 
a05-9 = 37.5. 

By comparing the “a” values when the model is adjusted for 
the period of time between 0.5 and 9 years, and the “a” values 
when this period of time is between 8 and 10 years, it is 
possible to observe that the settlement is stabilizing, particularly 
in the areas with greater settlement. 
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Combined massive and plate foundations under machines with dynamic loadings  

Des fondations combinées à blocs et plaques pour des machines avec charges dynamiques

Kirichek Y., Bolshakov V. 
Pridnipronsk State Academy of Civil Engineering and Architecture  

ABSTRACT: A new type of foundation under machines with dynamic loading is presented.  The combined massive and plate 
foundation consist of deepened rigid solid mass and attached thin horizontal plates.  Finite element analysis of the combined massive 
and plate foundation under machines with periodic loading is conducted.  The analytical method of dynamic analysis of combined 
massive plate foundations under impact, rotating and reciprocal machines under dynamic loadings is applied. Experimental 
investigation of the combined massive and plate foundation interaction with a soil base was performed on large-scale models in the 
open ground. The analytical and numerical results are compared with large-scale models. It was shown that the combined massive and 
plate foundations are much more efficient compared to conventional block-type foundations under dynamic machines, such as turbo-
pumps, compressors, fans, centrifuges, etc. 

RÉSUMÉ: Il est proposé un nouveau mode de fondation pour des machines supportant des charges dynamiques appellée "la fondation 
combinée à blocs et plaques". Elle consiste en un bloc rigide, relié à des plaques de faible épaisseurnoyées dans le sol. Il a été réalisé
des calculs de "fondations combinées à blocs et plaques" pour des machines soumises à des charges périodiques par la méthode des 
éléments finis. Les méthodes analytiques du calcul dynamique des "fondations combinées à blocs et plaques" ont été développées
pour des machines subissant des impacts, des machines comportant des organes en mouvement rotatif et des bielles. L’interaction des 
"fondations combinées à blocs et plaques" et du sol a été étudiée expérimentalement à l’aide d'essais à grande échelle sur chantier. Les
résultats des calculs analytiques et numériques sont comparés aux résultats des essais de modèles à grande échelle. Il est montré que
des "fondations combinées à blocs et plaques" sont beaucoup plus efficaces que les fondations à blocs traditionnelles pour les
turbopompes, les compresseurs, les ventilateurs, les centrifugeuses.  

KEYWORDS: vibrations of foundations, dynamic loading, combined massive and plate foundations, dynamic analysis. 
 

 
1 INTRODUCTION 

Heavy machinery with rotating, reciprocating or impacting 
masses requires a foundation that can resist dynamic loadings 
and the resulting vibrations. A properly designed foundation is 
one that transfers the dynamic load on the soil without high 
vibration level. Depending on the types of load or dynamic 
equipment various types of foundations are used. A block-type 
foundation under machinery is simple and in common used. Its 
response depends on the foundation mass and area of 
foundation base (Barkan D.D.1962 and Brajama M.D., Bamana 
G.V. 2011). A heavy loaded foundation has extremely big 
weight and as a result its natural frequency is very low. 
Therefore, such foundation under low-frequency loading can 
have a very high level of vibration. Furthermore, in case 
operation of impact machines, it can be dangerous for building 
with low resonance frequency. No changes of dimensions of 
such foundations enable geotechnical engineers to decrease 
considerably the vibration level.   

In the article new forms of foundations under machines with 
low dynamic loadings are presented. They were  named 
«Combined massive and plate foundations” (Fig. 1). 
Foundations such as these consist of deepened rigid solid mass 
and attached to it in soil thin horizontal plates (Kirichek Y. 
2011). Its natural frequencies can be sat in a wide frequency 
range by changing dimension and location of attached thin 
horizontal plates in soil. As a result natural frequency of such 
foundation can be significantly higher in amount then of block-
type foundation and vibration level of the combined massive 
and plate foundations under low-frequency loading and 
impacting machinery generally is considerably lower.      
2 LARGE-SCALE FIELD TEST 

For studding behavior of the combined massive and plate 
foundations under low-frequency loading large-scale field tests 

were conducted. The comparison of the footing vibration tests 
with theory was done. For these tests, the vertical and horizontal 
dynamic forces on footing were generated by rotating mass 
vibrators. The large-scale models were 1.5 m in wide and 3.71 
m in length (See Fig.2). 
 
a) 

 
b) 

 
 

Figure 1. Combined massive and plate foundations: a – a solid block 
and three plates, b – a solid block and two plates.  

Figure 2 shows the large-scale model of massive and plate 
foundations with the plate on the top or at the foot. 
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Figure 2. Large-scale models of combined massive and plate 
foundations: a – the plate is on the top of foundation, b – the plate is at 
the bottom of foundation. 1 – block, 2 – lower plate, 3 – upper plate, 4 – 
soil, 5 – vibrator. 

The tests were performed on the silty clay with unit weight 
19.7 KN/m3, natural water content 0.22, voids ratio 0.85, 
Young’s modulus 10 MPa. The block was 1 m high with the 
area of its foot equal 1m2. The plates thickness was h=0.05m 
and h=0.1m. The area of the plates was F=2.13 m2 and F=4.5 
m2. The foundations were placed at the centre of a hole 
excavated to the desired depth. Cyclic load was applied 12.7 – 
25.4 KN under frequency 50 Hz. The amplitude-frequency 
responses of the combined massive and plate foundations under 
horizontal and vertical periodic loadings are shown in Figures 3 
and 4.  
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Figure 3. Amplitude-frequency responses of the combined massive and 
plate foundations with the plate on the top of the foundations: a – 
horizontal periodic load, b – vertical periodic load, 1 – amplitude-
frequency response of the block, 2 – F=2.13, h=0.05, 3 – F=4.5, h=0.05, 
4 – F=2.13m, h=0.1, 5 – F=4.5m, h=0.1m. 
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Figure 4. Amplitude-frequency responses of the combined massive and 
plate foundations with the plate at the bottom of foundations: a –, 
horizontal periodic load b - vertical periodic load, 1 – the amplitude-
frequency response of the block, 2 – F=2.13, h=0.05, 3 – F=4.5, h=0.05, 
4 – F=2.13m, h=0.1, 5 – F=4.5m, h=0.1m. 

The comparison of the amplitude-frequency responses of the 
combined massive plate foundations enable to evaluate 
influence of the dimension of plates on responses of foundation. 
We note that the vibration amplitude decreases half as much 
with increasing of the plate area twice as many. The plate 
thickness has less effect on the responses of foundation. It was 
experimentally determinate, that the effect of top plates was 
bigger under horizontal dynamic loading and the effect of 
bottom plates was bigger under vertical dynamic loading.  

A thin plate on the soil can significantly reduce the vibration 
level of the block foundation. Figures 5 and 6 present the results 
of such large-scale field test. Responses of the deepened block-
type foundation with dimension 1m x 1m x1m became quite 
different after attaching a thin plate lying on the soil. So 
resonance frequencies became 42%-64% higher. As a result the 
high-frequency vibration amplitude decreased 3 – 4 times.  
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Figure 5. The amplitude-frequency responses of the block-type 
foundations under horizontal periodic loading: 1 – the plate with area 
8m2 is on the top of foundation, 2 – no plate.  

 
 
 
 



3453

Technical Committee CFMS / Comité technique CFMS

0
20
40
60
80

100
120
140
160
180
200

20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52

А,mkm

f,Hz

1
2

 
 

Figure 6. The amplitude-frequency responses of the block-type 
foundations under horizontal periodic loading: 1 – the plate with area 
12m2 is on the top of foundation, 2 – no plate.  

 
The vibration level of the plate extremely reduced with 

increasing the distance from the block. Figure 7 shows 
measuring on the large-scale model of block-type foundation 
with attached thin plate lying on the soil. Similar effect we can 
see on the slab around the block-type foundation of industrial 
machinery (See Fig.8). 
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Figure 7. Decline of the vibration amplitude of the plate away the block:  
a – the large-scale model, b - vertical vibration amplitude, c - horisontal 
vibration amplitude,  1 – vibration frequency 40 Hz,  2 – vibration 
frequency 20 Hz.   

The large-scale test results and the finite element analysis 
(Kirichek Y. 2000) present, that the combined massive and plate 
foundations have advantage over type-block foundations in 
frequency range 9 – 30 Hz, as their vibration level is 
considerably less. The slabs bring positive influence on the 
vibration level of block-type foundations in the low-frequency 
range. The vibration level of type-block foundations reduced 
two or three times as a result of increasing the natural frequency 
of system “block – slab”.   
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Figure 8. Decline of the horizontal vibration amplitude of the slab away 
the block-type foundation.  

 
3 ANALITICAL SOLUTION 

 
The mathematical model of the combined massive and plate 

foundations is a concentrated mass with either plates or beams 
on a viscoelastic base. Integral transformations for vertical and 
horizontal oscillations of the block and plates are considered as 
a problem of beams or plates on a viscoelastic base using 
asymptotic    and    transformation    methods.    The    analytical  
 
a) 

 
b) 

 
Figure 9. Design model of the combined massive and plate foundation 

derivation of the complex problem is also given using a 
elementary system (Barkan D.D. 1962. and Verruijt A. 2010). 
Figure 9 shows the system consisted of a mass and some beams, 
supported by a linear springs. 
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Theoretical solution for such foundation subjected to sliding 
and rocking forced vibration is presented below. The vibration 
amplitude and natural frequencies of the block can be derived 
from displacement equation (see Eq. 1). 
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Where: m – mass of block; 
Kx, Kxn - sliding subgrade modulus of the block and        

plate; 

Ах

Kf – rocking subgrade modulus of the block; 
For vibration amplitude the solution to Eg.1 can be given as: 
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The solution to Eg.1 of natural frequencies (see Eq. 3) can be 
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     Figure 10 shows the comparison of analytical solution (see 
Eq. 2) to field test result. The amplitude-frequency responses of 
the combined massive and plate foundation are shown. The 
plates with area 2.13 m2 and 4.15 m2 were located on the soil at 
the top of the foundation. This simple spring-mass system can 
be used for definition vibration level of the combined massive 
and plate foundation on the understanding that properties of 
dynamically loaded soil mast be correctly evaluated.  

, mkm

0

5

10

15

20

26 30 34 38 42
f, Hz

1
2

 
Figure 10. Comparison of analytical solution to field test result,

y with dynamic 
loa

 

REFERENCES  

mics of Bases and Foundations. MCGraw-Hill, 

Kir

Verru 0. An introduction to soil dynamik. Springer. Delft. 

25

 
amplitude-frequency responses of the combined massive and plate 
foundation with the plates on the top of foundation: a – area of the plate 
is equal 2.13 m2, b – area of the plate is equal 4.15 m2, 1 – analytical 
solution , 2 – field test result. 

4 CONCLUSION 

The new type of foundation under machiner
ding was developed. It was named the combined massive and 

plate foundation. The foundation consists of deepened massive 
block and attached in soil one or more horizontal plates. Finite 
element analysis and experimental investigation showed that   
the combined massive and plate foundations have advantage 
over block-type foundations in low-frequency range, as their 
vibration level is considerably less. The slab brings positive 
influence on vibration level of type-block foundations, their 
vibration levels get two or three times reduced and their natural 
frequency increases. For most problems the analytical 
derivation of solution is given using asymptotic and 
perturbation methods. The mathematical models for the 
oscillation of the combined massive and plate foundation are a 
lumped mass with beams or plates on the viscous-elastic basis. 
Integral transformations, Fourier series, averaging methods are 
applied for solution to such equations. The analytical and 
numerical results are compared with large-scale modeling test 
data. 
 
5

Barkan D.D. 1962. Dyna
Inc., New York.  
Brajama M.D. and Bamana G.V. 2011. Princeples of soil dynamics. 

Cengaga Learning. 552p. 
Kirichek Y. 2011. Analisys of the bechavior of massive plate 

foundations on viscoelastic base. Proc. of the 15-th European 
Conference on Soil Mechanic and geotechnical engineering. 
Athens, 557 – 562.  

ichek Y. 2000. Combined Massive and Plate Foundations for  
 Dynamic Loaded Machines, Soil Mechanics and Foundations 5, 

292-299. 
ijt A. 201

 
 

433p. 
  

  
 



3455

Settlements Under Footings on Rammed Aggregate Piers

Tassements sous des semelles sur pieux d’agrégats battus
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ABSTRACT: This study uses a 3D finite element program, calibrated with the results of a full scale instrumented load test on a
limited size footing, to estimate the settlement improvement factor for footings resting on rammed aggregate pier groups. A simplified
3D finite element model (Composite Soil Model) was developed, which takes into account the increase of stiffness around the piers
during the ramming process. Design charts for settlement improvement factors of square footings of different sizes
(B = 2.4m to 4.8m) resting on aggregate pier groups of different area ratios (AR = 0.087 to 0.349), pier moduli
(Ecolumn = 36MPa to 72MPa), and with various compressible clay layer strengths (cu = 20kPa to 60kPa) and thicknesses
(L = 5m to 15m) were prepared using this calibrated 3D finite element model. It was found that, the settlement improvement factor
increases as the area ratio, pier modulus and footing pressure increase. On the other hand, the settlement improvement factor is
observed to decrease as the undrained shear strength and thickness of compressible clay and footing size increase.

RÉSUMÉ : Cette étude utilise un modèle de calcul en éléments finis 3D, calé à partir sur les résultats d’essais de chargement grandeur 
nature , totalement instrumentés, sur une semelle de dimensions limitées, dans le but d'estimer le facteur d'amélioration du tassement
des semelles reposant sur des groupes de pieux en agrégats, battus. Un modèle simplifié par éléments finis 3D (modèle de sol
composite) a été développé ; il prend en compte l'augmentation de la rigidité autour des piles pendant le processus de battage. Les
abaques des facteurs d'amélioration de tassement d’une semelle carrée de dimensions variables (B = 2,4 m à 4,8 m) reposant sur des 
groupes de pieux en agrégats battus, avec des rapports de surface variés (AR = 0,087 à 0,349), modules de pile (Ecolumn = 36MPa à
72MPa), et avec différentes couche de renforcement d’argile compressible (cu = 20 kPa à 60 kPa) et épaisseurs (L = 5m à 15m) ont été
préparés en utilisant ce modèle en éléments finis 3D. D’une part, il a été constaté que le facteur d’amélioration du tassement croît en 
fonction de l’augmentation du rapport de la surface, du module de pile et de la pression des semelles. D'autre part, le facteur 
d’amélioration du tassement diminue lorsque la résistance au cisaillement non drainé, l'épaisseur de l'argile compressible ainsi que les
dimensions des semelles croissent.

KEYWORDS: rammed aggregate pier, stone column, settlement improvement factor

1 INTRODUCTION

This study uses a 3D finite element program, calibrated with the
results of a full scale instrumented load test on a limited size
footing, to estimate the settlement improvement factor for
footings resting on rammed aggregate pier groups. A simplified
3D finite element model (Composite Soil Model) was
developed, which takes into account the increase of stiffness
around the piers during the ramming process. Design charts for
settlement improvement factors of square footings of different
sizes (B = 2.4m to 4.8m) resting on aggregate pier groups of
different area ratios (AR = 0.087 to 0.349), pier moduli
(Ecolumn = 36MPa to 72MPa), and with various compressible
clay layer strengths (cu = 20kPa to 60kPa) and thicknesses
(L = 5m to 15m) were prepared using this calibrated 3D finite
element model.

2 CALIBRATION OF THE FINITE ELEMENT MODEL

The finite element model that is going to be used for the
parametric studies that will be presented in the proceeding
chapters of this study is calibrated with the results of full-scale
field load tests detailed in Özkeskin (2004). The full scale field
tests consist of load tests on both untreated soil and on three
different groups of rammed aggregate piers with different
lengths on the same site, and therefore offers the unique
opportunity of calibrating geotechnical parameters for a finite
element model.

The test area which is approximately 10m x 30m is located
around Lake Eymir, Ankara. Site investigation at the test area
included five boreholes which are 8m to 13.5m in depth, SPT
tests, sampling and laboratory testing, and four CPT soundings.
(see Figure 1)

Figure 1. Location of boreholes and CPT soundings at the test site.

The variation of SPT-N values with depth is given in Figure
2. It can be seen that, SPT-N values are generally in the range of
3 to 10 in the first 8 m. After 8 m depth, SPT-N values are
greater than 20, and the samples are identified as weathered
graywacke. Based on the laboratory test results, the
compressible layer, first 8 m, is classified as low plasticity clay
(CL) and clayey sand (SC) according to USCS. The liquid limit
of the compressible layer changes predominantly in the range of
27% to 43% with an average of 30%, and the plastic limit
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changes in the range of 14% to 20% with an average of 15%.
The ground water is located near the surface.

Figure 2. Variation of SPT-N values with depth at the test site.

Four large plate load tests were conducted at the load test
site. Rigid steel plates having plan dimensions of 3.0m by 3.5m
were used for loading. First load test was on untreated soil.
Second load test was Group A loading on improved ground
with aggregate piers of 3.0m length, third load test was Group B
loading on improved ground with aggregate piers of 5.0m
length and finally fourth load test was Group C loading on
improved ground with aggregate pier lengths of 8.0m. Each
aggregate pier groups, i.e. Group A, Group B, and Group C,
consisted of 7 piers installed with a spacing of 1.25 m in a
triangular pattern. The pier diameter was 65cm. (See Figure 3)

Figure 3. Location of aggregate piers at the test site.

For each group of aggregate piers, deep settlement plates
were installed at 1.5m, 3m, 5m, 8m and 10m depths. 10cm thick
fine sand layers were laid and compacted to level the surface
before placing the total pressure cell on top of the center
aggregate pier. The loading sequence for untreated soil load test
was cyclic and at each increment and decrement, load was kept
constant until the settlement rate was almost zero. For aggregate
pier groups, the loading sequence was 50, 100, 150, 200, 250,
150, 0 kPa. Two surface movements, one at the corner and one
at the center of the loading plate, and five deep movement
measurements were taken with respect to time.

The data of the plate loading test on untreated soil was used
for calibrating the finite element model. Geotechnical finite
element software PLAXIS 3D Foundation which offers the
possibility of 3D finite element modeling was used for the
analysis. Loading plate, which has dimensions of 3.0mx3.5m,
was modeled as a rigid plate and the loading was applied as a
uniformly distributed vertical load on this plate according to the
loading scheme used during the actual field test. The boundaries
of the 3D finite element mesh was extended 4 times the loading
plate dimensions in order to minimize the effects of model
boundaries on the analysis. The height of the finite element

model was selected as 12meters. The first 8 meters was the
compressible silty clay layer and the remaining 4 meters was the
relatively incompressible stiff clayey sand (weathered
greywacke) layer. An isometric view of the 3D model is given
in Figure 4.

Figure 4. Isometric view of the 3D finite element model.

Both the compressible and relatively incompressible soil
layers was modeled using the elastic-perfectly plastic Mohr-
Coulomb soil model. Groundwater level was defined at the
surface. The parameters of the relatively incompressible layer
was set to high values, and various geotechnical parameters was
assigned to the compressible layer until the surface load-
settlement curve calculated from the finite element model
matches with the field test data carried on untreated soil. The
closest match, which is shown in Figure 5, was obtained with
the parameters presented at Table 1.

Table 1. Calibrated soil parameters to be used in the finite element
analyses.
Unit  (kN/m3) c (kPa) ° E (kPa) 
Silty clay (0-8m) 18 22 0 4500 0.35
Clayey sand (8-12m) 20 0 40 50000 0.30

Figure 5. Comparison of surface load settlement curves for untreated
soil

Once the geotechnical parameters of the native soil were
determined, the next step was to model the field tests on three
different rammed aggregate pier groups (i.e. Group A, Group B
and Group C). In all three tests the rammed aggregate pier
layout was similar (Figure 6) and the lengths of the aggregate
piers were 3m, 5m and 8m for Group A, Group B and Group C,
respectively. The size of the loading plate was 3.0mx3.5m, as it
was the case at the field test on untreated soil.

Figure 6. Field test rammed aggregate pier layout
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The field load tests on rammed aggregate pier groups were
again modeled by PLAXIS 3D Foundation. The size of the
finite element mesh was kept the same as the model for the test
on untreated soil for comparison purposes. Material model and
geotechnical parameters derived from the calibration process
were used for the native soil. Rammed aggregate piers were
modeled with linear elastic material model and modulus of
elasticity value was given as E = 39 MPa, as recommended by
Özkeskin (2004), which is backcalculated from single pier load
tests. Loading plate, which has dimensions of 3.0mx3.5m, was
modeled as a rigid plate and the loading was applied as a
uniformly distributed vertical load on this plate according to the
loading scheme used during the actual field test. Calculated
surface pressure-settlement curves for each aggregate pier
groups are compared with the field measurements in Figure 7.
(Surface pressure values are normalized with respect to the
ultimate bearing capacity, qult, of the untreated soil.) The
calculated surface settlements are larger than the measured ones
for all cases.

Figure 7. Comparison of surface load-settlement curves for loading on
Group A rammed aggregate piers (Normal 3D FEM Model)

The observed stiffer and near-linear-elastic behaviour of
aggregate pier groups can be explained by the increase of lateral
stress in the matrix soil around the rammed aggregate piers
caused by the ramming action during the installation of the
piers. This increase in lateral stress of matrix soil results in
improved stiffness characteristics as explained by Handy
(2001). In order to match the observed stiffer and near-linear-
elastic behaviour of actual field test measurements, it is decided
to define linear elastic improved zones around the rammed
aggregate piers at the 3D finite element model. It is assumed
that a circular zone with a radius equal to two times of the
rammed aggregate pier radius is improved around the rammed
aggregate piers. (Modified Ring Model) This circular zone is
also divided into two zones. (Figure 8) It is assumed that the
modulus of elasticity value of the improved soil around the
rammed aggregate pier increases to 2/3 of the modulus of
elasticity value of the rammed aggregate pier at the first
improved zone - r = 1.5raggregate pier -, and to 1/3 of the modulus
of elasticity value of the rammed aggregate pier at the second
improved zone - r = 2.0raggregate pier -.

Figure 8. Geometry of the assumed improved zones around the rammed
aggregate piers

Calculated surface pressure-settlement curves for each
aggregate pier groups are compared with the field
measurements in Figure 9. Calculated load-settlement curves fit
to the expected near-linear-elastic behavior much better than

before. The agreement with the measured surface settlement
values are quite satisfactory for Group B and Group C loadings.

Figure 9. Comparison of surface load-settlement curves for loading on
Group A rammed aggregate piers (Modified Ring Model)

The next step is to try to simplify this improved near-linear-
elastic zone assumption (Modified Ring Model) so that it can be
easily used for practical analyses. For this purpose, the area
under the loading plate with the rammed aggregate piers is
modeled as a composite soil block (Composite Soil Model).
Linear elastic material model is used for the composite soil
block and the modulus of elasticity of this composite zone is
calculated as the weighted average of the rammed aggregate
pier, improved zones around the rammed aggregate pier, and
native soil, according to their respective areas. The improved
modulus of elasticity values were selected as 2/3 of the modulus
of elasticity value of the rammed aggregates pier at the first
improved zone - r = 1.5raggregate pier - , and to 1/3 of the modulus
of elasticity value of the rammed aggregates pier at the second
improved zone - r = 2.0raggregate pier - , as concluded before.
Calculated surface pressure-settlement curves for this case are
compared with the field measurements in Figure 10. Calculated
load-settlement curves with the Composite Soil Model yield
more close results to the measured values than the Modified
Ring Model, especially for floating pier groups. (i.e. Group A
and Group B)

Figure 10. Comparison of surface load-settlement curves for loading on
Group A rammed aggregate piers (Composite Soil Model)

As a result of the calibration process detailed in this chapter,
it is concluded that the 3D finite element model, i.e. the
Composite Soil Model, in which the area under the loading
plate with the rammed aggregate piers is modeled as a
composite soil block with equivalent linear elastic soil
properties taking the stiffness increase around the piers during
the installation process into account, satisfactorily models the
surface pressure-settlement curves of uniformly loaded footings
supported by rammed aggregate piers. It is to be mentioned that
the model should be used cautiously for floating pier groups
with pier lengths less than 1.5B (B = width of the footing),
especially at high surface pressure levels , i.e. q / qult > 0.5,
where qult = ultimate bearing capacity of the native soil.

r

2r

Rammed aggregate pier
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3 DETAILS OF THE PARAMETRIC STUDY

Once the 3D finite element model (Composite Soil Model) to be
used for the analysis of rigid footings resting on rammed
aggregate piers was calibrated using the results of full-scale
load tests as presented in the previous chapter, the next step is to
carry out a parametric study using this finite element model to
investigate the effect of both geometric parameters (area ratio of
rammed aggregate piers, foundation load, width of foundation,
rammed aggregate pier length) and material parameters
(strength of foundation material, modulus of elasticity value of
rammed aggregate piers) on the settlement improvement factor.

Three different footing sizes (2.4mx2.4m, 3.6mx3.6m and
4.8mx4.8m) were used for the parametric study. The thickness
of the compressible clay layer under these footings was varied
as Lclay = 5m, 10m and 15m for each different footing size.
Four different area ratios (AR= 0.087, 0.136, 0.230 and 0.349)
were used for the rammed aggregate pier groups under each
different footing and compressible layer combination.
Foundation pressures, q, were selected as q=25-50-75-100-125-
150 kPa. Schematic representation of these parameters can be
seen in Figure 11. The strength and deformation modulus values
of the compressible clay layer were varied as shown at Table 2.
The deformation modulus value of the rammed aggregate piers
were selected as Ecolumn = 36 MPa and 72MPa.

Table 2. Strength and deformation properties of the compressible clay
layer used in the parametric study.



(kN/m3)

c

(kN/m2)



(°)


Eclay

(kN/m2)

18 20 0 0.35 4500

18 25 0 0.35 5625

18 30 0 0.35 6750

18 40 0 0.35 9000

18 60 0 0.35 13500

Figure 11 Schematic representation of composite soil model

For each case, first the untreated case is analyzed by
modelling the uniformly loaded rigid footing on compressible
clay using PLAXIS 3D Foundation. Untreated soil settlements
were obtained by this way. Next, the rigid footings resting on
rammed aggregate piers were modeled by PLAXIS 3D
Foundation using the Composite Soil Block approach that was
explained in detail in the previous section. Once the settlement
values for the footings resting on rammed aggregate pier groups
are calculated using this method, settlement improvement
factors are calculated as:

IF = suntreated / streated (1)
where:
IF = settlement improvement factor
suntreated = settlement of rigid footing resting on untreated soil.
streated = settlement of rigid footing resting on soil treated
with rammed aggregate pier group.

The results of the parametric study detailed in this section
are presented as design charts at Kuruoglu (2008). A sample
design chart is shown in Figure 12. The design charts can be
used to decide on the necessary area ratio of rammed aggregate
piers for a target settlement improvement ratio for footings on
compressible soils resting on rammed aggregate pier groups.

Figure 12. Settlement improvement factor (IF) vs. area ratio (AR) charts
for a rigid square footing (B=2.4m) with a foundation pressure of
q=100 kPa resting on end bearing rammed aggregate piers
(L=5m, E=36 MPa)

As a result of the parametric study, it was found that, the
settlement improvement factor increases as the area ratio, pier
modulus and footing pressure increase. On the other hand, the
settlement improvement factor is observed to decrease as the
undrained shear strength and thickness of compressible clay and
footing size increase.

4 CONCLUSIONS

A simplified 3D finite element model (Composite Soil Model)
calibrated with the results of full scale load tests was developed,
which shows that 3D models for estimating settlement
improvement factor for foundations resting on rammed
aggregate piers can be much simplified by modeling the area
under the footing as a composite soil block with equivalent
linear elastic soil properties, taking the stiffness increase around
the piers during the installation process into account. It is to be
mentioned that the model should be used cautiously for floating
pier groups with pier lengths less than 1.5B (B = width of the
footing), especially at high surface pressure levels , i.e. q / qult
> 0.5, where qult = ultimate bearing capacity of the native soil.

Using this simplified model, design charts for settlement
improvement factors of square footings of different sizes
(B = 2.4m to 4.8m) resting on aggregate pier groups of different
area ratios (AR = 0.087 to 0.349), pier moduli
(Ecolumn = 36MPa to 72MPa), and with various compressible
clay layer strengths (cu = 20kPa to 60kPa) and thicknesses
(L = 5m to 15m) were prepared.

As a result of the parametric study, it was found that, the
settlement improvement factor increases as the area ratio, pier
modulus and footing pressure increase. On the other hand, the
settlement improvement factor is observed to decrease as the
undrained shear strength and thickness of compressible clay and
footing size increase.
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Interaction of Nearby Strip Footings Under Inclined Loading 

Interaction de semelles rapprochées soumises à des charges inclinées 

Nainegali L.S., Ghosh P., Basudhar P.K. 
Department of Civil Engineering, Indian Institute of Technology-Kanpur, India 

ABSTRACT: An attempt is made to study the interaction of two closely spaced rigid strip footings resting on homogeneous soil bed
and find their ultimate bearing capacity (UBC) and settlement behaviour subjected to inclined loading. Finite element software 
ABAQUS is used for the analysis. The foundation soil is modeled as elasto-plastic material obeying the Mohr-Coulomb failure 
criterion. The soil domain is discretized with 4-noded bilinear plane strain quadrilateral elements. Parametric studies is performed by
varying the angle of inclination of load with horizontal (θ) and clear spacing (S) between the footings. Both bearing capacity and 
settlement of interacting footings compared to that of an isolated footing increases with decrease in S for footings loaded vertically, 
whereas the effect on UBC for footings with inclined load is not significant.  

RÉSUMÉ : Une étude a été réalisée pour analyser l'interaction de deux semelles filantes rigides rapprochées appuyées sur un sol
homogène et déterminer la charge limite de rupture et les tassements lorsqu'elles sont soumises à une charge inclinée. Cette analyse a 
été réalisée avec le logiciel d'éléments finis ABAQUS. Le sol de fondation est modélisé par un matériau élasto-plastique satisfaisant 
le critère de Mohr-Coulomb. Les éléments de sol sont constitués de quadrilatères à 4 nœuds en contraintes planes. Des études 
paramétriques ont été réalisées en faisant varier l'inclinaison de la charge (θ) et l'espace entre bords de fondations (S). Il apparait que 
les capacités portantes et les tassements des fondations augmentent par rapport à ceux de fondations isolées lorsque l'espacement S
diminue pour des semelles chargées verticalement, alors que la capacité portante n'est pas affectée pour des charges inclinées.. 

KEYWORDS: Interference, Inclined load, Bearing capacity, Strip footings, Homogeneous soil. 
 

 
1 INTRODUCTION 

The classical or conventional theories developed for bearing 
capacity and settlement of isolated shallow foundations have 
been studied exhaustively by several researchers in the early 
phase of the development of soil mechanics such as the theories 
postulated by Terzaghi 1943, Meyerhof 1963, Vesic 1973, etc 
have been a good representation of actual field conditions a few 
decades ago. But there are situations such as railway sleepers 
and foundations near the property lines wherein foundations are 
closely spaced. Under such conditions the stress isobars of the 
individual footings may interact and coalesce forming an 
overlapped stress isobar affecting a larger zone of foundation 
soil altering the behaviour of the individual foundations, which 
would be different from that of the isolated footings. Therefore, 
analysis of such problems should be carried out by considering 
all the factors that govern the interference behaviour of such 
closely spaced footings as realistically as possible. A number of 
investigations have been performed numerically as well 
experimentally to determine the interference effect of two 
nearby shallow foundations. Stuart 1962 was the pioneer to 
study the phenomenon effect on ultimate bearing capacity 
(UBC) of two nearby strip footings using limit equilibrium 
method. Most of the researchers (Graham et al. 1984, Kumar 
and Ghosh 2007, Kumar and Kouzer 2007, Kumar and 
Bhattacharya 2010, Mabrouki et al. 2010, Kouzer and Kumar 
2010, Ghosh and Sharma 2010, Nainegali and Basudhar 2011, 
Lee et al. 2008, Nainegali et al. 2012) used numerical methods 
such as method of stress characteristics, upper or lower bound 
methods, finite difference and finite element methods to study 
the interference effect on UBC. Moreover laboratory model 
experimental tests were conducted by Khing et al. 1992, Das et 
al. 1993, Kumar and Sharan 2003, Kumar and Bhoi 2008, 
Ghosh and Kumar 2009. Most of the literature available on the 
subject is related to vertical loading however, in several 
situations interacting footings are subjected to inclined loading 

owing to vertical and horizontal loads transmitted through the 
superstructure or inclined columns or wind load. 

Therefore, in this paper, an attempt is made to study the 
interaction of two closely spaced rigid strip footings resting on 
homogeneous soil bed and find their ultimate bearing capacity 
and settlement behaviour subjected to inclined loading. 

 
2 PROBLEM DEFINATION 

Two rigid strip footings designated as the left (BL) and the right 
(BR) footing of symmetrical width, B rest on the surface of the 
homogeneous soil layer of depth, H as shown in Figure 1. The 
two footings are placed at a clear spacing, S and an inclined 
load, P is applied at an angle of inclination θL and θR with 
horizontal on the left and right footings, respectively. The effect 
of angles of inclination of load (θL and θR) and the clear spacing 
between the footings on the ultimate bearing capacity and 
settlement are analyzed. The properties of the soil deposit are 
considered as specified by Ghosh et al 2011 for the first layer of 
soil deposit, wherein Young’s modulus of soil, E is 2.06e+03 
kN/m2, Poisson’s ratio, µ is 0.3, cohesion, cu is 19.40 kN/m2, 
soil friction angle, � is 24.730, unit weight of soil, γ is 17 
kN/m3 and thickness of total soil deposit, H is 11.7 m. The 
loading cases are chosen such that the variation of load 
inclination leads to combination of symmetrical and 
asymmetrical loading conditions. The cases of loading are given 
in Table 1. 

Table 1. Loading cases 

Case θL θR Layout 
a 900 900 

b 600 600 

c 600 1200 

d 1200 600  
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Figure 1. Definition of problem. 

 
 
 
 
 
 

 
 
 
 
 
Figure 2. Discretized finite element domain and boundary conditions. 
 
3 ANALYSIS 

3.1 Modeling  

The length of the strip footing is long enough compared to its 
width so the problem falls under plane strain condition. 
Henceforth two dimensional finite element analysis is carried 
out using the commercially available finite element software, 
ABAQUS 6.10. The soil is considered as elasto-plastic material 
obeying the Mohr Coulomb failure, where the parameter 
required for Mohr Coulomb plasticity model are prescribed in 
the previous section. The concrete footings are assumed to be 
linear elastic with a Young’s modulus of 23.5e+6 kN/m2 and a 
Poisson ratio of 0.2. The finite element mesh is generated with 
the use of CPE4R, a 4-node bilinear plane strain quadrilateral 
elements. The footings are placed on the surface of soil and 
have perfect contact with the soil. The nodes between footing 
and soil are tied using the tie constraints and no slip is allowed 
at the interface of footing bottom and soil. For the analysis of 
geotechnical problems, the initial state of stress is important and 
henceforth prior to application of external footing load the soil 
is analysed for initial state of stress with the use of geostatic 
step wherein the gravity load is applied. The static analysis may 
terminate when a few soil elements near  the edge of the 
footings are distorted excessively which may happen at the 
ultimate state of failure. Hence the analysis is performed with 
dynamic implicit step where in the external footing load is 
applied very slowly to avoid the exciting the finite element 
model. The whole failure domain is considered in the present 
analysis to take care of both symmetrical and asymmetrical 
problems. 

3.2 Finite element domain, mesh and boundaries  

Figure 2, shows two (left and right) footings, size of failure 
domain, finite element mesh and boundary conditions. 4-noded 
bilinear rectangular plane strain elements are used to discretized 
the soil domain and suitable boundary conditions are assigned at 
the far end boundaries of the domain (Potts and Zdravkovic 
1999). The bottom end BC is associated with fixed supports (no 
displacements are allowed) and side boundaries (AB and DC) 
are only fixed in horizontal direction. It is noted that the mesh is 
finer in the vicinity of the footings to take care of stress 
concentration. As the thickness of the soil deposit is of 11.7 m, 
so the domain in Z direction is fixed to 11.7 m. Thereby the 
sensitivity analysis is carried out to fix the domain size in X 
direction as discussed in Ghosh and Sharma, 2010. With B = 1 

m, S = 0.5 m and subjected to vertical loads,  the domain in X 
direction is varied in the range of 6B to 10B and thus the 
pressure displacements curves are obtained. It is seen that the 
pressure settlement curves almost converge beyond the domain 
size of 9B. Also same study is made for footings with inclined 
load; however convergence is obtained at 9B. Hence for all the 
cases as specified above, far boundaries in X direction (AB and 
CD) are considered at a distance of 9B from outer edges of the 
left and right footings. For the sake of space and brevity the 
details of sensitivity analysis are not presented. 

3.3 Validation  

The finite element model is validated prior to analyze the 
problem. For the validation the pressure settlement curves are 
obtained for isolated footing resting on soil surface and loaded 
with veritical and inclined (600 with horizontal) load and the 
same are presented in Figure 3 and Figure 4 respectively. The 
UBC (495 kPa) of vertically loaded footing obtained from the 
present analysis is seen to be close to the value (530 kPa) 
predicted by Terzaghi 1943 bearing capacity equation. For 
footing with inclined load, the UBC obtained is 145 kPa 
whereas the same is perdicted as 180 kPa by Meyerhof 1963 
bearing capacity equation.  
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Comparison of FEM with Terzaghi 1943 equation for footing 
with vertical load. 
 
  
 
 
 
 
 
 
 
 
 
 
 
Figure 4. Comparison of FEM with Meyerhof 1963 equation for footing 
with inclined load. 

3.4 Results and Discussions 

Except case b, the rest of the cases (Case a, c and d) are 
symmetrical in condition and therefore, for the symmetrical 
cases the pressure settlement curves obtained both from the left 
and right footings are identical. It is to be noted that the pressure 
and settlements presented are obtained by averaging all the 
values obtained at all the nodes below the footing.  

For case a, wherein the load is applied on the left and right 
footings at an angle of 900 with the horizontal, pressure 
settlement curves are obtained by increasing S/B ratio. The 
pressure settlement curves at S/B = 0.5 and 3.0 are presented in 
Figure 5, along with the curve for an isolated footing to 
ascertain the variation in the obtained curves. From the obtained 
pressure settlement curves of interfering footings, the ultimate 
bearing capacity of the soil is calculated at different S/B ratio 
and also the settlements, δ are obtained at the load intensity of 
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100 kPa assuming it to be in the range of working load. The 
same are presented in Table 2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5. Pressure settlement curves for case a 

Table 2. Bearing capacity and settlements of footing for case a. 

S/B 0.5 1 1.5 2 2.5 3 3.5 5 Isolat
ed 

UBC, kPa 545 520 515 510 505 495 495 495 495 
δ, mm (at 
100 kPa) 156.5 148.1 141.3 135.9 131.4 127.8 124.7 118 105.7

 
It is observed from Table 2, that the UBC of interfering 

footings decreases with increase in S/B ratio and attains the 
value as that of isolated footing at higher spacing. At S/B = 0.5, 
the UBC is observed to be increased by about 10% compared to 
isolated footing. This is due the overlapping of the stress zones 
of individual footing when placed close to each other. The same 
can be observed from the stress contour plot as presented in 
Figure 6. Similar kind of variation is seen for the settlements at 
working load. The settlement is increased by 48% when the 
footings are placed at S/B = 0.5 and the percentage increase in 
the settlement decreases with increase in S/B ratio. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6. Stress contour for case a at S/B equal to 0.5.  

As the case b, is unsymmetrical case the pressure settlement 
curves are obtained for both left and right footings at different 
S/B ratio and are seen to be non-identical. The pressure 
settlement curve for case b is obtained at S/B = 0.5 and shown 
in Figure 7. The UBC is calculated owing to the interference for 
left and right footings placed at different spacing and are 
presented in Table 3. Similarly the settlements, δ obtained at 
working load of 100 kPa are presented in Table 4. It is observed 
that the UBC of both footings decreases by 14% at S/B = 0.5 
compared to that of isolated footing under same loading 
condition. However, at S/B = 2.5, the UBC of two footings 
attain a value as that of isolated footing and remains constant 
with further increase in S/B ratio. It is also observed that the 
settlement of left and right footing at working load is increased 
by 59% and 49% at S/B = 0.5 and decreases to 23% and 11%, 
respectively at S/B = 5.0 compared to that of isolated footing. 
The stress contour for case b at S/B = 0.5 is shown in Figure 8 
and it is seen that the stress contours of right footing do not 
overlap much with that of left footing and hence negligible 
interference phenomenon is observed however the effect on 
settlement is higher. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7. Pressure settlement curve of case b at S/B = 0.5. 

Table 3. UBC (kPa) of interfering footings for case b, c and d. 

Case 
b S/B 

Left Right c d 

0.5 125 125 135 140 
1.0 128 130 145 145 
1.5 130 130 145 145 
2.0 140 140 145 145 
2.5 145 145 145 145 
3.0 145 145 145 145 
3.5 145 145 145 145 
5.0 145 145 145 145 

Isolated 145 145 145 

Table 4. Settlement, δ (mm) obtained at 100 kPa load. 

Case 
b S/B 

Left Right c d 

0.5 166.79 155.52 155.96 155.04 
1.0 162.61 145.84 148.28 146.46 
1.5 157.10 140.21 141.69 140.95 
2.0 151.56 135.44 131.91 136.38 
2.5 146.94 130.85 130.95 132.52 
3.0 142.59 126.93 127.16 129.11 
3.5 138.66 123.57 124.04 126.10 
5.0 128.95 116.13 117.03 118.97 

Isolated 104.70 104.70 104.70 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8. Stress contours for case b at S/B equal to 0.5. 

Similarly, the pressure settlement curves are obtained for 
case c and case d. It is observed that the curves obtained from 
both left and right footings are exactly identical. From the 
obtained curves, the UBCand settlements at working load of 
100 kPa are obtained and the same are tabulated in Table 3 and 
Table 4, respectively. The pressure settlement curves obtained 
for footings placed at S/B = 0.5 are shown in Figure 9 for case c 
and case d. The stress contour plot for case c and case d 
obtained by placing the footings at S/B = 0.5 are shown in 
Figure 10 and Figure 11 respectively. It is observed that the 
UBC of interfering footing decreases by 7% at S/B = 0.5 and at 
all S/B ratios the bearing capacity value remains same as that of 
isolated footing, revealing negligible or no effect of interference 
on the bearing capacity. However significant effect of 
interference on the settlement is observed. 49% increase in 
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settlement of the footings as compared to the isolated footing is 
found. Similar observation is made for case d wherein the stress 
isobars diverge or are in opposite direction hence negligible or 
no overlap of stress contours is seen in the vicinity of footing 
edges where the stress concentration will be high and at greater 
depths of footings the stress contours overlap a bit. Henceforth, 
it is observed that the interference phenomenon has no 
significant effect on the bearing capacity; however it has certain 
considerable effect on the settlement of the footings. It is also 
observed that at the node point 1 m below the axis of symmetry, 
the vertical settlement obtained for case c is higher than that 
obtained for case d since in case c the footing loads on left and 
right footings converge towards the axis of symmetry and vice 
versa in case d. 

 
 
 
 
 
 
 
 
 
 
 
 
Figure 9. Pressure settlement curves of case c and case d at S/B 
equal to 0.5. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 10. Stress contour for case c at S/B equal to 0.5. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 11. Stress contour for case d at S/B equal to 0.5. 

4 CONCLUSIONS 

A limited study is presented on the effect of two closely spaced 
rigid strip footings resting on the surface of homogeneous soil 
subjected to inclined load. The effect of interference 
phenomenon on ultimate bearing capacity and settlement at 
working load condition are studied. The phenomenon has 
certain considerable effect on the ultimate bearing capacity, 
increasing its capacity when footings are vertically loaded. For 
the cases where footings are subjected to inclined load the effect 
of interference on the bearing capacity has no significant effect. 
However for all the cases of inclined loading condition, the 

interference effect on the settlement is quite significant. The 
settlement of interfering footings in the range of working load 
decreases with increase in the clear spacing between the 
footings and attains a value as that of isolated footing at greater 
clear spacing (S ≥ 5B). 

5 REFERENCES 

Terzaghi K. 1943. Theoretical soil mechanics. John Wiley and Sons, 
New York.  

Meyerhof G.G. 1963. Some recent research on the bearing capacity of 
foundations. Canadian Geotechnical J. 1 (1), 16-26. 

Vesic A.S. 1973. Analysis of ultimate loads of shallow foundations. J.
Soil Mech. and Found. Div. 99 (1), 45-73. 

Stuart J.G. 1962. Interference between foundations with special 
reference to surface footings in sand. Geotechnique J. 12 (1), 15-
23. 

Graham J. Raymond G.P. and Suppiah A. 1984. Bearing capacity of 
three closely-spaced footings on sand. Geotechnique J. 34 (2), 173-
182. 

Kumar J. and Ghosh P. 2007. Ultimate bearing capacity of two 
interfering rough strip footings. Int. J. Geomech. 7 (1), 53-61. 

Kumar J. and Kouzer K.M. 2007. Bearing capacity of two interfering 
footings. Int. J. Num. Analyt. Methods in Geomech. 32, 251-264. 

Kumar J. and Bhattacharya P. 2010. Bearing capacity of interfering 
multiple strip footings by using lower bound finite elements limit 
analysis. Computers and Geotechnics 37, 731-736. 

Mabrouki A. Benmeddour D. Frank R. and Mellas M. 2010. Numerical 
study of the bearing capacity for two interfering strip footings on 
sands. Computers and Geotechnics 37(4), 431-439. 

Kouzer K.M. and Kumar J. 2010. Ultimate bearing capacity of a footing 
considering the interference of an existing footing on sand. 
Geotech. Geol. Eng. 28 (4), 457-470. 

Ghosh P. and Sharma A. 2010. Interference effect of two nearby strip 
footings on layered soil: theory of elasticity approach. Acta 
geotechnica 5, 189-198. 

Nainegali L. and Basudhar P.K. 2011. Interference of two closely 
spaced footings: A finite element modeling. ASCE Geotechnical 
Special Publiactions, Geo-forntiers: Advances in Geotechnical 
Engineering, Dallas, Tx. 

Lee J. Eun J. Prezzi M. and Salgado R. 2008. Strain influence diagrams 
for settlement estimation of both isolated and multiple footings in 
sand. J. Geotech. Geoenviron. Eng. 134 (4), 417-427. 

Nainegali L.S. Basudhar P.K. and Ghosh P. 2012. Analysis of nearby 
rigid strip footingson elastic soil bed subjected to inclined load. 
Indian Geotechnical Conference: Advances in Geotechnical 
Engineering NewDelhi, India. 

Khing K.H. Das B.M. Yen S.C. Puri V.K. and Cook E.E. 1992. 
Interference effect of two closely spaced shallow strip foundations 
on geogrid reinforced sand. Geotech Geolog Eng. 10, 257-271. 

Das B.M. Puri V.K. and Neo B.K. 1993. Interference effects between 
two surface footings on layered soil. Transportation Research 
Record 1406, 34-40. 

Kumar A. and Saran S. 2003. Closely Spaced Footings on Geogrid-
Reinforced Sand. J. Geotech. Geoenviron. Eng. 129 (7), 660-664. 

Kumar J. and Bhoi M.K. 2009. Interference of two closely spaced strip 
footings on sand using model tests. J. Geotech. Geoenviron. Eng. 
135 (4), 595-604. 

Ghosh P. Kumar P. 2009. Interference effect of two nearby strip 
footings on reinforced sand. Contemporary Eng Sciences 2 (12), 
577-592. 

Ghosh. P. Magistris. F. and Fabbrocino. G. 2011. Seismic response of 
pier foundations of an existing roadway bridge. 5th International 
Conference on Earthquake Geotechnical Engineering (5ICEGE) 
Santiago, Chile. 

ABAQUS User’s Manual. 2010. ABAQUS/Standard user’s manual, 
volume II version 6.10. Hibbitt Karlsson and Sorenson Inc. Rhode 
Island. 

Potts D.M. and Zdravkovic, L. 1999. Finite element analysis in 
geotechnical engineering. 1, 2, Thomas Telford Publications, 
London. 

 
 
 



3463

Over a decade of experience with computer aided learning in geotechnical 
engineering

Plus d’une décennie d’expérience dans le domaine de l’enseignement assisté par ordinateur 
dans le domaine de l’ingénierie géotechnique 

Springman S.M., Herzog R., Seward L. 
Institute for Geotechnical Engineering, ETH Zürich, Wolfgang-Pauli Strasse 15, 8093 Zürich, Switzerland 

ABSTRACT: While Computer Aided Learning has become a valuable part of the palette of tools available in developing and teaching
university courses in geotechnical engineering, it is not the universal panacea and requires careful planning, didactic considerations
and high quality in the delivery. The ‘Institut für Geotechnik’ (IGT) at ETH Zürich has been using an e-learning platform for the last 
12 years to teach basic soil mechanics to students at the bachelor level in German. The notes are embedded with quizzes, virtual and
real laboratory exercises, frontal lectures and accompanying lecture videos. A second generation knowledge-based platform GEOTip 
(GEOTechnical Information Platform) was developed inhouse using PHP and MySQL to stay abreast of advances in web technology 
and to ensure ongoing sustainability. All materials have been translated into English and extended using podcasts and accompanying 
videos to cover additional multidisciplinary courses for students in geophysics, environmental sciences and engineering. This paper
describes concepts, key features and technical background for GEOTip. A summary of the students’ course evaluations is also 
presented and the change in the students’ perception of the platform over the years is analysed as well. 

RÉSUMÉ : Bien que l’enseignement assisté par ordinateur (EAO) soit devenu un élément précieux de la palette d’outils à disposition 
pour développer et enseigner des cours d’université dans le domaine de l’ingénierie géotechnique, il ne s’agit pas d’une panacée
universelle. L’EAO demande une planification attentive, des considérations didactiques et une haute qualité de distribution.
L’« Institut für Geotechnik » (IGT) à l’ETH Zürich utilise une plate-forme d’e-learning depuis 12 ans pour enseigner en allemand les 
bases de mécanique des sols aux étudiants de niveau bachelor. Les notes de cours sont incorporées à des quizz, des exercices virtuels
et réels en laboratoire, des cours magistraux et des vidéos de cours. Une plate-forme de connaissances de deuxième génération, 
GEOTip (GEOTechnical Information Platform) a été développée en interne en utilisant PHP et MySQL afin de se maintenir à la
pointe des avancées dans le domaine de la technologie du web et d’en assurer la durabilité. Tous les documents ont été traduits en
anglais et complétés à l’aide de podcasts et de vidéos d’accompagnement pour couvrir les cours multidisciplinaires supplémentaires
pour les étudiants en géophysique et sciences de l’environnement. Cet article décrit les concepts, les caractéristiques-clé et le contexte 
technique pour GEOTip. Un résumé des évaluations des cours par les étudiants est aussi présenté et le changement de la perception de 
la plate-forme par les étudiants est aussi analysé. 

KEYWORDS: knowledge-based platform, embedded multi-threaded geotechnical resources, e-learning 

1 INTRODUCTION 

Early developments for Computer Aided Learning in geotech-
nical engineering existed as part of the GeotechniCAL reference 
package funded by the UK Higher Education Funding Council 
Teaching and Learning Technology Programme and were led by 
Dr Leslie Davison, Professors David Muir Wood and John 
Atkinson. Subsequently, a pilot project for an introductory 
course in German in soil mechanics at Bachelor level, CALICE 
(Computer Aided Learning in Civil Engineering), was funded in 
2000 ((Sharma et al., 2001; Springman et al., 2003). This was 
part of a Swiss-British initiative under the umbrella of the ETH 
World Virtual Campus, to promote a step-change in the 
students’ development, understanding and acquisition of 
knowledge. The resources developed included: 

• online reference material for information,  
• simulations designed to encourage reflection,  
• open ended questions linking theory to practice,  
• multiple choice descriptive and numerical questions to 

consolidate learning and assess progress. 
 All Bachelor and Masters courses from the Chair for 

Geotechnical Engineering have been mounted on the second 
generation, inhouse knowledge-based platform GEOTip 
(GEOTechnical Information Platform) since 2007. 
Subsequently, the introductory Bachelor course in soil 
mechanics has been extended for several different versions of 

multidisciplinary Masters' courses in geophysics, environmental 
sciences and engineering, in English. This paper describes 
concepts, key features and technical background and the 
students’ evaluation of the progress. 

2 GEOTIP: CONCEPT FOR THE GEOTECHNICAL 
INFORMATION PLATFORM 

2.1 Key features 

GEOTip was developed in house using PHP and MySQL to 
host the existing multi-threaded geotechnical resources. These 
included videos of the frontal lectures for streaming for later 
viewing, a script with embedded media, online quizzes, 
practical site-specific challenges and virtual laboratory 
demonstrations with associated questions for ongoing 
assessment of learning. Each student’s performance is 
summarised on their personalised home-page. 

Eight chapters of the bachelor’s course soil mechanics listed 
below form the basis of the content with quizzes, virtual 
laboratory tests and challenges associated with each one. A final 
chapter about the construction of the Monasavu Dam in Fiji 
provides a useful opportunity to apply a simple form of 
‘problem-based’ learning. 

 1. The ground 
 2. Stresses in the ground 
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 3. Groundwater 
 4. General deformation behaviour of soils 
 5. Shear strength 
 6. Slope stability 
 7. Settlement 
 8. Compaction 
 9. Monasavu dam: fundamentals 

The Masters' courses in English are running at capacity and 
students from a variety of engineering and science backgrounds 
are more inclined to choose virtual resources that suit their 
respective needs, learning styles, and language, while using the 
same core learning materials. A further range of innovative 
learning opportunities including online laboratory guides, pod- 
and vod-casts, which have been embedded in mindmaps to 
improve the clarity of the overview, efficiency of delivery and 
to empower students to access a variety of resources, each 
fulfilling several different didactic needs. 

The pedagogical aim of the courses offered is to provide 
students with a variety of didactic methods, so each individual 
may choose the resources that suit their learning style best, and 
therefore learn efficiently. Assessment is then made through the 
quizzes (automatic, meaning students receive their marks 
instantly), challenges and virtual laboratories (wholly or partly 
marked by hand). 

Students must solve all the quizzes, scoring a minimum of 
40% of the total points, in order to earn credit for the course. 
These interactive animations illustrate some of the most 
complex geotechnical processes, supported by probing 
questions. These animations are a part of the mandatory 
exercises that the students have to complete successfully. 
Challenges are more complex problems derived from real life 
projects. These projects are explained using pictures, video-
clips, blueprints, geological profiles and text. Helping students 
to understand from a practical, rather than just a theoretical, 
standpoint is a challenge in all engineering courses. It is with 
this issue in mind that the Monasavu dam chapter, online 
laboratories (chapter 3.2) and other challenges were written.

Exercises are a compilation of multiple-choice questions and 
arithmetical problems. They offer the student a chance to test 
their knowledge and to prepare for the quizzes. While solving 
the problem, the student receives immediate feedback whether 
their answer is correct or not. A hyperlink provides easy access 
to the corresponding chapter in the script. 

Student course evaluations are enabled so that ongoing 
feedback can be obtained, although the frequency of responses 
has dropped off in recent years. Consistently high marks were 
gained from student evaluations, although there has been 
change in the students’ perception of the platform over the 
years, which is analysed as well. 

2.2 Technical background 

GEOTip is an in-house developed database driven website using 
PHP and MySQL. Since both programs are open source and 
widely used, ongoing sustainability is ensured. In addition, an 
Adobe Media server is being used to stream the video material.  

Technically, GEOTip consists of three parts:  
1. the knowledge based system, where text parts, pictures, 

videos, animations and equations are stored in a 
common categorized tree structure (multiple categories 
are possible) combined with Meta tags;  

2. the exercise questions, which are also stored using the 
same tree structure;  

3. the e-learning courses then make use of the contents 
stored in first two parts.  

New e-learning courses can easily be put together through 
the integrated Content Management System by accessing the 
knowledge base part to create an online script. Virtual 

laboratory exercises, challenges and recorded lectures can be 
added in the same way. 

The platform has been programmed as a multi-language 
system using German and English to serve the needs of 
international students better. Users can choose the language of 
the platform in the profile settings, while the language of the 
content can be changed at any time. Adding a further platform 
language could be done at any time, without needing a major re-
write of the base code. 

GEOTip uses a multi-level access system, allowing IGT to 
retain control of intellectual property. While unregistered guests 
only have access to limited selected content, registered users, 
who are taking a course, have access to all the content stored in 
the knowledge base part of the website. 

To make it as simple as possible for authors to create content 
for the platform, a Content Management System (CMS) has 
been incorporated. Through the CMS text parts can be written 
and pictures and videos uploaded. The CMS also includes an 
inhouse developed intuitively usable equation editor based on 
Adobe Flash (Fig. 1). 

An Adobe Media server is used for all the video streaming 
services. An inhouse developed flash player interface is used to 
access the videos on the Media server. From the client-side 
only, a browser with the Adobe Flash plugin (animations and 
video services) and Java (virtual lab exercises) is needed. To 
maximise browser compatibility, the website does not use java-
script for the student pages. This solution enabled the 
development of a double screen feature for the lecture videos 
showing the recorded projector picture in a large screen and the 
lecturer in a smaller screen. About a third of the lectures are re-
recorded for the German course in “soil mechanics” every year, 
to ensure the material is up to date. 

Figure 1: Screenshot of the inhouse developed equation editor. 

Single and multiple choice questions and calculation 
exercises can be created through the CMS. The numbers in the 
question for the calculation exercises and corresponding answer 
can be varied from student to to discourage copying in two 
different ways. The first, classical option is to upload a csv 
formatted file containing different numbers and the solution per 
line. The second option makes use of an adapted equation 
editor, in order to store the equation for the solution in the 
platform. This reduces the time to develop a calculation 
question. The accuracy demanded for the solution can be set for 
each calculation exercise or globally for the whole course.  

2.3 Summary of course evaluations 

An anonymous course evaluation system was implemented in 
order to assess student acceptance and to be able to continue to 
improve the platform. It is possible to display multiple-choice 
questions with this system, as well as to give free answers to 
text questions in the context dependent frame to the right of the 
main content on the webpage. 

The survey consists of approximately 110 questions about 
course understanding, assessment of the quizzes, virtual labs 
and challenges and about the handling and layout of the 
platform itself for the bachelor-level course “soil mechanics”. In 
order to have the best quality answers, the survey is not just 
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shown at the end of the semester but questions are gradually 
introduced over the course of the semester shortly after the 
corresponding topic has been covered. Nevertheless, the 
participation of the students significantly decreases over the 
course of the semester. 
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Student participation has also decreased over the years. 
While in 2007, the year GEOTip was introduced to the students, 
38 % of all possible questions were answered; this percentage 
decreased to 12 % in 2011 and then rose again to 19 % in 2012 
(see Figure 2). 
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Figure 5: Development of the assessment of the practicality of computer 
aided learning systems over time. The number of answers is given in 
parentheses.

3 INNOVATIONS 

Figure 3 shows that students generally judge GEOTip to be 
better than other computer aided learning systems. 
Astonishingly, the number of students without prior experience 
of computer aided learning systems increases over the years 
since its introduction. 

Funding from an ETH Zürich Innovedum grant was received in
August 2011, in order to upgrade the services offered by 
GEOTip for students from outside civil engineering, who study 
soil mechanics as a part of their course. Work began on a series 
of recorded lectures based on a set of mindmaps, which were 
designed to introduce basic concepts, and also on a series of 
recorded experiments, designed to explain to students and new 
staff members how each experiment works and how to use the 
equipment within the IGT laboratory. Work also began on 
revising and updating the script – a bilingual purpose written 
textbook, designed to take students through the course. 

Figure 2: Student participation over the years since 2007. 
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In order to reduce time burdens on professors and assistants, a 
series of online lectures, based on mindmaps and the online 
scripts have been created using a combination of voiceovers 
over moving images, taken using screengrab software, 
displaying the section of the mindmap, the script or the graphic 
being discussed. Each of the 7 lectures is between 1-3 hours 
long. Since fundamental but complex issues are covered, it is 
pieced together so that single sections may be used as stand-
alone lectures in order to allow students to focus in on one issue 
rather than being side-tracked by confronting many topics at 
once. The main aim was to give students a method of learning 
basic concepts from geotechnical engineering at their own pace, 
and allowing them to revisit some of the more complex ideas as 
many times as required. “Jump points” embedded both into 
videos and corresponding mindmaps allow students to go 
straight to a chosen section and revisit the same section on 
multiple occasions. 

Figure 3: Development of the comparison of GEOTip with other
computer aided learning systems over the years. The number of answers
is given in parentheses. 

3.2 Online laboratories 

Online laboratories are recorded videos of an assistant 
performing many experiments (such as oedometer, Proctor and 
plastic index tests) used to produce one of a series of 
commonly-used engineering parameters. 

The rationale behind the online laboratories was twofold – 
firstly it allows bachelors and masters students to learn how data  

The GEOTip website is mainly given marks of 4 and 5 out of 
5 for design, picture quality, legibility and menu organisation 
(Figure 4). It can be seen though that a decreasing number of 
students award the mark 5 (excellent) although objectively the 
content and design of the website has not changed. This could 
be a hint that students’ perception changes with time and that 
continuing improvement is needed to keep students’ acceptance 
at a high level. 

that they will use throughout their career is produced, and what 
common inaccuracies and mistakes are. Secondly, it will allow 
project students and new members of staff to understand how to 
use the equipment in the laboratory, while reducing 
commitments for the laboratory manager and technician. 

Figure 4: Development of the assessment of the design, picture quality,
legibility and menu organisation over the years. The number of answers
is given in parentheses. 

Within the recorded demonstrations explanations of how to 
perform the experiment, reasons why the experiment is done in 
a particular way, and common mistakes made are embedded.
The demonstrations are not designed to be watched whole, but 
to be used as reference guides, with viewers skipping through 
sections and repeating other sections. 



3466

Proceedings of the 18th International Conference on Soil Mechanics and Geotechnical Engineering, Paris 2013

Figure 6: Part of a central mindmap, which forms the basis of courses taught using GEOTip.

Figure 7: Still showing the purpose written script being used as the basis for a recorded lecture.

4 CONCLUSIONS 

An online learning platform has been developed and evolved 
successfully to optimise teaching of the fundamentals of 
Geotechnical Engineering to bachelors and masters students. 
The site was developed using state of the art inhouse methods 
and freeware PHP and MySQL, allowing for constant 
regeneration and updating, and recent work has provided more 
base material in the form of lecture videos, vod-casts and on-
line labs to allow students to learn at their own speed. 

Evaluations have shown that GEOTip is well received by 
students, who are able to learn using one or more of the many 
didactic methods available (lectures, exercises, script, 
mindmaps), however responses are becoming less positive with 
time, showing the need for constant updating. 

5 ACKNOWLEDGEMENTS 

The authors would like to thank Dr Les Davison, Prof Jitendra 
Sharma, Robert Banjac, ETH NET, ETH World, FILEP, 
INNOVEDUM for input and financial support. 

6 REFERENCES

Sharma, J.S., Springman, S.M. and Davison, L.R. 2001.  An Internet-
based Multi-threaded Approach to Computer-aided Learning in 
Civil Engineering. 7th International NETTIES Conference. 3rd 
International Conference on New Learning Technologies. 7.2.1-
7.2.8. 

Springman, S.M., Mayor, P.A. and  Banjac, R.  2003 . CALICE: 
Entwicklung und Erfahrungen. Frühjahrestagung, EDV-Programme 
in der Geotechnik, Zürich. Schweizerische Gesellschaft für Boden- 
und Felsmechanik SGBF 146, 28.3.2003: 28-36.



3467

Predicting Settlements of Shallow Footings on Granular Soil Using Nonlinear
Dynamic Soil Properties

Prédiction des tassements de fondations superficielles sur des sols granulaires en utilisant
des propriétés dynamiques non linéaires du sol.
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ABSTRACT: The governing design criterion for shallow foundations in freely draining granular soils is usually permissible
settlement. Due to difficulties in obtaining undisturbed samples of granular soils composed of mainly sands and gravels,
settlement predictions are generally based on correlations with in-situ penetration tests. In this study, field seismic
measurements are used to evaluate small-strain (“elastic”) shear moduli of granular soils (Gmax). These small-strain moduli,
combined with nonlinear normalized shear modulus-shear strain (G/Gmax-log γ) relationships, are used to predict settlements 
of shallow foundations under working loads. The G/Gmax-log γ relationships are based on models developed from dynamic 
resonant column (RC) tests of reconstituted sands and gravels. The combination of field Gmax results and laboratory G/Gmax-
log γ relationships have been implemented in a finite element program (PLAXIS) via a subroutine. Settlement predictions
with this approach are illustrated by comparison with a load settlement test using a 0.91-m diameter footing. At working
stresses, nonlinear footing settlements were predicted quite well, similar to predictions with traditional CPT and SPT
procedures.
RÉSUMÉ: Le critère de dimensionnement pour des fondations superficielles sur sols granulaires est, souvent, le tassement
admissible. A cause de la difficulté à obtenir des échantillons intacts de sols sableux et graveleux, les prévisions de
tassement sont basées sur des corrélations déduites des essais in-situ. Dans la présente étude, des mesures sismiques in situ
sont utilisées pour évaluer les modules de cisaillement elastique en petites déformations des sols granulaires (Gmax). Ces
modules, combinés avec des relations de variation non-lineaire module-distorsion, G/Gmax-log γ, sont utilisés pour prévoir
les tassements des fondations. Les relations G/Gmax-log γ sont basées sur des modèles développés à partir d’essais à la 
colonne résonante (RC) sur des éprouvettes reconstituées de sables et graviers. La combinaison des mesures de Gmax in-situ
et des relations G/Gmax-log γ obtenues en laboratoire sont introduites via une sous-routine dans un programme d’éléments 
finis (PLAXIS). Les prédictions des tassements obtenues avec l’approche proposée sont présentés en les comparant aux 
résultats d’un essai de chargement utilisant une fondation de 0.91m de diamètre. Sous contraintes de service, les previsions
de tassements non-lineaires sont bonnes. Elles sont similaires à celles déduites des procédures SPT et CPT traditionnelles.

KEYWORDS: in-situ seismic testing, nonlinear dynamic properties, granular soil, footing settlement

1 INTRODUCTION

In shallow foundation design, bearing capacity and
settlement are the two main criteria considered. For freely
draining granular soils, permissible settlement becomes the
governing factor in most cases. Laboratory tests to predict
the stress-strain behavior of soils generally require an
undisturbed sample which is nearly impossible and/or very
expensive to recover from the field for granular soils.
Therefore, settlements of shallow foundations on such soils
have traditionally been predicted using empirical
correlations that relate in-situ penetration test results with
load-settlement tests or case histories. In this article, an
approach based on field seismic evaluation of small-strain
(“elastic”) shear modulus (Gmax) combined with nonlinear
normalized shear modulus-shear strain (G/Gmax-log γ) 
relationships is presented. The effects of increasing
confining pressure and strain amplitude on soil stiffness
during loading of the footing are incorporated in this
formulation. The approach has several important benefits
including: (1) in-situ seismic testing which can readily be
performed in all types of granular soils, including gravels
and cobbles (2) continuous load-settlement curves that are
evaluated to stress states considerably above those expected
under working loads, and (3) a methodology that is

appropriate for all types of geotechnical materials, even
those where the effective stresses change with time.

2 TRADITIONAL AND RECENT SETTLEMENT-
PREDICTION METHODS

One of the first methods of predicting footing settlements on
granular soils was proposed by Terzaghi and Peck (1948).
They conducted plate-load tests on 300-mm square plates on
sand and then predicted the settlements of full-size footings
using an empirical relationship. Meyerhof (1965) proposed a
method where the settlements were predicted based on
standard penetration test (SPT) blow count, N60. One of the
most widely used methods today was originally proposed by
Schmertmann (1970). He used elastic theory, model load
tests, field cone penetration tests (CPT) and finite element
analysis to develop the approach. In Schmertmann’s method, 
the soil stiffness is expressed as an equivalent elastic
modulus which is based on CPT results. Burland and
Burbidge (1985) reviewed a data set of case histories and
developed a method using corrected SPT results. In all
methods, a key parameter, the strain dependency of the soil
stiffness, is not directly considered.

One of the earliest methods to take the strain dependency
of the soil stiffness into account was proposed by Berardi
and Lancellotta (1991). They proposed an iterative scheme
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where the soil stiffness was evaluated based on the corrected
SPT blow count and varied according to the calculated
relative strain levels. Lee and Salgado (2001) proposed a
model where soil stiffness is reduced based on the tolerable
settlements and relative density of the soil. A simplified
method was proposed by Lehane and Fahey (2002) which
takes the soil nonlinearity into account by reducing the
small-strain Young’s modulus with increasing axial strain. 

None of these methods incorporate field seismic testing to
estimate soil stiffness near the base of footing where much of
the settlement occurs. In addition, none of the methods
considers the combined effects of shear strain level, stress state
and gradation on nonlinear stress-strain behavior of granular
soils. In this study, an approach implementing dynamic
nonlinear soil behavior and field seismic testing is proposed to
estimate the settlement of footings as discussed below.

3 NONLINEAR BEHAVIOR OF GRANULAR SOIL

The stress-strain behavior of granular soil ranges from linear
(“elastic”) at small strains to highly nonlinear at large 
strains. The shear strain below which the shear modulus is
constant is defined as the elastic threshold strain, . For
granular soils with no plasticity, varies with effective
confining pressure, , and gradation, usually expressed by
the uniformity coefficient, (Menq, 2003). For working
stresses associated with shallow foundations, likely
ranges from 0.0001 to 0.003%. Advances in in-situ seismic
measurements, especially development of surface wave tests
like the Spectral-Analysis-of-Surface-Waves (SASW) test
(Stokoe et al.,1994), permit small-strain shear wave velocity
(Vs) and shear modulus (Gmax) to be evaluated very near the
surface and in granular soils, even soils with gravel and
cobbles. Other dynamic laboratory testing methods, such as
the torsional resonant column, have made it possible to
investigate the nonlinear shear modulus of granular soils
over a wide strain range. For instance, Hardin and Drnevich
(1972) conducted the first comprehensive study of nonlinear
soil behavior and the parameters affecting nonlinearity.
They proposed a hyperbolic model to define nonlinear soil
behavior. This hyperbolic model was modified by Darendeli
(2001) based on a large dataset of combined resonant
column and torsional shear tests (RCTS) as follows:

(1)

where curvature coefficient; reference shear

strain at 0.5; and is the shear modulus at
shear strain . The value of the reference shear strain
depends on plasticity, confining pressure and
overconsolidation ratio. The modified hyperbolic model was
further refined by Menq (2003) for sands and gravels with
no plasticity by defining reference strain, , and curvature
coefficient, , as follows:

(2a)

(2b)

where is in %; uniformity
coefficient; mean effective confining pressure in the
same units as and reference mean effective
confining pressure (1 atm).

A subroutine using the modified hyperbolic model
described by Equations 1 and 2 was written and
implemented in a commercially available finite element
program (PLAXIS). The subroutine uses a small-strain
reference shear modulus (discussed below and represented
by Equation 3) adjusted to the increasing stress state and the
G values in the G/Gmax-log γ relationship are adjusted to the 
increasing shear strain level. The subroutine is used to
perform equivalent linear calculations (Kacar, 2013).

4 FIELD LOAD-SETTLEMENT TEST

To begin to develop a database of measured footing
settlements at granular sites with in-situ seismic and
nonlinear dynamic laboratory measurements, a small-scale
footing was constructed at a site in Austin, Texas. A detailed
geotechnical investigation was carried out at the site,
including soil sampling, cone penetration testing (CPT),
Spectral-Analysis-of-Surface-Waves (SASW) seismic tests,
and crosshole seismic tests.

4.1. Soil Properties at Test Site

Based on standard laboratory tests, the soil at the field site is
a lightly overconsolidated, non-plastic silty sand with a
friction angle of 39 degrees and a cohesion of 6.1 kPa (likely
resulting from capillary stresses). Results from SASW and
crosshole seismic tests and CPT tests are presented in Figure
1. The friction ratio averages about 1.1% between depths of
0-2.1m and about 0.7% between depths of 2.1m-4.9 m.These
friction ratios are indicative of nonplastic granular soils
(Lunne et al., 2002). As seen in Figure 1, good agreement
exists between the crosshole and SASW results. Therefore,
the average Vs profile from four SASW tests was used to
model the soil. With this profile and the average mass
density of the soil determined from intact samples (1.70
g/cm3), the small-strain shear modulus (Gmax) versus depth
profile before loading the footing was modeled as:

(3)

where small-strain shear modulus at an
effective confining pressure of 1atm; mean effective
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Figure 1. In-situ seismic and CPT test results at the field site of the
load-settlement tests with a 0.91-m diameter footing
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confining pressure (calculated using and a
capillary stress of 3 kPa); reference mean effective
confining pressure, 1 atm; and slope of the

relationship. The modeling represented
by Equation 3 resulted in the two-layer profile presented in
Figure 2. The Gmax_1atm and nG parameters for each layer are:
layer 1 - Gmax_1atm = 86.2 MPa and 0.48; layer 2 - Gmax_1atm =
74.2 MPa and 0.51, respectively. The values of nG close to
0.5 indicate that the soil in each layer is uncemented.

4.2. Load-Settlement Test

A reinforced concrete footing with a diameter of 0.91 m and
a thickness of 0.30 m was constructed at the site after
removing the upper 0.25 m of soil. Linear potentiometers,
attached to a reference frame were used to measure footing
settlements. The load was applied by a hydraulic jack
reacting against the weight of a tri-axial vibroseis truck,
named T-Rex, as shown in Figure 3a. The load was
measured with a 50-kip load cell and was applied to the top
of the footing through a loading frame (see Figure 3b). The
load–settlement test was performed in March, 2010. The
measured load-settlement curve is presented in Figure 4 by
the solid line.

5 COMPARISON OF PREDICTED AND MEASURED
LOAD-SETTLEMENT CURVES

To investigate the settlement prediction methods, predicted
and measured load-settlement curves are compared. The
prediction methods are: (1) Schmertmann et al. (1978) CPT-
based method, (2) Burland and Burbidge (1985) SPT-based
method and (3) the method based on dynamic soil properties
presented herein. The predicted and measured load-
settlement curves are presented in Figure 4 and are discussed
below.

For the Schmertmann et al. method, the elastic moduli
were calculated based on the CPT results using:

(5)

where modulus of elasticity of the soil; and
cone penetrometer tip resistance. The upper 2 m of soil
under the footing was divided into 5 layers and an average
value of 1.53 MPa of was assigned to each layer.
Additional details on the procedure can be found in Van Pelt
(2010). As seen in Figure 4, the predicted load-settlement
curve is not as nonlinear as the measured curve, but predicts
quite well in the working-load range.

For the Burland and Burbidge (1985) method, settlements
are estimated using the SPT blow count, N60 in the
correlation:

(6)

where settlement (mm); applied bearing pressure
(kPa); footing diameter (m); and average
SPT blow count over the depth of influence which is about 1
m for a footing with B = 1m, uncorrected for overburden
pressure. As no SPT tests were performed at the field site,
the CPT tip resistance values were correlated to SPT blow
count using the correlations proposed by Robertson et al.
(1983). For an average value of 1.53 MPa, this
correlation gives an average value of 5 for the SPT blow
count. As seen in Figure 4, the predicted load- settlement.

Figure 2. Average Vs profile from SASW tests and the two-layer
model used in the finite element analysis

(a)

(b)
Figure 3. Field Load-settlement test: (a) T-Rex in position during
loading (b) Cross-section of the load-settlement arrangement
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Figure 4. Measured and predicted load-settlement curves for the
0.91-m diameter footing

curve is linear while the measured settlements are nonlinear.
Also, the predictions underestimate the measured
settlements at higher working loads.

For the method based on dynamic soil properties, a two-
layer Gmax profile was developed from the two-layer Vs
profile presented in Figure 2. A thickness of soil beneath the
footing of 5B was used in the settlement analysis to
eliminate boundary effects (Brinkgreve et al, 2011). With
the subroutine that incorporates Equations 1, 2 and 3 in
PLAXIS, a finite element analysis was performed. As noted
earlier, the Gmax values were adjusted to the increasing stress
state and the G values in the G/Gmax-log γ relationships were 
adjusted to the increasing shear strain during loading. As
seen in Figure 4, the predicted load-settlement curve
captures much of the nonlinearity exhibited in the load-
settlement curve. The primary point of concern is that the
predicted curve is more nonlinear than the measured curve,
particularly above settlements around 70 mm. This
difference is being investigated. However, it must be pointed
out that the predictive method based on dynamic soil
properties worked quite well in this case study with fine-
grained granular soils and, in theory, should be just as
readily applied to coarse-grained granular soils with gravel
and cobbles.

6 CONCLUSIONS

A new method for predicting settlements of shallow footings
on granular soils is presented. The method is based on field
seismic measurements to evaluate the small-strain shear
moduli (Gmax) combined with nonlinear normalized shear
modulus-shear strain (G/Gmax-log γ) relationships 
determined in the laboratory from dynamic resonant column
testing. Important factors in the model are that: (1) Gmax
values are adjusted to the increasing stress during loading
and (2) the G values in the G/Gmax-log γ relationships are 
adjusted to increasing strain levels. A subroutine was written
to incorporate this formulation in a commercially available
finite element program, PLAXIS. The method was
investigated by comparing with a load-settlement test using
a 0.91-m diameter footing. In the working stress range,
predicted nonlinear footing settlements compared quite well
with the measured ones. The predicted nonlinear settlements
in this range were also in reasonable agreement with
predictions from traditional CPT and SPT procedures.

The new predictive method has several advantages over
traditional CPT and SPT methods. First, field seismic
measurements are used to characterize the soil in-situ. Field
seismic measurements, especially those done with surface-
wave tests, are readily applied to all granular soils, including
soils containing gravel and cobbles which are difficult to test
by CPT and SPT methods. Second, the nonlinear
characterization of granular soil modeled with G/Gmax-log γ 
relationships captures the nonlinear stress-strain curve of the
granular soil during loading. Third, in the case of field
seismic measurements with surface-wave tests, all
equipment is placed on the ground surface (no boreholes).
The Vs profile is nearly continuous with depth. They are
quickly performed, cost effective and begin evaluating
stiffness within centimeters of the surface. Finally, the new
method is applicable to all geotechnical materials, even
cemented gravelly soils and fine-grained soils that are
consolidating under the footing loads. Work is presently
underway with large-grained cemented alluvium.
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Characterization of Model Uncertainty in Immediate Settlement Calculations for 
Spread Footings on Clays 

Caractérisation de l'incertitude des modèles de calculs du tassement immédiat de semelles 
reposant sur des sols argileux 

Strahler A.W., Stuedlein A.W. 
Oregon State University 

ABSTRACT: Immediate settlement calculations for spread footings supported by clay soils are generally based on displacement 
influence factors derived from elastic stress fields and soil stiffness estimated from triaxial compression strength tests or correlations 
to various measureable characteristics such as plasticity, strength, or stress history.  As a consequence of the linear elastic design
models, curvature in load-displacement behaviour cannot be characterized unless the stiffness degradation of the subgrade is explicitly 
incorporated.  This paper uses a load test database of spread footings on clay to evaluate the accuracy of an elasticity-based immediate 
settlement estimation method, which was shown to significantly reduce in accuracy with increasing magnitudes of displacement and 
exhibit significant variability.  A method to predict immediate settlements using a non-linear constitutive model set within an elastic 
stress field is presented, and is shown to capture the general non-linear shape of footing load tests and maintain its accuracy over a 
broad range in displacements with similar uncertainty to that of the elasticity-based method.  Recommendations are made to estimate 
an appropriate initial stiffness for use with non-linear and linear elastic models based on back-calculated undrained soil modulus. 

RÉSUMÉ: Les modèles acceptés de prévision du tassement immédiat des semelles de fondation reposant sur les sols argileux sont 
généralement basés sur des facteurs d'influence de déplacement calculé à partir de champs de contraintes élastiques en conjonction 
avec la rigidité du sol estimée à partir d’essais triaxiaux, ou de corrélations avec des paramètres mesurables comme l’indice de 
plasticité, la résistance au cisaillement non drainé, et la contrainte de préconsolidation. En raison de l'utilisation de modèle élastique 
linéaire, la non-linéarité de la relation charge-déplacement ne peut pas être caractérisée sauf si la dégradation de la rigidité du sol de 
fondation est incorporée explicitement dans le modèle. Cet article utilise une base de données d’essais de chargement de semelles sur 
des sols argileux afin d’évaluer la précision d'une méthode d'estimation du tassement immédiat en élasticité. La performance de cette 
méthode en termes de précision se dégrade sérieusement avec l'augmentation du déplacement. Elle est aussi caractérisée par une 
grande variabilité. Dans cet article, une méthode de prévision des tassements immédiats à l'aide d'un modèle de comportement non 
linéaire en champ de contrainte élastique est présentée. On montre qu'elle reproduit la forme générale non linéaire des essais de 
chargement de semelles de fondation et qu'elle présente une bonne précision sur un grand intervalle de déplacements avec une 
incertitude similaire à celle de la méthode basée sur l'élasticité. Des recommandations ont été faites pour estimer le module initial 
utilisé avec les modèles élastiques non linéaires et linéaires qui sont fonction des modules de sols non drainés obtenus par retro-
calculs. 

KEYWORDS: elastic settlement, settlement, shallow foundations, clay soils, undrained loading. 
1 INTRODUCTION 

Spread footings are used throughout the world as viable 
foundation support systems for structures. They are typically 
constructed of reinforced concrete, can assume any shape, and 
generally meet the following criteria (Vesic, 1973; Das, 2011): 
 1. The depth of footing embedment, Df, lies between the 
ground surface and up to four times the footing width, B, below 
the adjacent grade, and 
 2. Additional support, such as driven piles or drilled shafts, 
are not located beneath the footing. 

Designers must evaluate two conditions to ensure that the 
foundation will perform adequately (Perloff and Baron, 1976): 
safety against overall bearing failure in the supporting soil, and 
displacements leading to unsatistfactory structural performance 
must not occur. The first condition is often considered the most 
critical limit state; however, immediate settlement can lead to a 
serviceability limit state and must be included in design. 

Generally accepted methods for estimating immediate 
settlement of spread footings require the use of linear elastic 
models to simulate soil behavior; this approach does not capture 
the true non-linear behavior of soil. This study presents a 
statistical evaluation of a commonly used elasticity-based 
method and soil stiffness correlation using a load test database.  
Then, a simple non-linear model capturing observed load-
displacement curvature in footing load tests is presented and its 
accuracy is characterized.  The undrained initial elastic modulus 
is back-calculated using the load test database, and is found to 
vary as a function of overconsolidation ratio. 

2 IMMEDIATE SETTLEMENT OF SHALLOW 
FOUNDATIONS ON CLAY 

2.1 Elasticity-based design methodology 

Carrier and Christian (1978) found that stress distributions 
developed from finite element analyses (FEA) used in 
conjunction with embedment factors proposed by Burland 
(1970) produced the most reasonable values of displacement 
assuming an undrained Poisson’s ratio, νs, equal to 0.5 for clay. 
Mayne and Poulos (1999) modified Burland’s work and 
developed an improved distortion settlement estimation 
approach for circular foundations that accounts for variations in 
Poisson’s ratio, soil modulus, foundation rigidity, and 
embedment effects.  The resulting expression for immediate 
settlement can be constructed as (Mayne and Poulos 1999): 
 

  21app eq E F G
i s

s

q B I I I
E

    (1) 

 
where qapp = applied bearing stress, Beq = equivalent diameter of 
the footing, IE, IF, IG are displacement influence factors that 
control the magnitude of displacement (described below), and 
Es is the Young’s modulus of the soil. 

The stresses below a spread footing, and therefore the 
immediate settlement, are affected by the amount of footing 
embedment. Burland’s embedment influence factor, IE, is used 
to modify the stress distribution for embedment effects. 
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Regression analyses on Burland’s charts yielded a simple 
representation of IE (Strahler 2012): 
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In addition to embedment effects, stresses below a spread 

footing are also affected by the rigidity of the foundation. The 
rigidity correction factor, IF, is used to modify the stress 
distribution to account for foundation rigidity and is given by 
(Mayne and Poulos 1999): 
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where Kf = the foundation flexibility factor (Brown, 1969) and 
is a function of the modulus of the soil as well as the modulus, 
thickness and radius of the foundation.  

Soil profiles that exhibit a linear increase in modulus with 
depth, termed a Gibson profile (e.g., Mayne & Poulos, 1999), 
may be modeled using the Gibson displacement influence 
factor, IG, given by: 
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where Eo is Young’s modulus of the soil directly beneath 
foundation, kE is the rate of increase of modulus with depth. 

The use of Eqn. (1) requires an estimate of soil stiffness; for 
undrained loading of footings on clay the appropriate stiffness 
for linear elastic models is the undrained Young’s modulus, Eu. 
Although many correlations to Eu exist (e.g., Kulhawy and 
Mayne 1990), Duncan and Buchignani (1987) suggested that Eu 
was linearly proportional to undrained shear strength, su, and 
proposed the following commonly used expression: 

 uu KsE   (5) 

where K = the constant of proportionality and is a function of 
stress history and soil plasticity. Duncan and Buchignani (1987) 
proposed Figure 1 to indicate the sensitivity of K to plasticity 
index (PI) and overconsolidation ratio (OCR). 
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Figure 1. Variation in the K-factor based on OCR and PI (adapted from 
Duncan and Buchignani 1987). 

2.2 Non-linear distortion displacement models 

Several researchers have pointed to the limitations of linear 
elastic-perfectly plastic model behavior and developed non-
linear distortion displacement models that attempt to more 
accurately estimate displacements (Osman and Bolton, 2004; 
Elhakim and Mayne, 2006; Foye, et al., 2008). These methods 
are either computationally intensive, require significant or 
potentially expensive subsurface information, or rely on FEAs 
that assume homogeneous or isotropic soil conditions and are 
limited to specific stress conditions. As a result they may not be 
applicable to many realistic design scenarios and are limited in 
their appropriate uses. 

3 LOAD TEST DATABASE AND STATISTICAL 
APPROACH FOR IMMEDIATE SETTLEMENT MODEL 
EVALUATION 

3.1 Development of load test database 

To evaluate the uncertainty in the linear elastic distortion 
settlement calculation and provide the basis for a new model, a 
database of case histories was developed. The database was 
initially populated with 24 case histories and was subsequently 
reduced to 12 with 30 individual footing load tests based on the 
quality of soil and load test information. The stress histories 
represented in the database largely consist of lightly to heavily 
overconsolidated soil profiles, with just one true normally 
consolidated soil profile. The database included 13 square 
foundations and 17 circular footings. Twenty-eight of the 
footings were embedded below the ground surface.  Further 
details on the load test database are given in Strahler (2012), 
and are not described here for brevity. 

3.2 Statistical approach 

The accuracy of the immediate settlement models evaluated 
herein was characterized using the mean bias, , defined as the 
ratio of an observed and calculated displacement, and its 
distribution. Distributions of the sample bias values were 
assessed using goodness of fit metrics, and appropriate second 
moment statistics were determined. The coefficient of variation 
(COV) of the bias, defined as the standard deviation in bias 
divided by its mean, is used herein as a convenient 
representation of dispersion. Details regarding distribution 
fitting are given by Strahler (2012). 

4 EVALUATION OF THE ELASTICITY-BASED 
APPROACH 

Equation (1) was rearranged to compute the elasticity-based 
bearing pressure, qe

app, for each displacement, δi, for a given 
load-displacement curve: 
 

  21 sEFGeq

iue
app IIIB
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  (6) 

 
To evaluate the performance of Eqn (6) using the footing 

load test database, the undrained shear strength was averaged 
over Beq and the constant of proportionality, K, was linearly 
interpolated from Figure 1 for data pairs of PI and OCR. The 
upper dark line was assumed to correspond to a PI = 0, whereas 
the lower dashed line was assumed to correspond to a PI = 100. 
For case histories with soil layers characterized with OCRs 
greater than 10, K was assumed to be equal to the value at OCR 
= 10 (Figure 1). 

Following the computation of bearing pressures, the sample 
biases were calculated and their statistical distribution 
determined. The mean bias for a displacement of 10 mm was 
0.85, indicating that the undrained Young’s modulus estimated 
using Figure 1 and Eqn. (6) is moderately un-conservative (i.e. 
the calculated bearing pressure for 10 mm of displacement is 
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greater than that measured).  However, the model exhibited 
significant variability, with COV = 85 percent.  The accuracy in 
the selected approach decreases significantly with increases in 
magnitude of displacement.  For example, at displacements of 
25 and 50 mm, Eqn. (6) and Figure 1 produced mean biases and 
COVs of 0.46 and 88 percent, and 0.17 and 54 percent, 
respectively.  The COV at 50 mm is somewhat smaller due to 
the reduction in the number of bearing pressure-displacement 
data pairs at larger displacements available in the database.  

5 DEVELOPMENT OF PROPOSED MODEL 

The evaluation of the elasticity-based approach presented above 
indicated a need for more accurate immediate settlement 
calculations. An accurate model should account for the non-
linear response of footings loaded rapidly on clays.  An 
approach that incorporates common triaxial strength test data 
within an elastic stress field is described below. 

5.1 Selected constitutive response 

The Duncan-Chang hyperbolic model (Duncan and Chang, 
1970; Duncan et al. 1980) is a non-linear soil constitutive model 
that expresses the development of the principal stress difference 
as a function of axial strain, initial Young’s modulus, and 
effective confining pressure. The stress path that develops 
below the center of a footing is similar to an undrained triaxial 
compression stress path (Stuedlein and Holtz, 2010). The failure 
criterion can be defined as the point at which half of the 
principal stress difference exceeds the available shear strength: 

 
   uult s2'' 31   (8) 

 
where (σ’1 - σ’3)ult is the principal stress difference at failure. 
The original hyperbolic model developed by Kondner (1963) is 
given as: 
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where σ’1 and σ’3 can represent the vertical and horizontal 
stresses below the center of a footing, respectively, ε is the axial 
strain and Ein is the initial undrained Young’s modulus, which 
remains constant during undrained loading (Duncan, et al., 
1980). Note that Ein represents the initial tangent Young’s 
modulus and is typically measured at small strains; the range in 
strain associated with Eu as reported by Duncan and Buchignani 
(1987) is not known. 

5.2  Calculation of footing displacements 

The distribution of vertical, horizontal, and shear stress beneath 
the center of the footing was generated for each footing in the 
load test database using elasticity theory assuming undrained 
conditions (νs = 0.5). During loading, the change in vertical and 
horizontal stresses, Δσ1 and Δσ3, can be modeled as the change 
in vertical and radial stresses, Δσv and Δσr, respectively, by 
assuming that square footings can be treated as equivalent 
circles (Davis and Poulos, 1972). 

Substitution of Equation (8) into Equation (9) and 
rearranging for axial strain produces an expression for 
displacement based on the integration of strains over the 
assumed depth of influence. This study considered an effective 
depth of 2Beq for the integration of strains.  The displacement 
resulting from an applied load, δi, can be calculated using: 
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(10) 

where Δσvr is the principal stress difference and ΔZj = an 
increment of depth. Pertinent soil parameters (su, OCR, and PI) 

were averaged over a depth of Beq below the footing where the 
majority of the large strains develop.  

Due to the asymptotic nature of the constitutive model 
adopted, unreasonable displacements are computed when the 
applied shear stress approaches su within a given ΔZj. To 
mitigate this effect, the shear stresses were limited to 99 percent 
of the available su (i.e., Δσvr/2 < 0.99su). Although, excessive 
displacements result at higher loads, the calibrated hyperbolic 
model may be used to estimate the non-linear pre-failure 
displacements without performing a time-consuming numerical 
study. 

5.3 Displacement prediction using the non-linear model 

Bearing pressure-displacement curves were calculated using the 
Duncan-Chang model and elastic stress fields.  The Eu was 
estimated using Figure 1 and Equation (5). The observed and 
predicted q-δ curves were compared statistically with the bias. 
Bearing pressure-displacement points corresponding to Δσvr/2 ≥ 
0.99su were omitted. 

On average, the non-linear approach produced a slight 
under-prediction of displacements for a given bearing pressure, 
with a mean  = 1.13 for each bearing pressure-displacement 
curve in the database, but exhibited significant variability (COV 
= 105 percent). The relatively large COV is the result of the 
inherent variability in soil strength, transformation model error 
in the calculation of undrained modulus, and model error. The 
tendency for the selected non-linear constitutive model and 
elastic stress-field to under-predict the displacement at a given 
bearing pressure resulted from excessive strains calculated as 
the mobilized shear stresses approached the undrained shear 
strength.  

6 BACK-CALCULATION OF INITIAL MODULUS 

Another application of a non-linear constitutive model within an 
elastic stress field is the estimation of the initial Young’s 
modulus of the soil.  Equation (10) can be rearranged for initial 
Young’s modulus and its value back-calculated using least 
squares regression on the observed bearing pressure-
displacement curve: 
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where Ein is the initial undrained Young’s modulus averaged 
over a depth Beq.  Again, data-pairs corresponding to shear 
stresses approaching the ultimate stress difference were omitted.  

The back-calculated initial Young’s modulus depends on 
the shape of the predicted bearing pressure-displacement curve. 
In some cases the predicted curvature of the bearing pressure-
displacement curve was not in agreement with the observed 
curvature and in these instances the fitting procedure was 
modified to estimate the initial portion of the bearing pressure 
displacement curve. This was done to focus on the initial 
stiffness characteristics (Strahler 2012). 

6.1 Young’s modulus comparison 

The calculated undrained Young’s modulus and back-calculated 
initial Young’s modulus, Ein, were compared using the bias and 
its distribution. In general, the Eu calculated using the Duncan 
and Buchignani (1987) correlation under-predicts the back-
calculated initial modulus (mean = 3.05) and exhibits a 
significant amount of variability (COV = 99%). This level of 
under-prediction is not surprising, given that the Duncan-Chang 
model uses an initial undrained Young’s modulus that is 
typically based on the first 0.1 to 0.25% of axial strain or less. 
The type or strain level of the Young’s modulus referenced by 
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Duncan and Buchignani (1987) is not specified, but the 
relationship was developed from in-situ testing and could 
potentially represent a tangent or secant modulus at 50% of 
peak strength. Thus, the strain levels for the estimated Eu and 
Ein may not be similar, and could explain the inaccuracy and 
uncertainty shown in Figure 2. 

A new K was calculated using the back-calculated Ein and 
the results are presented in Figure 2. The relationship proposed 
by Duncan and Buchignani (1987) has been overlaid on the data 
for comparison and appears to be independent of PI. 
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Figure 2. Back-calculated K-factor using non-linear model compared to 
Duncan & Buchignani (1987). 

6.2 Correlation to initial undrained Young’s modulus 

When plotted against OCR, the back-calculated initial Young’s 
modulus normalized by the atmospheric pressure, patn, exhibits 
a linear trend line.  The stiffness appears to increase with OCR.  
A single footing used a 21 cm diameter tendon extended to 
bedrock beneath the center of the footing in order to develop 
displacements (Bauer 1976). The tendon likely interfered with 
the failure mechanism of the soil beneath the footing and 
produced a higher initial Young’s modulus. It was included in 
the database because it was not considered a support mechanism 
(drilled shaft, driven pile, etc.); however, it was omitted in 
Figure 3 due to its clear departure from the trend.   
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Figure 3. Back-calculated initial Young’s modulus using Duncan-Chang 
model, based on Duncan & Buchignani (1987). 

7 SUMMARY AND CONCLUSIONS 

The use of a single undrained Young’s modulus to predict the 
highly non-linear response of footings supported on cohesive 
soil has been shown to be slightly conservative at low 
displacements but increases in error with increasing 
displacement. A method to estimate displacements based on the 
non-linear Duncan-Chang model was shown to be slightly 
conservative and more accurately captures the overall load-

displacement curve. The proposed method also allowed the 
estimation of an initial undrained Young’s modulus, which 
appears to be correlated with OCR. This trend can be used to 
estimate the initial Young’s modulus for use in the non-linear 
model or additionally modified to be used in elasticity based 
methods.  

Despite the improvement in modeling footing response 
reported herein, signficant uncertainty in the response remains 
without the adequate characterization of inherent soil 
variability, transformation error associated with correlations, 
and model error.  Improved site characterization presents the 
best approach to reducing the uncertainty of footing load-
displacement response. 
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Probabilistic Assessment of the Bearing Capacity of Shallow Strip Footings on Stiff-
Over-Soft Clay

Evaluation probabiliste de la capacité portante de semelles filantes peu profondes sur couche 
d’argile rigide recouvrant une couche d’argile molle

Y. Tian & M.J. Cassidy
Centre for Offshore Foundation Systems, UWA Oceans Institute & ARC CoE for Geotechnical Science and Engineering, 
University of Western Australia, Perth, Australia

M. Uzielli
Georisk Engineering S.r.l., Florence, Italy

ABSTRACT: This paper focuses on the probabilistic assessment of the resistance factor for bearing capacity for a strip footing on a
stiff-over-soft clay profile. The analysis is performed by applying the Random Finite Element Method, which combines finite element 
simulation, spatial variability analysis and Monte Carlo simulation. Finite-element analyses are performed in the program ABAQUS 
on meshes in which undrained strength values are assigned on the basis of quantitative estimates of the vertical and horizontal spatial 
variability and the probabilistically modelled scatter of undrained strength itself. The stochastic implementation of the numerical 
analyses results in samples of bearing capacity factors which, when normalized by a deterministic bearing capacity factor, provide a 
set of tabulated factors calibrated to user-defined target reliability levels. The results have application for the prediction of foundation 
punch-through, where the footing pushes the upper strong layer of soil into the softer clay beneath.

RÉSUMÉ : Cet article porte sur l’évaluation probabiliste du facteur de résistance de la capacité portante d’une semelle filante posée 
sur une couche d’argile rigide recouvrant une couche d’argile molle. L’analyse applique la méthode des éléments finis aléatoires, qui 
associe simulation par éléments finis, analyse de variabilité spatiale et simulation par la méthode de Monte Carlo. Les analyses par 
éléments finis sont réalisées avec le programme ABAQUS, en utilisant des maillages pour lesquels la valeur de résistance au 
cisaillement non drainée est déterminée sur la base de l’estimation quantitative des  variabilités verticale et horizontale, ainsi que sur 
la dispersion de la résistance au cisaillement non drainée modélisée de façon probabiliste. L’implémentation stochastique des analyses 
numériques conduit à des facteurs de capacité portante qui, lorsqu’on les normalise par le facteur de capacité portante déterministe, 
fournit un ensemble de facteurs étalonnés pour des niveaux de fiabilité prédéfinis. Les résultats obtenus trouvent une application pour 
la prédiction du poinçonnement des fondations, dans le cas où la fondation pousse la couche supérieure de sol dur dans la couche de 
sol mou située en dessous.

KEYWORDS: Bearing capacity, shallow foundation, spatial variability, probability, random finite element analysis, strip footing 

1  INTRODUCTION 

The bearing capacity of a shallow foundation on two layered 
clay soil is a classical problem in soil mechanics and one of 
importance to many applications, including the punch-through
of offshore foundations. The problem being analyzed in this 
paper is defined in Figure 1: what is the vertical load carrying 
capacity of a strip footing of width (B) on a top layer of soil of 
undrained shear strength (sut) overlying a weaker bottom layer 
(sub). Using finite element analysis in conjunction with limit 
theorems, Merifield et al. (1999) published extensive bearing 
capacity factors (Nc*) defined to predict the vertical capacity as 
a function of the strip footing width and the undrained shear 
strength of the top clay layer. Conditions of varying top layer 
thickness and shear strength ratio were analyzed. However, 
these solutions were only provided for deterministic properties 
of soil with no spatial variability accounted for.  

This paper makes use of the Random Finite Element Method 
(RFEM) (see Fenton and Griffith, 2008) to investigate the effect 
of the spatial variability in undrained shear strength on the 
bearing capacity of a shallow strip footing on two-layered stiff-
over-soft clay. In the RFEM the characterization of the spatial 
variability enables the generation of random fields with spatially 
varying values, all of which are mapped onto a finite element 
mesh. The generation of multiple random fields associated with 
the soil domain allows the repeated implementation of finite 
element analysis, yielding multiple samples of outputs. These 
can subsequently be analysed statistically.

Although RFEM has been used to estimate the statistical 
distribution of the vertical undrained bearing capacity of a strip 

foundation on a single layer (Paice et al. 1996, Nobahar and 
Popescu 2000, Griffiths and Fenton 2001, Griffiths et al. 2002, 
Fenton and Griffiths 2003, Popescu et al. 2005, Kasama and 
Whittle 2011, Cassidy et al. 2012) it has yet to be applied to the 
two-layered condition. The aim of this paper is to (i) provide a 
methodology for doing so, (ii) discuss preliminary trends due to 
changing variation in undrained shear strength distributions, and 
(iii) estimate quantitatively the degree of unconservatism in 
using deterministic bearing capacity factors. 

Figure 1. Definition of problem being investigated. 

2 METHODOLOGY 

The FE analysis model used in this paper is illustrated in 
Figure 2. Two-dimensional plane strain conditions were 
assumed and the commercial ABAQUS finite element package 
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utilised (version 6.10, Dassault Systèmes 2010). A shallow 
foundation with width B was founded on the surface of the two-
layered soil, which was modelled by a linear-elastic perfectly-
plastic Tresca constitutive law with an undrained shear strength 
(su). The elastic response was defined by the Young’s modulus 
(E = 500su) and the Poisson’s ratio set as 0.49. Corresponding 
to one of the analysis cases of Merifield et al. (1999), the soil 
contained a top layer of 1B thickness. For efficiency the infinite 
bottom layer of Merifield et al (1999). was shortened to 3.8B; a 
depth deep enough, however, to ensure no boundary effects. 
The analysis width was 6B. The lateral soil boundaries were
roller supported and the bottom was pinned. The top surface 
was assumed to be free. A fully bonded foundation/soil 
interface was used to model the undrained behaviour.

Figure 2. The FE model used 

The soil domain was divided into 60 by 48 square zones of 
width 0.1B, as shown in Figure 2. In each zone the soil 
properties were constant and defined by an undrained shear 
strength   and Young’s modulus        . However, these 
properties changed from zone to zone representing the spatial 
variability of the soil. For the majority of the soil domain a zone 
was represented by one finite element. However, in a region of 
size 3B by 1B close to the strip footing (as bounded by heavy 
lines in Figure 2) nine smaller finite elements per zone were 
used. These smaller elements, each with the same material 
properties, were required to improve the numerical accuracy of 
the solution. Therefore, in total there are 5280 finite elements in 
the mesh but only 2880 zones of spatially varying soil 
properties.

The spatially variable undrained shear strength    of both 
top and bottom layer was modelled as a normally distributed 
random field with a mean     and standard deviation            . Consistent with the deterministic values of Merifield 
et al. (1999), the mean shear strength of the top layer was set as 
twice the bottom layer, with values of            and 
           assumed in this paper. The COV, vertical and 
horizontal correlation length    and    for both top and bottom 
layer vary systematically. Table 1 details the random variables 
assumed for the 12 cases presented.  

For each case, 1000 realisations of the random fields of 
undrained shear strength    were generated using the Local 
Average Subdivision algorithm (Fenton and Vanmarcke 1990; 
Fenton 1994). One of the 1000 realisations of the random field 
of case 1 (                                   
see Table 1 for details) is illustrated in Figure 3. 

3 RESULTS 

3.1 Deterministic Case 

The modified bearing capacity factor             was 

defined in Merifield et al. (1999) as the ultimate bearing 
capacity Qu normalised by the footing width B and top layer 
shear strength sut. Merifield et al. (1999) reported     as 4.44 
(lower bound), 4.82 (upper bound) and 4.63 (average) for the 
situation considered in Figure 2. A deterministic case was first 
conducted in this paper with uniform undrained strengths of 20 
kPa and 10 kPa for the top and bottom layer, respectively. An 
   of 4.66 was obtained. This good agreement implies that the 
FE analyses in this paper are reliable and comparable to the 
Merifield et al. (1999) analyses. 

Figure 3. Example random field (for case 1) 

Table 1. Calculation cases and summary results 

Case

Input parameters
Analysis results

Bottom layer Top layer

                      
 
    

  (  
 
    

 )

1 0.1 0.1 0.3 0.1 0.1 0.3 0.93 0.02 5.0∙10-4

2 0.1 0.1 0.1 0.1 0.1 0.1 0.98 0.01 1.3∙10-3

3 0.1 0.1 0.1 0.1 0.1 0.3 0.95 0.02 5.6∙10-3

4 0.1 0.1 0.3 0.1 0.1 0.1 0.96 0.01 1.0∙10-4

5 0.1 0.1 0.3 0.1 10 0.3 0.94 0.07 0.144

6 0.1 0.1 0.3 0.1 1 0.3 0.93 0.05 0.057

7 0.1 0.1 0.3 1 10 0.3 0.93 0.18 0.277

8 0.1 0.1 0.3 1 1 0.3 0.89 0.12 0.133

9 0.1 10 0.3 0.1 0.1 0.3 0.92 0.04 0.022

10 0.1 1 0.3 0.1 0.1 0.3 0.92 0.03 4.0∙10-4

11 1 10 0.3 0.1 0.1 0.3 0.90 0.09 0.149

12 1 1 0.3 0.1 0.1 0.3 0.90 0.05 0.054

Note:      

3.2 Stochastic soil cases: variation of COV, constant 

The mean undrained shear strength of the top layer      is 
used to defined a modified bearing capacity factor for the 
stochastic cases (    ) and where  

              (1) 

in which Qur is the stochastic ultimate bearing capacity. The 
values of      of the 1000 realisations random field for each case 
were ordered and the sample median value denoted as     . The 
standard deviation of the          for the 1000 random field 
realisations is calculated as  (   

     ). The values of     and 
 (   

     ) evaluated for all the cases presented in this paper are 
provided in Table 1. The histogram of         from the 1000
random field realisations for case 2 (              see
Table 1) is depicted in Figure 4, with     = 0.98   and
 (   

     )      . The empirical cumulative distribution 
functions for cases 1-4 are shown in Figure 5. 

In order to investigate the influence of changing the COV for 
both or one of the layers, the cumulative curves for cases 1~4 
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are shown in Figure 5. In these cases the horizontal and vertical 
correlation lengths of both top and bottom layers were kept 
constant as       . As shown in the figure, the average 
bearing capacity factor for all of the stochastic cases 
(represented by     ) is less than the deterministic case. This is 
consistent with the reports of Nobahar and Popescu (2000), 
Griffiths et al. (2002) and Cassidy et al. (2012). Further, when 
the COV of both layers is increased from 0.1 to 0.3 the average 
bearing capacity reduces from 0.98 to 0.93 and the normalised 
standard deviation increases from 0.01 to 0.02. This is as 
expected and is shown in the two extremity curves of Figure 5. 
Comparing the cases where the COV of only the top layer (case 
3: COVb=0.1, COVt=0.3) and only the bottom layer (case 4: 
COVb=0.3, COVt=0.1) provides more insight into the 
mechanisms of failure. We can see from Figure 5 that the COV 
of the top layer has a more significant effect with case 3 
trending towards case 1 where both layers are 0.3. Moreover, 
the similarity of the shapes of case 2 and case 4 as well as case 
3 and case 1 implies that the top layer COV determines the 
variation (standard deviation) of the curves. 

Figure 4 Histogram of         for case 2

Figure 5 Cumulative probability curves for varying COV of 
cases 1 to 4 

The output samples of stochastic bearing capacity factor 
normalized by the deterministic value were analysed with the 
aim of estimating the frequentist probability of exceedence of 
unity, i.e., the probability that the stochastic bearing capacity 
factor exceeds the deterministic bearing capacity factor. This 
assessment is important in the context of engineering design, as 

it provides a measure of the unconservatism in using 
deterministic bearing capacity factors, i.e., in neglecting 
uncertainty and spatial variability. In only 6 cases out of the 12
analyzed, output samples resulted to be lognormal at the 95% 
confidence level using the Anderson-Darling test. Hence, 
estimating the probability of exceedence of unity from 
cumulative values of fitted lognormal samples would not allow 
confident assessement for all cases. Empirical cumulative 
distribution functions were calculated for each sample. The 
empirical probability Pe of exceedence of unity for each case is 
noted in the rightmost column in Table 1.  

The failure mechanisms of three selected realizations of case 
1 (               ) are shown in Figure 6. These 
represent the minimum, median and maximum     cases and 
are shown alongside the deterministic failure mechanism
(uniform and mean parameter values). In all three cases the 
existence of the random field results in a non-symmetric failure 
mechanism, with the minimum bearing capacity case most 
unsymmetrical. With the increasing of bearing capacity, the 
failure mechanism tends to resemble the deterministic case. The 
importance of spatial variability in the top layer can be 
observed, with the majority of the failure mechanism residing in 
that layer. Further, with higher variability and potential for 
weaker zones the mechanism for lower bearing capacity is both 
more unsymmetric and shorter (pulling it further into the top 
layer). 

                         (a)                                                  (b) 

                        (c)                                                     (d) 
Figure 6. Failure mechanisms from finite element analysis for 
(a) lowest, (b) median and (c) highest bearing capacity, and (d) 
deterministic uniform case (for clarity only a section of 3B
width and depth 2B show) 

3.3 Stochastic soil cases: variation of correlation length in 
top layer 

With the top layer determined to play a more significant role 
in the problem configuration of this paper further concentration 
on the effect of top layer correlation length is discussed. The 
results for correlation length varying from 0.1B to 10B are 
presented as cumulative probability curves in Figure 7. These 
represent cases 5, 6, 1, 7 and 8 in Table 1. As for the       
    cases (cases 5, 6 and 1), the largest bearing capacity 
corresponds to the largest horizontal correlation length     
    (case 5) while the minimum corresponds to        
(case 6). This is consistent with the observation of Griffiths et 
al. (2002) for the single layer case. In general, a large 
correlation length results in greater standard deviation of the 
bearing capacity, i.e. the foundation becomes more “non-
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uniform”. The minimum bearing capacity occurs at       
       .

3.4 Stochastic soil cases: variation of correlation length in 
bottom layer 

Comparison of the results of case 9, 10, 1, 11 and 12
indicates the correlation length effect of the bottom layer. It 
again shows that increasing horizontal correlation length tends 
to increase the standard deviation of the bearing capacity factor 
(see Table 1 and Figure 6). However, the largest average 
bearing capacity corresponds to the minimum correlation length 
case (case 1:                ). This differs to what is 
occurring in the top layer. The maximum average bearing 
capacity corresponds to the largest correlation length case 11,
which is consistent with the results of changing the correlation 
length of the top layer.  

Figure 7. Cumulative probability curves for variation of 
correlation distance in the top layer (cases 1, 5, 6, 7 and 8) 

Figure 8. Cumulative probability curves for variation of 
correlation length in bottom layer (cases 9, 10, 1, 11 and 12) 

4 CONCLUSIONS  

In this study, finite element analysis of the vertical bearing 
capacity of a strip footing penetrating stiff-over-soft clay was 
conducted by taking the spatial variability of undrained strength 
into account. The results indicate that with high spatial 
variability in the undrained shear strength there is a significant 
reduction in the bearing capacity. Mean bearing capacity factors 
and statistical distributions were provided for 12 cases of sut/sub

= 2, COV = 0.1 and 0.3, and     and     = 0.1, 1 and 10.
For the case of top layer thickness equal to the strip footing 
width presented it was shown that variation in the top layer had 
a greater effect on reducing the bearing capacity (when 
correlation distance was held constant). This was due to the 
unsymmetric bearing capacity shortening further into the top 
layer.  
The empirical probabilities of exceedence of the deterministic 
bearing capacity factor in the stochastic case differ from case to 
case, ranging from on the order of 10-4 to 0.277, thus attesting 
for the influence of the magnitude of spatial variability and 
uncertainty on the effects of stochastic modelling. The 
maximum value observed for case 7 is well below a “central” 
value of 0.5; hence, overall, it is assessed that the deterministic 
case is significantly unconservative from an engineering 
standpoint. 

The conclusions drawn in this paper may be specific for the 
geometery and soil conditions analysed. The 12 cases presented 
here, however, represent a small subset of 1600 cases analysed 
in a more ambitious numerical experiment. Cases of (i) 
         = 4/3 and 2, (ii) COV = 0.1 and 0.3, (iii)      and 
     = 0.1, 1 and 10, as well as (iv) a gradient of increasing 
undrained shear strength with depth, and (v) a footing 
embedded to 0.5B into the top layer, make up the full 
programme. The results of the larger study will be published in 
due course.
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Residual Soils and the Teaching of Soil Mechanics 

Les sols résiduels et l’enseignement de la mécanique des sols 

Wesley L.D. 
University of Auckland, Auckland, New Zealand 

ABSTRACT: There is a serious gap in the teaching of soil mechanics because of its failure to include coverage of residual soils as an 
integral part of such teaching. A rough estimate suggests that at least half of the earth’s surface is covered by residual soils, and in 
today’s world the most rapid growth and development is occurring in countries that contain a very high proportion of these soils. Civil 
engineering students are graduating from universities around the world having studied soil mechanics to varying levels, but without 
even being aware of the existence of residual soils, let alone having any understanding of their properties. The purpose of this paper is 
to highlight the fact that while much of what is taught in soil mechanics courses is common to both soil groups, there are significant 
and important areas where concepts applicable to sedimentary soils are completely irrelevant to residual soils.  

RÉSUMÉ: L’omission de l’enseignement des sols résiduels est une lacune grave dans l'enseignement de la mécanique des sols. Une 
estimation approximative laisse à penser qu'au moins la moitié de la surface terrestre est recouverte par des sols résiduels, et la 
croissance et le développement les plus rapides dans le monde actuel a lieu dans des pays qui contiennent une proportion très élevée 
de ces sols. Les étudiants en génie civil terminent leurs études à travers le monde en ayant étudié la mécanique des sols à des niveaux 
variables, sans même être au courant de l'existence des sols résiduels ou de leurs propriétés. Cet article vise à mettre en évidence le 
fait qu'alors qu'une grande partie de ce qui est enseigné dans les cours de mécanique des sols est également valable pour les sols 
résiduels, il y a des chapitres significatifs et importants de l’enseignement où les concepts applicables aux sols sédimentaires sont 
complètement hors sujet pour les sols résiduels. 

KEYWORDS: Residual soils, soil mechanics teaching, stress history, formation, compressibility, slope stability  

1    INTRODUCTION 

Although residual soils are found on the earth’s surface almost 
as commonly as sedimentary soils, their existence and 
properties are rarely mentioned in soil mechanics courses and 
text books.  The result is that certain concepts developed from 
sedimentary soil behaviour are routinely applied to residual 
soils and routinely result in a mistaken understanding of their 
behaviour. This is surely an indictment on those who teach soil 
mechanics in our universities. It is well past the time when 
residual soil behaviour should be an integral part of mainstream 
soil mechanics, especially of its syllabus in university courses. 
This paper is an attempt to highlight some significant aspects of 
residual soil behaviour that should be essential material in basic 
soil mechanics courses.  

2   FORMATION 

Figure 1 illustrates residual and sedimentary soil formation. 
Residual soils are formed directly from their parent rock by 
physical and chemical weathering, while. sedimentary soils 
undergo further processes including transportation by streams 
and rivers, sedimentation in lakes or in the sea,.followed by 
consolidation.
    Their formation method has some obvious influences on the 
properties and behaviour of these two soil groups, the main 
ones being the following: 
    (a) sedimentary soils undergo a sorting process during 
erosion and re-deposition that give them a degree of 
homogeneity that is not present in residual soils.  
    (b) residual soils do not undergo a consolidation process, and 
their properties cannot be related to stress history. The terms 
normally and over-consolidated have no relevance to residual 
soils. Strictly speaking the parameters Cc and Cs are not 
applicable to residual soils. The parameter Cc is defined as the 
(log) slope of the virgin consolidation line. It is readily apparent 

from their formation process that there is no such thing as a 
virgin consolidation line for a residual soil. 

Rock

Residual soil 

Sedimentary soil

Sea or lake level

  Delta
deposits

  Transport by stream 
           and river

Erosion by rainfall
    and runoff

Figure 1. Soil formation (after Wesley, 2012) 

    (c) Some residual soils, especially those derived from 
volcanic parent material consist of unusual clay minerals not 
found in sedimentary soils 
    (d)  Residual soils generally have much higher permeability 
than sedimentary soils, which has important implications for 
behaviour in oedometer tests and in estimates of short term and 
long term stability of cut slopes.  

3   CONSOLIDATION BEHAVIOUR 

Figure 2 shows results of oedometer tests on samples of a 
residual soil derived from the weathering of Peidmont 
formation in southeastern USA. Figure 2(a) shows the results 
plotted using the conventional log scale for pressure. This 
convention arises from the behaviour of sedimentary clays 
when deposited and consolidated under water. Values of pre-
consolidation pressure and over-consolidation ratio have been 
determined from these graphs and are listed in the figure. As 
noted earlier, stress history has no significant relevance to 
residual soils, and assumptions that they should display pre-
consolidation pressures are erroneous. 
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    There is no reason at all to use a log scale for pressure when 
illustrating the compression behaviour of residual soils. The 
graphs have therefore been re-plotted using a linear scale in 
Figure 2(b).  These graphs show a very different picture; there 
is no indication at all of “pre-consolidation” pressures. Those 
inferred from the log plot are not soil properties; they are purely 
the product of the way the data are plotted 

B9-3M  OCR = 4.0
B9-4M  OCR = 3.6
B7-5M  OCR = 3.4
B8-7M  OCR = 3.4
B8-8M  OCR = 3.3
B7-9M  OCR = 1.1

2.0

1.6

1.2

0.8

0.4
10                       100                    1000                 10000

Vo
id

ra
ti o

0                   500                1000               1500               2000

10

20

30

C
om

pr
es

s i
on

(%
)

Pressure (kPa) 

(a) log scale 

(b) linear scale 

Figure 2. Misinterpretation of the e-log(p) graph (after Wesley, 
2000).

A second example of the misleading nature of log plots is given 
in Figure 3, which shows the results of oedometer tests on a 
residual clay found in the Auckland region of New Zealand. 
The graph using a log scale suggests the existence of a pre-
consolidation pressure at about 600 kPa, while the linear plot 
shows no trace of this; in fact the behaviour is almost linear.  
    While residual soils, by definition, cannot have pre-
consolidation pressures because they are not formed by a 
consolidation process, they may still show a significant increase 
in compressibility at certain stress levels. This arises because 
some residual soils are highly structured and at a certain stress 
level this structure begins to collapse causing the increased 
compressibility This stress is best termed a vertical yield 
pressure rather than a pre-consolidation pressure.  
    Some residual soils can show extremely variable 
compression behaviour, such as that illustrated in Figure 4 
which shows oedometer tests on three samples of clay derived 
from the weathering of andesitic volcanic ash. When plotted 
using a log scale, the behavour appears similar, and yield 
pressure could be inferred from all three graphs. However, 
when re-plotted using a linear scale the picture is very different.  
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Figure 3. Behaviour of an Auckland residual soil (after Pender 
et al, 2000) 
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It is now seen that only Sample A shows a yield pressure, of 
about 250 kPa. Sample B shows almost linear behaviour, while 
Sample C shows steadily decreasing compressibility, or “strain 
hardening” characteristics.  
     A general representation of soil compressibility, especially 
over the pressure range of interest to geotechnical engineers, is 
shown in Figure 5. This gives a far more realistic picture than 
the conventional e-lot(p) plot. The almost universal use of the 
log plot has created the belief that the compressibility of all 
soils can be adequately represented by two straight lines on a 
log graph, which is certainly not the case.   

Pressure (linear scale)

S
tra

in

Linear

Yielding
(strain

softening)

Strain hardening

Vertical yield
   pressure

      Yield from
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Figure 5.  A better representation of soil compressibility, valid 
for all soils. (after Wesley, 2010). 

It is a regrettable that the profession and those who teach soil 
mechanics have not taken more notice of what Professor Nilmar 
Janbu has been saying for many years. His message is 
summarised in the following statement (Janbu, 1998):  

“--- it remains a mystery why the international profession 
still uses the awkward e-log p plots, and the incomplete 
and useless coefficient Cc which is not even determined 
from the measured data, but from a constructed line 
outside the measurements ---”. 
    Janbu made the above comments based on experience 
with sedimentary soils. The mystery remains even 
greater with residual soils. There is little doubt that if 
teachers of soil mechanics always plotted results of 
oedometer tests on undisturbed soils using both linear 
and  log scales they would very quickly realise how 
misguided the continued use of the log scale is.  

4  INFLUENCE OF HIGH PERMEABILITY 

The high permeability of residual soils is caused by various 
factors, including their relatively coarse nature, the presence of 
unusual clay minerals, and particular forms of micro structure. 
The high permeability has various practical implications and 
students should be made aware of these in basic soil mechanics 
courses. Only two will be described here; the first is the 
determination of the coefficient of permeability from 
oedometer tests, and the second is the short and long term 
stability of cut slopes in clay.  
    Figure 6 shows typical root time graphs from conventional 
oedometer tests on residual soils. According to one dimensional 

consolidation theory these graphs should show an initial linear 
section, from which the well known Taylor construction can be 
used to determine the coefficient of consolidation. The graphs 
in Figure 6 do not display this linear section, simply because 
the pore pressure dissipates almost as soon as the load 
increment is applied, and the shape of the graphs is a creep 
phenomenon unrelated to the rate of pore pressure dissipation.       
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Figure 6 Root time graphs from  tests on residual soils. 

It is not difficult to show that the highest value of the 
coefficient of consolidation that can be reliably determined 
from an oedometer test with a sample thickness of 2.0cm is 
approximately 0.1m2/day (= 0.012cm2/sec.). Readings taken in 
the first minute will only lie on a straight line if the cv value is 
less than 0.1m2/day; many residual soils have higher values. 
Because most geotechnical engineers and laboratory 
technicians are unaware of this, the Taylor construction 
continues to be regularly applied to graphs such as those in 
Figure 6, and erroneously low values of cv are determined. 

5  SLOPE STABILITY  

The main trigger for slips or landslides in residual soil slopes is 
intense and prolonged rainfall, a fact that reflects the relatively 
high permeability of such soils. In the case of cut slopes, 
therefore, it is very unlikely that behaviour during excavation 
will be undrained. It is much more likely that a new long term 
seepage pattern will develop as excavation proceeds. However, 
this pattern will only be an average state, and there will be 
frequent changes with time reflecting the weather changes. This 
situation is illustrated in Figure 7, alongside the commonly 
assumed behaviour of sedimentary soils. In residual slopes 
changes in the water table and pore pressure occur in both a 
regular seasonal pattern and in a random and unpredictable 
manner as a result of sudden storm events. The challenge to the 
geotechnical engineer is to estimate the worst case situation.  
    A further significant feature of slopes in residual soils is that 
they are often much steeper than those in sedimentary soils. 
This means that water tables may also be relatively steep, and if 
analytical methods are used to assess stability, then care is 
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needed in the way the pore pressure is included in the analysis. 
The example in Figure 8 illustrates this point.  
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Figure 7 Short and long term stability of cut slopes (after 
Wesley, 2010). 

This figure shows a steep cut slope subject to variable weather 
patterns. One way in which the worst case pore pressure state 
can be determined analytically is to assume that rainfall 
continues long enough for the water table to rise to the surface 
and create a stable seepage state. This may be excessively 
conservative, but does at least put a lower limit on the 
theoretical safety factor.  

Analysis based on flow net

Analysis based on phreatic 
surface inserted at ground levelSF = 1.15

SF = 0.74

Flow net for continuous 
     rainfall at surface

Assumed impermeable boundary
   = 16.5 kN/m c  = 50 kPa,  = 403, o

25m

40m

Figure 8 Influence of pore pressure assumptions on the estimate 
of safety factor.   

There are then two ways of including the pore pressures from 
this state in a slip circle analysis. The first, and normal, method 
is to determine the pore pressure directly from the vertical 

intercept between the phreatic surface and the slip surface – the 
“vertical intercept” assumption. In this case it will be the 
vertical distance from the ground surface to the slip surface. 
Almost all computer programmes make this assumption, which 
may be reasonable in gentle slopes but can give very 
misleading results in steep slopes, which is what the example in 
Figure 8 illustrates.      
    The second method is to consider the practical situation 
realistically and determine a flow net compatible with the 
boundary conditions. The pore pressures can then be 
determined from this flow net. It is evident from Figure 8 that 
the vertical intercept assumption, which implies that 
equipotential lines are vertical is physically impossible. The 
short section of level ground at the top of the slope is an 
equipotential line and flow lines will begin perpendicular to 
this. The flow net shows that most of the equipotentials along 
the slip surfaces are far from vertical.  
   The safety factors determined by the two methods, using the 
computer programmes SeepW and SlopeW, are the following: 

Vertical intercept assumption   SF = 0.74 
From the correct flow net:  Safety Factor = 1.15 

The difference is very large, and although many slopes in 
residual soils may not be as steep as that in Figure 8, there are 
many, especially in places like Hong Kong that are 
considerably steeper Thus the error in the safety factor could be 
even greater than that indicated in the Figure 8 analysis. 

6. CONCLUSIONS 

Although residual soils occupy about half the world’s surface 
very few universities cover them in their soil mechanics 
courses. This includes many universities surrounded on all 
sides by residual soils. The result is that geotechnical engineers 
routinely apply concepts valid only for sedimentary soils to 
residual soils and gain a mistaken understanding of their 
behaviour.   
    It is long past the time when residual soil behaviour should 
be part of mainstream soil mechanics and an integral part of 
university courses. The importance of this cannot be 
overemphasised. Education today is globalised in a way it 
hasn’t been in the past and large numbers of students from 
Asia, Africa and Latin America are obtaining their education in 
the universities of Western countries. Residual soils tend to be 
predominant in the former counties, but only sedimentary soil 
behaviour is covered by degree courses in the latter. Students 
thus return to their home countries unaware that significant 
parts of the soil mechanics they have been taught do not apply 
to the residual soils they are highly likely to encounter in their 
own countries. 
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Application of The Tangent Modulus Method in Nonlinear Settlement Analysis of 
Sand Foundation 

Application de la méthode du module tangent dans le calcul du tassement non-linéaire de 
fondations sur sol  sableux 
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ABSTRACT: Foundation settlement computation method is always a hot and difficult issue in geotechnical engineering for the
difficulty in which soil parameters obtained from laboratory test are quite different from undisturbed soil in the field. Especially for 
sand foundation and stiff clay foundation with strong structure, settlement calculating with laboratory test parameters makes distinct
error from actual situation. The tangent modulus method, based on calculation parameters determined from in-situ plate loading test, 
can overcome this shortcoming, and can be used in analyzing nonlinear foundation settlement. This method makes a new progress in 
foundation settlement computation. In this paper, systematic geotechnical test data from Texas A&M University Riverside Campus
are utilized to test the hyperbola model of soil and the tangent modulus method. Then, methods for soil parameter determination in 
different depth are studied through such simple in-situ tests such as pressuremeter test and cone penetration test, and these methods 
are verified through plate loading test with different size. The analysis results prove that the tangent modulus method has better 
accuracy of nonlinear settlement computation. Also, it is feasible to obtain the computation parameters for the tangent modulus 
method from some simple in-situ tests, which provides an easier way in determining parameters of the tangent modulus method. 

RÉSUMÉ : Le calcul de tassement des fondations est toujours un problème difficile dans les études géotechniques, et la difficulté
réside dans la différence très grande entre les paramètres géotechniques obtenus à partir d’essais de laboratoire et ceux obtenus à 
partir d’essais in-situ, en particulier pour les fondations sur sol sableux et les fondations sur argile raide surconsolidée. L'erreur entre 
les résultats du calcul de tassement basés sur les paramètres issus d’essais de laboratoire et la valeur réelle du tassement peut être très 
grande. La méthode du module tangent, basée sur le calcul de paramètres déterminés à partir d’essais de plaque, permet de 
s’affranchir de ce défaut, et peut être utilisée dans une analyse non-linéaire du tassement des fondations. Cette méthode représente un
nouveau progrès dans le calcul du tassement des fondations. Dans cet article, on a utilisé  les données  d’essais géotechniques 
systématiques réalisés au Campus Riverside  de l’Université A & M au Texas pour valider un  modèle hyperbolique de comportement 
du sol et la méthode du module tangent. Puis on a déterminé des méthodes de calcul des paramètres géotechniques à différentes 
profondeurs à partir d’essais in-situ simples comme l’essai pressiométrique ou le CPT, et on a validé ces méthodes au moyen de 
résultats d’essais de chargement de fondations superficielle (plaques de différentes tailles). Les résultats montrent que la méthode de 
module tangent utilisé pour le calcul de tassement non linéaire de la fondation a une meilleure précision. Egalement, il est possible 
d’obtenir les paramètres de calcul de la méthode au module tangent à partir d’essais in-situ comme l’essai pressiométrique ou le CPT. 

KEYWORDS: foundation settlement; tangent modulus method; in-situ test; nonlinear; sandy soil subgrade 

 
 

1 INTRODUCTION 

Due to the complexity of the geomaterial, the calculation 
of foundation deformation is not accurate, which can be 
specifically attributed to the unreasonable calculation method 
and less accurate value of geotechnical parameters. Due to the 
disturbance of undisturbed soil in the sampling and sample 
making preparation process, the foundation deformation 
parameters accessed by the laboratory test will be seriously 
distorted. Therefore, the development of settlement deformation 
calculation method based on the in-situ tests has practical 
significance on the improvement of accuracy of the ground 
deformation calculation. As to sand foundation, due to the sand-
sampling difficulties, currently the international recognized way 
- Schmertmann semi-empirical method is based on the 
experience of cone penetration test to determine the deformation 
modulus of the sand, using the layer-wise summation method to 
calculate foundation settlement[1]. The existing methods are 
difficult to fully calculate the nonlinear settlement of the 
foundation. Based on plate loading test, Yang Guanghua[2~6] 

proposed that the tangent modulus method can better solve the 
problem of the accuracy of the foundation settlement 
calculation. However, as parameters are derived from the plate 
loading test which has high cost and can not apply to deep soil. 

Therefore, to explore other simple tests instead of in-situ plate 
loading test to determine the required parameters is very 
important. This paper[7]discusses how to use the pressuremeter 
test to determine the required parameters. 

American scholar Briaud JL, Gibbens R M., et, al [8]have 
carried out the plate loading test with five different sizes’ plates, 
static cone penetration test, pressuremeter test and other 
systematic soil tests on the sand foundation in Riverside 
Campus, Texas A & M University. The shape of plates are 
square and the sizes are 1m, 1.5m, 2.5m, 3m, 3m. The purpose 
is to test the effectiveness of a variety of foundation settlement 
calculation methods. By making use of these valuable test data, 
this paper further testifies the applicability of the tangent 
modulus method[4] for nonlinear settlement computaion and 
studies how to use the static cone penetration test and 
pressuremeter test and other simple in-situ tests to determine the 
parameters of the foundation parameters required in the tangent 
modulus method, and it can further develop and improve the 
tangent modulus method.  

1.1 Calculation Principle of Tangent Modulus Method[4]

The tangent modulus method is a new method based on the 
in-situ plate loading test to create the P-S curve of soil, in order 
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to calculate the settlement of foundation. Assuming that the 
basis load - settlement curves can be fitted by using the 
hyperbolic curve, we create the hyperbolic curve method, as 
formula (1): 

As a and b are the parameters of test, the nonlinear tangent 
modulus of soil can be calculated as hyperbolic curve formula 
(1), as formula (2): 
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0t  is the initial tangent modulus, p is the additional 
stress of soil, u  is the ultimate capacity of foundation soil, 

f  is the damage ratio coefficient which is similar to that of 
the Duancan-Chang model. 
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While the tangent modulus tE  along the depth is solved 

by formula(2), we could use layer-wise summation method to 
calculate the settlement. It is a good method to determine the 
parameters of soil because the soil is undisturbed and the 
nonlinear properties of soil are well considered, this method can 
calculated the nonlinear settlement of soil accurately. 

Assuming soil layer is j  h load increment ip , the 
amount of compression of this soil layer is as formula (3): 
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 is the additional stress of distribution coefficient, 
and ij is the tangent modulus on the soil layer corresponding 
to the load p. After the amount of compression of each layer is 
calculated, according to layer-wise summation method, the total 
settlement under added load is，as formula (4): 
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When using this method to calculate the nonlinear 
settlement of foundation, the key is to determine three 
parameters, including the tangent modulus value t of the each 
foundation layer of soil, and the strength parameters - c and φ 
required in Formula (2) calculation as well as the initial tangent 
modulus , which are simple. 
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Please put one open line before a Figure (centered, see Figure 1) 
or a Table (use the Figure tag or use paintbrush).  
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1.2 Foundation settlement calculation parameters determined 
by plate loading test  

As to the p-s curve measured by the plate loading test, it 
can inversely calculate the internal friction angle φ of 
foundation settlement parameters, cohesion c and the initial 
tangent modulus 0t , resulting in a more reasonable 
calculation parameters. 

E

Loading test site is located in the Riverside Campus, 
Texas A & M University, with 0 to 10.5m depth of sand and 
black stiff clay as the sublayer. The main physical and 
mechanical parameters of the indoor tested silty sand are shown 
in Table 1. 

Tab.1 physical mechanic index of ground soil 
  

(kN/m3) w (%) Gs e c (kPa)  (°) depth(m) 

0 34.2 0.6 15.6 5.0 2.66 0.75 
0 36.4 3.0 

A total of five plate loading tests are conducted in the site, 
and the plates are square with width of 1~3m. The test is carried 
out at depth of 0.76 m. 

We use two methods to forecast the p-s curve, e.g. the 
first method uses the aforementioned fitted hyperbolic 
parameters a and b to directly draw p-s curve based on the 
assumption[2] that p-s curve complies with the hyperbolic 
model; the second method is the aforementioned tangent 
modulus method: first calculate the tangent modulus t under 
different loads as formula(2), then calculate the amount of 

compression of each layer as(3), and lastly make summary of 
the foundation settlement under different load by layer-wise 
summation as (4), and draw p-s curve [4 ] 

E

When calculating the amount of compression of each 
layer by tangent modulus method, the ultimate bearing capacity 
of each layer is determined by the Terzaghi formula (5). The 
cohesion 0c , and the internal friction angle φ is inversely 
calculated by loading test data in Formula (5). 

cqu cNqNBNP  
2
1

       (5) 

By using the above two methods, the p-s curves of the 
five plates are drawn respectively, and compared with the 
actually measured data shown in Figures 2 to 6. 

 
Fig.2  The  P-S curve of 5#footing(1.0m×1.0m) 

 
Fig.3 The  P-S curve of  2# footing(1.5m×1.5m) 

 
Fig.4 The  P-S curve of 4# footing(2.5m×2.5m)  
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Fig.5 The  P-S curve of  1# footing(3.0m×3.0m) 

 
Fig.6 The  P-S curve of  3# footing(3.0m×3.0m) 

 
From the predictions of the above two methods, they all 

get good results. For homogeneous foundation formed by only 
one category of soil, the two methods result in the same effect, 
but as to the non-homogeneous layered soil expressed directly 
by hyperbolic curve, when the small-size plate loading test 
results are used for the large-size foundation, its reflection of 
the deep soil is not enough. 

When using the second method to calculate the layered 
foundation settlement by the tangent modulus method, it can 
adopt different c and φ for different soil layers, as well as the 
initial tangent modulus 0t of soil to reflect the effect on the 
deep soil and the soil of different layers, which has better 
adaptability for the foundation generally composed by the 
multi-layer soil. 

E

The parameters of different test points inversely 
calculated by the tangent modulus method are shown in Table 2. 

Table 2. Foundation soil parameters of 5 plates inversely 
calculated by loading test data 

Plate loading 
test Number 0t MPaE / u

/kPa
p c /

kPa   /° 

5#(1.0m×1.0m) 83.4 1399 0 37.2 
2#(1.5m×1.5m) 84.4 1202 0 35.5 
4#(2.5m×2.5m) 84.7 1340 0 34.8 
1#(3.0m×3.0m) 90.9 1405 0 37.0 
3#(3.0m×3.0m) 86.4 1128 0 35.6 

The average of soil parameters in Table 2 are as 
follows:Eto=86Mpa,φ=36°. The settlement load curve of each 
plate calculated by taking these soil parameters and using 
tangent modulus method is shown in Figures 7 to 11. 

The figures show that the calculation and test results are 
in consistent to a large extent. But the accuracy is less than that 
of Figures 2 to 6. This is mainly because the soil parameters in 
Figures 2 to 6 are inversely calculated by each pilot point, while 
Figures 7 to 11 are calculated by using the average value of 
inversely calculated parameters at each test point. In actual 
engineering, this heterogeneity makes it unlikely to conduct 
plate loading test for each foundation location. Therefore, this 
paper further explores the use of easier pressuremeter test to 
determine the initial tangent modulus toE of tangent modulus 
method in the soil at different depth by using static cone 
penetration test (CPT) to determine the angle of internal 

friction  in the tangent modulus method in sand of different 
layers. And c = 0. 

 
Fig.7 5#footing(1.0m×1.0m)Fig.8 2#footing(1.5m×1.5m) 

 
Fig.9 4#footing(2.5m×2.5m)Fig.10 1#footing(3.0m×3.0m) 

 
Fig.11 3#footing(3.0m×3.0m) 

1.3 The initial tangent modulus of soil layer determined by 
ssuremeter test  

The formulation of the initial tangent modulus can be 
determ  by the curve of pressuremeter test: 
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tandard method of test execution standard [8]) on loading 
test sites in Riverside Campus, Texas A & M 
University, l kPp 400 a , af kPp 280 , akPp 200  . 
After substituting in to the above formula, it can get: 
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1.4  Foundation strength parameters determined by static 
cone penetration test  

In the process of static cone penetration test (CPT),  the 
foundation soil strength failure occurs. The test data can vividly 
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reflect the rent str
depths.  

strength indicators of the diffe atigraphic 

If it can figure out the mechanism of the mechan
destruction of the foundation soil by the CPT test, 
establishing the relationship of the CPT test foundation and 
strength indicator, it will help to use the CPT data to a more 

e numerical analysis method, it 
selec

ical 
thereby 

rational extent. 
In accordance with th

ts different soil strength indicators   to calculate the tip 
resistance and lateral resistance, then the total penetration 
resistance of CPT test is transfered. As to the comparison 
between sp~  data determined by the numerical analysis 
and the empirical relationship proposed by the Chinese railway 
specifications shown in Figure 19,   determined by the 
numerical calculation is slightly larger than the value 
recommended by railway specifications. After fitting 
the sp~ data by power function, they have good correlation 
and the fitted empirical relationship is shown as follows: 

0915.0352.29 sp            (8) 

 
Fig.12 the fitting relationship of sp  

1.5  Foundation settlement calculations based on 
pressuremeter test and the static cone penetration test 
parameters

With using the method motioned above, the initial tangent 
modulus along the depth can be determined by in-situ 

e shear strength indicator along the depth 
determ  static cone penetration test. With the parameters 
of tangent modulus method，we calculated the settlement of 
each footing  based on tangent 
modulus method, and compare with the measured results and 

t modulus 
lue 

0tE  
pressuremeter test, th

ined by

 by layer-wise summation method

the calculated results of each plate by the tangen
method when  average foundation inversely calculated va

0tE =86MPa， =36°in the loading test, the result is good. 

 

o

The result of 2# footing is showed as figure 13. 
From the settlement of each plate, after using the simple 

in-situ tests such as pressuremeter test and static cone 
penetration test to determine the calculated parameters of each 
foundation layer, the calculated settlement curves match well 
with the measured curves, which indicates that it is feasible to 
use pressuremeter test and static cone penetration test to 
determine the tangent modulus parameters of each foundation 
layer, thus calculating the nonlinear settlement of the 
f undation. These ways are easier to be achieved than the plate 
loading test, as well as easier to obtain the deep soil parameters. 

 
Fig.13 2# footing(1.5m×1.5m) 

2 CONCLUSIONS 

By analyzing the nonlinear settlement results of five plate 
loading tests by tangent modulus method on the sand foundation 
in Riverside Campus, Texas A & M University, this paper 
shows that the tangent modulus method can calculate the 
nonlinear settlement of foundation in a better way. At the same 
time, this paper also seeks more simple in-situ tests such as the 
static cone penetration test and pressuremeter test to replace the  
plate loading test to determine the foundation parameters 
required in nonlinear settlement calculation, which achieves a 
better effect. Therefore, this paper provides a more convenient 
way to promote the use of the tangent modulus method to 
calculate the nonlinear settlement of foundation, which is of 
great significance to the improvement on the design level of the 
foundation.  
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