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a b s t r a c t

The dynamic spherical cavity expansion is treated through a complete analytical solution of the equa-
tions of motion for an elasto-plastic solid obeying von-Mises yield criterion. The solutions for various
metals, with different elastic and plastic properties, are fitted with a third order polynomial which relates
the normalized pressure inside the cavity with the normalized velocity of the cavity wall. An extensive
search for material similarities is conducted in order to highlight the roles of the elastic properties of
the solid, as well as its strength and equation of state parameters. Using the simple terms we derive, for
the coefficients in the third order polynomial, one can easily calculate the relation between pressures
inside the cavity and their wall velocities for any solid to within 1%.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The pioneering work of Bishop et al. [1] concerning the cavity
expansion analysis, initiated an extensive amount of research
covering many applications. One of these issues concerns the ter-
minal ballistics of projectiles and shaped charged jets. In particular,
the resistance to penetration of a given target can be derived by
such an analysis, in terms of the elastic properties (density, moduli)
together with strength parameters (yield, hardening) of the solid.
The work of Goodier [2] resulted in penetration depths of rigid
spheres, impacting semi-infinite targets, by applying a dynamic
analysis for the spherical cavity expansion problem. Hopkins [3]
reviewed this field and its applications and presented various so-
lutions for incompressible solids. The issue of target compressibility
was dealt with analytically, several decades later, by Durban and his
colleagues [4–7], and Forrestal et al. [8–11]. They presented
approximate solutions to the differential equations governing the
dynamic expansion of both spherical and cylindrical cavities in
solids with various constitutive laws (elasto-plastic, hardening,
etc.). These approximate solutions resulted in closed form expres-
sions for the penetration resistance of metallic targets from which
penetration depths of rigid long rods could be obtained.

A different approach to this issue was presented recently by us
[12] where numerical simulations, with the 2D code Autodyn, were
applied to both spherical and cylindrical cavities in elasto-plastic
solids. These simulations include the equations of state, for the
investigated solids, in the elastic and plastic range of response.
Thus, the relevant material properties are accounted for inherently
nberg).
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and one can follow the expansion process for various solids, as we
did in Ref. [12]. In particular, we explored the relation between the
cavity wall velocity and the pressure inside the cavity. We found
some interesting normalization schemes for both the spherical and
cylindrical cavity expansions and highlighted the differences be-
tween the two. One of our important results in Ref. [12] concerns
the inherent difference between the resistance to penetration of
rigid and eroding rods which was found empirically in many
experimental studies. The same approach, using numerical simu-
lations, was taken by Warren et al. [13] who analyzed the cavity
expansion process in concrete and applied their results to the
penetration process of ogive-nosed steel rods into concrete targets.

In the present paper we follow the spherical cavity expansion
process with a different route, namely, by solving the differential
equations, which govern the cavity expansion process, numerically.
These solutions employ an equation of state for the solid, in addition
to its elasto-plastic properties. The solutions are then analyzed,
through a parametric study, in order to reveal their dependence on
the relevant material properties. In particular, we are looking for
similarities in these solutions when material properties like density,
sound velocity, yield strength and equation of state parameters are
changed. Our numerical solutions are fitted by polynomial expres-
sions for the dynamic pressures inside the cavity as a function of its
wall velocity. The validity of these solutions is checked against some
well-known analytical solutions for some simple cases, and compared
with the analytical expressions derived by Masri and Durban [7].
2. Numerical solution

The expansion of a small spherical cavity, in a large elasto-
plastic solid, is treated in the same way as in the references cited
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above. A schematic description of the expanding cavity, with the
elastic and plastic wave fronts, is given in Fig. 1. The radius of the
cavity a(t) is expanding at a rate V(t) under the influence of a con-
stant pressure in its interior. There are two different regions outside
the cavity which have to be considered separately, the elastic and
the plastic with a distinct boundary which moves at a velocity of C.
The outer boundary of the elastic region is moving at the elastic
dilatational wave velocity Cd and the stresses inside this region are
determined by Hooke’s law. The stresses in the plastic range are
determined by the conservation equations (mass and momentum)
together with the von-Mises yield criterion. A proper equation of
state is needed to relate the pressure and the density at every point
in the solid. We chose the Murnaghan equation of state which is
known to describe accurately the adiabatic compression of many
solids in the 0–50 GPa range. This equation has the form:

P ¼ K
g

��
r

r0

�g

�1
�

(1)

where K is the bulk modulus of the solid (K ¼ rC2
0 , where C0 is the

bulk sound speed) and g is the pressure derivative of K. The value of
g is about 4–5 for many solids and it is related to the slope s of the
linear Hugoniot relation between the shock velocity (Us) and the
particle velocity (up), Us¼ C0þsup, through the well-known
relation:

g ¼ 4s� 1 (2)

The pressure P in the solid is given by the average of the three
principal stresses

P ¼
�
sr þ sq þ s4

��
3 (3)

which, for spherical symmetry, simplifies to P ¼ ðsr þ 2sqÞ=3.
As stated above, throughout this work we use the simple von-

Mises yield criterion, which for spherical symmetry coincides with
the Tresca criterion:

sr � sq ¼ Y (4)

and Y is the yield stress under simple tension. These simplified
yield models are adequate for a relatively narrow range of
materials, as many metals show some work hardening effects
during both static and dynamic loading. However, when the
hardening is not very significant, as is the case for various
aluminum alloys, one can still represent their stress–strain curves
with a von-Mises type curve using an effective yield strength
which is then referred to as the flow stress. Moreover, when
a solid shows an appreciable strain-rate sensitivity one should
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Fig. 1. Schematics of the dynamic spherical expansion process.
use the high rate values for the yield strength, rather than the
static ones, in the following analysis. In writing the governing
equations, for the elastic and plastic regions, we follow closely the
procedure outlined by Forrestal and Luk [8], highlighting the
differences which result in from the fact that we did not neglect
any term, as is shown below.
2.1. The plastic region

The conservation equations for mass and momentum, relating
the time changes of the stresses and material velocity (u) at a given
point (r) in the plastic range, are:

Dr

Dt
þ r

�
vu
vr
þ 2u

r

�
¼ 0 (5)

r
Du
Dt
þ vsr

vr
þ 2ðsr � sqÞ

r
¼ 0 (6)

where the full time derivative D/Dt is given by:

D
Dt
¼ v

vt
þ u

v

vr
(7)

Using the nondimensional parameterization which was sug-
gested by Forrestal and Luk [8]:

S ¼ sr

K
; T ¼ Y

K
; U ¼ u

C
; 3 ¼ Vc

C
; x ¼ r

Ct
; h ¼ 1� r0

r

(8)

we can write the conservation equations in their nondimensional
forms:

dS
dx
þ 2T

x
¼ b2

1� h
ðx� UÞdU

dx
(9a)

dU
dx
þ 2U

x
¼ ð1� hÞgðx� UÞdS

dx
(9b)

where b ¼ C=C0. These differential equations are solved through
the well-known Runge–Kutta scheme. We would like to emphasize
that our solution of these equations can be considered as quite
accurate since, unlike the work presented in Ref. [8], we do not
neglect the nonlinear terms in these equations. Moreover, we
consider the contribution of the equation of state parameters (g
and h), while Forrestal and Luk [8] assumed that h is small and can
be neglected.

The pressure P is converted to sr � ð2=3ÞY (for spherical ge-
ometry) and the Murnaghan equation of state, with these non-
dimensional parameters, takes the form:

S ¼ 1
g

��
1

1� h

�g

�1
�
þ 2

3
T (10)

2.2. The elastic region

Following the procedure outlined in Ref. [8], the elastic region is
governed by the elastic wave equation and Hooke’s law (neglecting
the convective term [8]) as follows:

v2z
vr2 þ

2
r

vz
vr
� 2z

r
¼ 1

C2
d

v2z
vt2 (11)
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Fig. 2. Comparing threshold pressures (Pc) for steel as derived by our numerical so-
lutions with those from the analytical expression (Eq. (16)).
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sr ¼ �
E

ð1þ nÞð1� 2nÞ

�
ð1� nÞvz

vr
þ 2n

z
r

�
(12a)

sr ¼ �
E

ð1þ nÞð1� 2nÞ

�
n
vz
vr
þ z

r

�
(12b)

where z is the radial displacement, and Cd is given by
C2

d ¼ Eð1� nÞ=ð1þ nÞð1� 2nÞr0.
Using the same similarity relations as in Ref. [8]

x ¼ r
Ct
; z ¼ z

Ct
(13)

we obtain the following equation for the elastic waves equation

	
1� a2x2


d2z

dx2 þ
2
x

vz
vx
� 2z

x
¼ 0 (14)

where a¼ C/Cd.
The boundary conditions for the elastic range are:

zðx ¼ 1=aÞ ¼ 0; srðx ¼ 1Þ � sqðx ¼ 1Þ ¼ Y (15)

The numerical solution of the elastic Eqs. (9) and (10), together
with their boundary conditions Eq. (13), are then used as the
boundary condition for the solution of Eqs. (9a) and (9b) for the
plastic region.
2.3. Benchmarking

In order to verify the validity of our numerical solutions we first
compared their results for the critical pressures Pc which are de-
fined as the minimal pressures needed to expand the spherical
cavity. The analytical expression for the compressible solid, as de-
rived by Hill [14], is given by

Pc ¼
2
3

Y
�

1þ ln
E

3ð1� nÞY

�
(16)

Our numerical solution results in values for Pc by the limiting
condition for the case where V¼ 0. These values, for a steel speci-
men are compared with the values of Pc, derived from the analytical
solution Eq. (16), in Fig. 2 below. One can clearly see that the ana-
lytical and the numerical solutions agree with each other.
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Fig. 3. The solution for the normalized pressure as function of normalized wall
velocity for a 1.0 GPa steel specimen.
3. Normalization schemes

Fig. 3 shows the result for one of our numerical solution (steel
with strength of 1.0 GPa) of the governing equations, from which
we can clearly see the nonlinear relation between the normalized
pressure on the cavity wall and its normalized velocity. These
curves, for each set of variables, were fitted with a third order
polynomial which relates the cavity pressure, normalized to the
bulk modulus (K), with the normalized wall velocity (v¼ V/C0),
through the following equation:

P � PC

K
¼ Av2 � Bv3 (17)

where PC is the value of the threshold cavity expansion pressure.
Such polynomial representations were used in the works we cited
above for both metals and concrete. Some of these included a linear
term without the third order term (see Refs. [11] and [13]) while
others used a third order polynomial without the linear term (see
Ref. [7]). In the cited works of Forrestal and his colleagues a second
order polynomial was used to fit their approximate solutions (in-
cluding a linear term), see Ref. [11] for example. We think that one
can use this kind of representation also but for our present solu-
tions we found that a third order polynomial is needed in order to
cover a large range of wall velocities and pressures. A similar con-
clusion has been obtained also in the works of Masri and Durban
[6,7]. Moreover, the contribution of the linear terms, in the poly-
nomials which fit our solutions, turned out to be very small; in-
dicating that these terms can be neglected. We should note that in
our earlier work [12], where we performed 2D numerical simula-
tions of the cavity expansion process, we found a quadratic relation
between the normalized pressure and the cavity wall. However,
that work was concerned with relatively low wall velocities so that
the third order term did not contribute to the pressure. In contrast,
the solutions of the equation of motion presented here are carried
out to the full extent of wall velocities which can be solved nu-
merically. Thus, a third order term was needed, as in the work of
Masri and Durban [7]. It turns out that the maximum velocity for
which a meaningful solution can be obtained is that which results
in a plastic wave front moving at the sound speed of the solid.



Table 2
A and B values for the different materials with same Y/K

Material Y (GPa) A B

Steel 1.25 1.1494 0.25859
Aluminum 0.585 1.1484 0.25543
Tantalum 2.576 1.1488 0.25656
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Masri and Durban [7] used a similar representation for their
analytical solutions with the only difference that they normalized
the cavity pressure with respect to Young’s modulus (E) rather than
the bulk modulus (K). We checked for differences between these
two normalization terms and found that they resulted in only mi-
nor differences. According to Ref. [7] the parameter A depends on
both Poisson’s ratio (n) and the normalized strength (Y/E) of the
solid, while B depends only on Poisson’s ratio. In the following
sections we summarize the results of the normalization study
which we performed in order to determine the dependence of the
constants A and B in Eq. (17) on the different material properties –
Poisson’s ratio, density, sound velocity, normalized strength (Y/K)
and the slope (s) of the shock velocity vs. particle velocity in the
Hugoniot equation of state of the solid.

3.1. The ratio Y/K as a normalization parameter

The first set of numerical solutions was checked in order to
determine the dependence of A on the normalized yield strength
(Y/K) and Poisson’s ratio (n) of the solid. We started with steel as the
test material (r0¼ 7.9 g/cc, C0¼ 4.53 km/s, s¼ 1.5). These are the
only material parameters which have to be specified in the nu-
merical procedure in addition to the strength (Y) and Poisson’s ratio
(n) of the solid. The yield model we used in the numerical solutions
is the simple elasto-plastic von-Mises yield criterion which was
varied in the range of 0.5–2.0 GPa. The values for Poisson’s ratio of
the steel were varied in the range n¼ 0.1–0.4. The following sets of
values (Table 1) were obtained by fitting the numerical solutions to
the third order polynomial (Eq. (17)).

One can clearly see that for all the investigated strength
values both A and B increase with increasing n and for all Pois-
son’s ratios they decrease with increasing strength. These results
are qualitatively in accord with Masri and Durban [7] for the
parameter A but, as we mentioned above, they differ for B which
depends only on Poisson’s ratio and not on Y, according to Masri
and Durban [7].

The first issue which we dealt with is that of the validity of Y/K as
a normalization factor. In order to do this, we chose two very dif-
ferent metals, Aluminum and Tantalum, for which the densities are
2.7 and 16.5 g/cc, respectively. Sound velocities and bulk moduli for
these metals are: 5.3 km/s and 75.8 GPa for Al and 4.5 km/s and
334.1 GPa for Ta. We now choose steel (K¼ 162.1 GPa) with
Y¼ 1.25 GPa, n¼ 0.3 as our reference material and calculate the
corresponding strengths of Al and Ta which result in the same Y/K
values for all the three materials: Y¼ 0.585 GPa for Al and
Y¼ 2.576 GPa for Ta. The slope of the shock vs. particle velocity line
was s¼ 1.5 in all of these numerical solutions. The results of these
solutions for Al and Ta, in terms of the fitting parameters A and B,
are given in Table 2 together with the corresponding values for the
steel.

One can clearly see that the values of A, for all three metals, are
practically the same while those for B are different by 1.2% at most.
Noting that B multiplies the v3 term in Eq. (17), this small difference
results in a variation of the order of 0.1% in the corresponding
values of the cavity pressures. Thus, we conclude that the ratio Y/K
Table 1
Values of A and B for steel

n Y¼ 0.5 GPa Y¼ 1.25 GPa Y¼ 2 GPa

A B A B A B

0.1 1.2065 0.3379 1.1195 0.20525 1.069 0.14306
0.2 1.2138 0.3548 1.1303 0.2247 1.0834 0.1678
0.3 1.224 0.3743 1.1494 0.2586 1.1062 0.2026
0.4 1.2395 0.3932 1.1784 0.2959 1.1392 0.2362
is a valid normalization factor for the numerical solutions as pre-
sented by the third order polynomial in Eq. (17).

In order to determine which of the factors comprising the bulk
modulus (density or sound velocity) is responsible for the small
differences we found in the values of A and B, we performed two
sets of calculations in which we varied one of these material pa-
rameters at a time. In the first set we changed the density of the
steel by a factor of 2 (15.8 g/cc) and a factor of 1/2 (3.95 g/cc),
keeping all the other properties the same as those of the reference
steel. The resulting A and B values were exactly the same for all
three cases. Thus, the density of the solid is a perfect normalization
factor, in terms of Y/K, in Eq. (17). In the second set of calculations
we varied the bulk sound velocity (C0) of the steel by a factor of

ffiffiffi
2
p

(C0¼ 6.4 km/s) and a factor of 1=
ffiffiffi
2
p

(C0¼ 3.2 km/s). These new
values of the sound velocities result in factors of 2 and 1/2 in the
bulk moduli of the steel, respectively. All the other material prop-
erties were unchanged. Table 3 below lists the resulting A and B
values for the two cases and one can see that they are quite close to
those for the reference values (the first line in the Table), but they
are not the same.

Thus, we can state that the minor differences in A and B, which
were obtained by the Y/K normalization, are the result of the dif-
ferences in the sound velocity and not in the density of the
specimen.

3.2. The parameter A

The next issue concerns the functional dependence of the pa-
rameter A on the normalized strength (Y/K) and on Poisson’s ratio
of the solid. We started with the analytical expression derived by
Masri and Durban [7] which is given by the following equation:

A ¼ 1:5� f ðnÞ
�

Y
E

�1=3

(18)

with their normalization factor (Y/E). The function f(n) is a rather
complex expression (see Ref. [7]). One should note that the limiting
value of A, for an incompressible solid (A¼ 1.5), is obtained for
(n¼ 0.5), and that for any other value of n the parameter A is smaller
than 1.5, as shown in Ref. [7].

We decided to adopt a similar form for the functional de-
pendence of A on Y/K and n (as in Ref. [7]), which is given by the
following equation:

A ¼ 1:5� FðnÞ
�

Y
K

�a

(19)

The value of the exponent a was determined by the values of A
in Table 1 using a constant n. It turns out that all the values we
obtained for a by comparing A values for different Y, were very close
to a¼ 0.25. This is a somewhat smaller value than a¼ 1/3 which
Table 3
Checking the normalization of A and B

C0 Y (GPa) A B

4.53 1.25 1.1494 0.25859
3.2 0.625 1.1482 0.25518
6.4 2.5 1.1491 0.25773



Table 5
Values of A and B for different s

n S¼ 1.35 S¼ 1.5 S¼ 1.65

A B A B A B
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was derived in the analysis of Ref. [7], and we do not have an ex-
planation for this difference. Once the exponent a was determined
we used the tabulated values of A in Table 1, for Y¼ 1.25 GPa, to
derive the following values for F(n):
0.1 1.18 0.20745 1.195 0.20525 1.121 0.20345
n
Table 4
Comparin

Y (GPa)

0.1
0.5
1.0
0.05
g the values o

A

1
1
1

0.1
f A for lead

(from Eq. (

.266

.1503

.0945
0.2
19))
0.3
A (fro

1.2642
1.1492
1.0904
0.4
m numerical s
0.45
0.2 1.1303 0.23204 1.1303 0.2247 1.322 0.22414
F(n)
 1.2985
 1.284
 1.2476
 1.183
 1.0853
 1.04375
0.3 1.147 0.25812 1.1494 0.2586 1.1494 0.25158
0.4 1.1751 0.29265 1.1784 0.2953 1.1783 0.28834
As can be seen in this table we added the values of F(n) for
n¼ 0.05 and 0.45 for completeness.

Once these values are chosen for a certain set of material
properties they should be valid for all other solids, if the normali-
zation process is valid. In order to check this assertion we compared
the values of A for lead (r0¼11.6, C0¼ 2 km/s, n¼ 0.4, s¼ 1.5) with
Y¼ 0.1, 0.5 and 1.0 GPa. Table 4 below lists the values obtained from
the numerical solutions and those obtained from Eq. (19).

One can clearly see that the two sets of values agree to within
0.4% which is a strong indication that our normalization scheme is
valid.

In order to simplify the calculations we curve fitted the values
for F(n) and found that the following expression represents the
relation between n and F(n):

FðvÞ ¼ 1:3� 0:053v� 1:19v2 (20)

This curve does not go through the point n¼ 0.5, F(n)¼ 0 which
corresponds to the elastic incompressibility case with A¼ 1.5. The
reason for this apparent discrepancy is that for very small Poisson
ratios the curve turns down very steeply and we preferred to ignore
those solutions for materials with Poisson’s ratio less than 0.05.

3.3. The parameter B

We have seen that the parameter B is dependent on both the
normalized strength (Y/K) and Poisson’s ratio (n) in quite a complex
way, as depicted in the tables above. In order to check for possible
similarities in B we considered the following form for its de-
pendence on n and Y/K, which is similar to the dependence of A on
these properties:

Bðv; Y=KÞ ¼ B0ðvÞ � bðvÞðY=KÞb (21)

In order to determine the different variables (B0(n), b(n) and b)
we used the values for B in Table 1, which were calculated for steel.
Starting with different values for beta, results in several combina-
tions, of B0(n) and b(n), which fit the data to within 2%. However, we
found that the value of b¼ 1/3 results in a constant value for B0¼ 2/
3 while any other choice for beta resulted in a certain functional
dependence of B0 on n. Thus, we decided to choose the simpler set
of parameters, b¼ 1/3 and B0¼ 2/3, and used Table 1 to obtain the
following values for b(n):

n
 0.1
 0.2
 0.3
olu
0.4

b(n)
 2.36
 2.237
 2.066
 1.88
In order to check the universality of this representation for B(n,Y/
K) we calculated its value for lead (r0¼11.6 g/cc, C0¼ 2 km/s,
n¼ 0.4, Y¼ 0.2 GPa) and aluminum (r0¼ 2.7 g/cc, C0¼ 5.3 km/s,
n¼ 0.3, Y¼ 0.5 GPa). The values obtained from Eq. (21) above were
B¼ 0.3607 for lead and B¼ 0.2792 aluminum, and they are differ-
ent by about 2% from the values obtained by the numerical solu-
tions, 0.3519 and 0.2749, respectively. As stated above such
tion)
differences in B result in only about 0.2% difference in the dynamic
pressures which we can ignore for all practical purposes. Similar
results were obtained for other materials and we can state that the
normalization procedure, which we found, is quite adequate to
derive the values of B to be used in Eq. (17), for the relation between
the dynamic cavity pressure and the wall velocity.

3.4. The dependence on equation of state parameter – s

The last issue which we investigated is that of the influence of
the equation of state parameter – s, on the values of A and B. This
parameter is the slope of the shock velocity vs. particle velocity in
the Hugoniot equation of state and for most metals its value lies in
the 1.35–1.65 range. Thus, it is important to find the variations in A
and B for different s values in this range. Table 5 lists these values of
A and B, for the Y¼ 1.25 GPa steel in our numerical solutions, for
s¼ 1.35, 1.5 and 1.65 and for Poisson’s ratio in the 0.1–0.4 range.

As is clearly seen the parameter A is practically insensitive to s
while the changes in B amount to 1% for a change of 0.1 in s. As we
stated before, such changes in B result in a corresponding change of
about 0.1% in the dynamic pressure (Eq. (17)) because B multiply
the cubic tern in v. Thus, to within this accuracy, we can state that
the values of A and B, as derived from our normalization scheme,
apply for most solids. Materials which have different values of s are
ceramics, with s¼ 1.0, and various rocks and polymers, with s
around 2.0.

4. Conclusions

This paper presets a parametric study of the full solution for the
governing equations which describe the dynamic spherical ex-
pansion process in elaso-plastic solids obeying von-Mises yield
criterion. Our solution can be considered as quite accurate because
we did not neglect any term in the equations and included
the subtle changes in the density of the solid which arise from the
pressures prevailing in its various parts, according to its equation of
state. We found that the relation between the pressure inside the
cavity and its wall velocity can be described by a third order
polynomial whose constants depend on the strength of the solid
and its elastic properties (bulk modulus and Poisson’s ratio). These
dependences are similar, yet not identical, to those derived by
Masri and Durban in Ref. [7]. Using our expressions for the nor-
malized pressure as a function of the normalized wall velocity one
can easily calculate the appropriate resistive forces, which act on
spherically nosed rigid projectiles, as they penetrate an elasto-
plastic targets obeying von-Mises yield criterion. From these forces
the penetration depths into these targets can be easily obtained as
was shown in the works of Forrestal and his colleagues.
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