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Introduction

It is quite challenging to directly model the physical processes
involved in the construction of piles in order to predict their
load-settlement response. Even though advanced numerical meth-
ods have been used to tackle this problem (Dijkstra et al. 2011;
Fischer et al. 2007; Henke 2010), most methodologies are still not
applicable to routine calculations, which forces the state of practice
toward more-objective methodologies for pile design. The load-
transfer method, first proposed by Coyle and Reese (1966), is based
on the simple idea that the load-settlement response recorded at
the pile head is a direct result of how the reaction forces along
the pile body depend on the local displacements. Mathematically,
these relations at the pile toe and at different points along the shaft
take the form of mobilization functions. Conventional methods to
estimate the pile capacity (Fleming et al. 2008; Randolph 2003) can
be used to set the maximum values of these functions to avoid
calculating unrealistic loads (Poulos and Davis 1980). The regular
procedure is to impose a toe displacement, which sets a certain re-
action force, from which the equilibrium of discrete pile segments
can be calculated upward, iteratively, until reaching the pile head.

A problem with the load-transfer method is that the mobilization
functions have, for the most part, only been calibrated for pile load-
ing. A pile loading cycle is not an elastic process, as the settlements
at the pile head do not return to their original state upon unloading.
This indicates that to represent a complete load–unload cycle, a
distinct branch of the mobilization function must be defined for
the unloading stage, which will enable the method to evaluate im-
portant aspects of pile behavior, such as irreversible deformations
and residual loads. A simple version of this idea was proposed by

Massad (1995), who used simple mobilization functions, which
were assumed constant through the pile, to derive closed-form so-
lutions that were applied to the analysis of bored and driven piles
(Massad 2014; Viana da Fonseca et al. 2007). This paper proposes a
modified version of the load-transfer method, in which the mobi-
lization functions include distinct unloading paths and can be
defined at any level along the pile, so that different ground layers
can be simulated in a discrete numerical framework.

Another issue with regular methodologies of pile design is
that they are not able to predict how a pile reacts to ground displace-
ments caused by consolidation processes, deep excavations,
tunnels, and so on. One way to look at this process is to consider
the ground settlements as equivalent, but opposite in effect, to pile
settlements regarding the load mobilization functions. To model
this, one can replace the variable of pile settlement for the relative
pile–soil settlement. In this way, from a state of equilibrium, the
consequences of an arbitrary profile of ground settlements can
be calculated with the load-transfer method. The imposed ground
settlements modify the levels of mobilization along the shaft and at
the toe, which triggers the search for a new pile settlement to guar-
antee equilibrium. A similar idea was proposed for the analysis of
deep excavations in interaction with piles (Korff 2012), in which a
hyperbolic tangent mobilization function was combined with linear
profiles of ground settlement to derive analytical solutions for the
pile response.

This paper adopts the relative pile–soil settlement as the inde-
pendent variable in the load mobilization functions. This develop-
ment also depends on proper unloading functions, because the
ground displacements can lead to a decrease in the mobilization
levels of loaded piles. These two modifications are implemented
in spreadsheet software with iterative calculations and subroutines
programmed in VBA. This is considered an accessible option for
educational purposes and allows any user to update the mobiliza-
tion functions, or modify the calculation routine, if they wish to do
so. A field load test is used to calibrate the model, and some exam-
ples are discussed to illustrate the benefits of including the unload-
ing path and the relative settlement variable.

Load-Transfer Method

For this calculation routine, the pile body is defined by its cross-
sectional area (Ap) and perimeter (Pp), volumetric weight (γp),
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length (Zp), and elastic modulus (Ep). The pile is divided into
elements of equal length (dl), defining nodes from the head
(i ¼ 1) to the toe (i ¼ n). At each node, the parameters for the shaft
mobilization are specified, so that variations with depth can be
modeled. For hollow and open-section (H and I-profiles) piles,
it is a regular practice to consider an equivalent circular pile
with the same gross cross-sectional area (Fleming et al. 2008).
The current formulation is not designed to cope with helical piles,
in which there are significant changes in the cross section
along the pile. The ultimate head loads are calculated in
compression (UCL ¼ Ftoe þ Fshaft −Wp) and in tension
(UTL ¼ Fshaft −Wp) considering the weight of the pile body.
Several methods disregard this factor, which leads to misleading
assessments of the direction of shear forces along the pile shaft.
For example, an increase in normal stress with depth can be
interpreted as a downward shear force, but it can also be the result
of an upward shear force with a magnitude smaller than the weight
of the pile body (τ · Pp < γp · Ap).

The normal axial stress (σ) is calculated downward for all nodes
through the expression

σiþ1 ¼ σi þ γp:dlþ
Pp:dl

2:Ap
ðτ i þ τ iþ1Þ ð1Þ

where τ i = shear stress acting at node i, determined through the
load-transfer models.

The pile settlement (δp) is calculated upward for all nodes
through the expression

δip ¼ δiþ1
p þ σi þ σiþ1

2:Ep
:dl ð2Þ

These equations form an implicit system that must be solved
iteratively along the pile nodes for an imposed relative settlement
at the pile toe. This can be easily implemented with circular refer-
ences in a spreadsheet with iterative calculations.

For the standard load-transfer method, the system forms a bijec-
tive relation between loads and settlements. A procedure that ex-
plores the domain of toe displacements will automatically obtain
the domain of head loads, tracing a unique load-settlement curve.
However, in the present formulation with distinct unloading paths,
the load-settlement curve depends on the maximum loading forces,
from which unloading develops.

A flexible way to model this is to use the load at the pile head as
a boundary condition, and search for the relative displacement at
the pile toe that leads to equilibrium, which can be tracked through
the difference between the normal stress at the pile toe and the
mobilized toe reaction. This search can be implemented with
root-finding schemes such as the false position method or Ridders’
method (Press et al. 2007). Both methods were programmed using
Visual Basic for Applications (VBA) subroutines in an Microsoft
Excel spreadsheet, and tested. For this system of equations, the
false position method was more efficient.

There are two separate levels of iterative calculations in this im-
plementation. In the first, Eqs. (1) and (2) are automatically solved
through circular references between the cells where the displace-
ments, the resultant shear mobilization, and the stress distribution
along the pile body are calculated for a specific set of head load and
toe displacement. The second is the search for the toe displacement
which satisfies equilibrium, considering a previous state of equilib-
rium and a change in the head load, or in the ground displacements
along the pile. At each iteration of the second level, the first level
must be recalculated to compute the imbalance between the toe
reaction and the normal stress at the pile toe. For details on this
implementation, refer to Dias (2017).

In order to change the variable of pile settlement for a relative
pile–soil settlement, it is important to properly define the displace-
ment variables. Vertical displacements (settlements, δ) are defined as
positive downward,whereas relative displacements (Δδ) are defined
as the difference between the pile settlement (δp) and the soil
settlement (δs) at any point along the pile length, so that a negative
Δδ means that the soil settles more than the pile at that point, devel-
oping a downward shear stress at the interface, also known as neg-
ative friction. At the pile toe, Δδ < 0 indicates that there are no
reaction forces from the toe because the soil is not in contact with
it. On the other hand, a positiveΔδ is associated with upward shear,
also called positive shaft friction, and an upward toe reaction (Fig. 1).
The displacements are always measured from the reference position
of each point, calculated considering the pile head at the ground
surface and uniform segments along the unstrained pile body.

The foundations of the load-transfer method are the mobiliza-
tion models that define the reactions from the shaft and toe as func-
tions of the relative displacements. Since the method was proposed,
it has been recognized that the shape of these functions varies con-
siderably, so that particular curves have to be used at different
depths (see examples in Fig. 2). Based on field tests and laboratory
experiments on steel friction piles in clay, Coyle and Reese (1966)
proposed three curves for different depths, where the shaft friction
was normalized by the shear strength that was estimated from un-
confined compression tests. Kraft et al. (1981) modeled these
curves with a theoretical elastic model for the prepeak section,
and with the results of direct shear tests for the postpeak section.
Briaud and Tucker (1984) calibrated two-parameter hyperbolic
curves to model both shaft and toe mobilization for piles driven
in sand and proposed correlations to SPT values. They also made
one of the few references to an unloading path for a load-transfer
analysis, although it was used indirectly to propose an offset in the
mobilization curves to correct for residual stresses. In a general
analysis of bored cast-in-place piles, Hirayama (1990) also used
hyperbolic mobilization curves and proposed a few correlations
with CPT and SPT tests to estimate the ultimate shaft and toe
capacities, based on Japanese experience.

Frank et al. (1991) used two load tests on concrete bored piles to
calibrate trilinear mobilization models based on pressuremeter tests
and French design methods. To develop analytical solutions for
homogeneous and Gibson ground profiles, Guo and Randolph
(1998, 1997) proposed elastic–perfectly plastic load-transfer mod-
els based on elastic soil properties. Other studies developed this
multilinear approach further, considering the possibility of soften-
ing along the shaft, in an explicit mathematical formulation (Liu
et al. 2004; Zhao et al. 2005). A recent study also proposed the
use of a hyperbolic tangent function (Korff et al. 2016). The func-
tion is asymptotic, as are the hyperbolic models, and it depends on

Fig. 1. Scheme defining the soil settlement (δs), pile settlement (δp),
and relative displacement (Δδ)
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the displacement used to normalize the variable, which was recom-
mended as the displacement for maximum shaft mobilization in a
bilinear model. There have also been proposals to determine these
curves with direct field tests, through the incremental loading of
a piezocone followed by a dissipation test, where both the sleeve
friction and the displacements are recorded (Ali et al. 2010).
Through a parametric numerical analysis with a nonlinear elastoplas-
tic constitutive model, Lee and Salgado (1999) determined the load-
settlement curves for the toe of axially loaded non-displacement piles
in sand, depending on the stress level and relative density. The curves
could be fitted with exponential functions. Multilinear models have
also been proposed, but the softening feature was never mentioned
for the toe (Liu et al. 2004).

This brief literature analysis reveals that, despite the long history
of the load-transfer method, there is still considerable divergence
regarding the appropriate models and how their parameters relate
to the different ground conditions and pile types. In the light of
these uncertainties, it is still recommended that any set of mobili-
zation functions be calibrated against full-scale instrumented pile
load tests (Zhang et al. 2011) or centrifuge models (Fioravante
2002). However, most studies agreed on a few points. The displace-
ments required to mobilize the shaft in shear are much smaller than
those required to mobilize the toe in compression. Although the
former is normally achieved with a few millimeters, the latter
can reach 10–20% or more of the pile diameter. The interaction
of these two scales in a foundation system leads to displacements

at the shaft that significantly surpass the limit for interface slippage,
which is a fundamental aspect to be considered in order to formu-
late the mobilization models.

Shaft Mobilization Model

From the results of a field load test conducted in Taiwan, which is
discussed in the next section, a trilinear model for the shaft friction
is proposed. It is assumed that the interface shear stress can be mo-
bilized both upward and downward, and that in both directions the
same absolute value is achieved at full mobilization (τmax). Once
full mobilization is reached, both models are perfectly plastic, in
the sense that the displacements can continue to develop without
changes in the mobilized shear stress, so that interface slippage can
be modeled. The model defines a transition level of mobilization
(τ rel) from the elastic (S1) to the elastoplastic (S2) slopes, which
are defined through the ratios of shear mobilization to relative dis-
placement (τ=Δδ). If unloading develops after the transition level
has been reached, it will evolve through an unloading slope (S3).

Fig. 3 shows an example diagram for this model. From the initial
condition (t ¼ 0) of null mobilization, shear starts to develop
through the elastic slope (Step 1). During Step 2 the transition level
is reached, and from there on the elastoplastic slope is used to de-
termine the resultant shear. Step 3 reaches the point of full mobi-
lization, from which point the displacements can develop further
with no change in the mobilized shear. Step 4 presents an increment

(a) (b)

(c) (d)

Fig. 2. Different load-transfer functions reported in the literature: (a) shaft friction normalized by shear strength around steel friction piles in clay
(adapted from Coyle and Reese 1966, © ASCE); (b) hyperbolic mobilization curves for the pile’s shaft and toe (adapted from Hirayama 1990);
(c) trilinear mobilization model calibrated with two load tests on concrete bored piles (adapted from Frank et al. 1991, © ASCE); (d) trilinear model
with softening and hyperbolic tangent model for the shaft friction (adapted from Liu et al. 2004; Korff 2012, with permission from Mandy Korff)
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in the opposite direction, which immediately results in demobili-
zation along the unloading slope. These same patterns are used for
negative mobilization, in which there is a change in slope once
the transition mobilization is reached, which continues until full
mobilization (Step 5).

For a more flexible implementation, it is useful to define these
functions so that they can be coded into simple spreadsheet formu-
las, and so that from any state of equilibrium a solution can be
found regardless of the size of the increment, for either loading
or unloading. One way to achieve this is to save in static cells, once
the pile is in equilibrium, the values of shear mobilization (τ=τmax)
and relative displacement (Δδ) of all points along the pile. From
this equilibrium state, the shear mobilization can be calculated for
any new values of relative displacement through the algorithm in
Fig. 4, which can be implemented in a spreadsheet through a series
of conditional expressions (IF formulas).

This algorithm incorporates the necessary verifications to com-
pute the resultant shear mobilization. For loading (Δδ ≥ Δδt−1) or
unloading (Δδ < Δδt−1) there are three possible scenarios. When-
ever the previous state of absolute shear mobilization (τ t−1) is
higher than the transition level (τ rel), the shear is computed through
the elastoplastic slope (S2). If this is not the case, then it can only be
that the new shear level will either remain lower than the transition
level or will surpass it. In both cases, the applicable slope (S1, load-
ing; S3, unloading) depends on the loading history. This is repre-
sented through the parameter S1=3, which can take the value of S1
or S3.

For the first increment of load, for loading or unloading, the
model is set with an elastic slope (S1) through all the nodes. When
the absolute shear surpasses the transition level, the variable takes
the value of the unloading slope (S1=3 ¼ S3). As indicated in the
algorithm, if the increments remain in the same direction, the shear
will be computed with the elastoplastic slope. However, if the di-
rection changes, the shear will be computed through the unloading
slope. The variable can only change back to S1 when the absolute
shear level surpasses the transition level in the opposite direction.

These procedures can be implemented through a Boolean variable
(k), where S1 is called when k ¼ 1, but S3 is considered for k ¼ −1.
Once the pile is in equilibrium, the need to modify the variable k is
checked through the conditions

k ¼

8>>>>><
>>>>>:

−1:kt−1; kt−1 ¼ 1 jτ t−1j < τ rel jτ j > τ rel

kt−1 ¼ −1 τ t−1 > −τ rel τ < −τ rel
kt−1 ¼ −1 τ t−1 < τ rel τ > τ rel

1:kt−1; otherwise

ð3Þ

The new values of the variable are saved in static cells for the
next increment. In order to run these checks at the end of the second
iterative level, a subroutine is written to read the current values
from the dynamic calculations cells and to declare their values
(τ , Δδ, k) in static cells for the next iterations.

Toe Mobilization Model

The toe reaction from the pile used to validate the shaft model is not
sufficient to calibrate a model for the toe. Therefore a general model
is proposed based on the literature discussed previously. The toe
model calculates mobilization only for positive relative displace-
ments, because, by definition, negative values represent a condition
where the soil is not in contact with the pile toe. For the loading
branch, a monotonic function has to be defined, starting at the origin
(Δδ ¼ 0, qb ¼ 0) and reaching full mobilization (qb−max) at a certain
relative displacement, defined asΔδT . An efficient way to model this
mobilization is to use an exponential function in the form

qb
qb−max

¼
�
Δδ
ΔδT

�
λ

ð4Þ

Fig. 5(a) presents the resultant curves in which 10–60% of the
toe resistance is mobilized at 10% of ΔδT . The unloading branch
has to be defined in a way that does not violate the restrictions of
domain, i.e., it should not calculate toe mobilization for Δδ < 0.
Considering this limitation and the large range of displacements
for toe mobilization (ΔδT ), fixed slopes, as defined in the shaft
models, are not an appropriate solution. Instead, a variable slope
model can easily be implemented through a rebound factor
(Rb). From a certain state of mobilization (Δδt−1; qt−1b ), saved
when the pile is in equilibrium, the rebound factor defines the rel-
ative displacement necessary to reach a state of zero toe reaction
(Rb · Δδt−1) through a linear path. This is equivalent to defining a
linear model of full mobilization (qt−1b ) at Δδt−1 and null mobili-
zation at ð1RbÞ · Δδt−1. Null mobilization will remain for any
new step where Δδ < ð1RbÞ · Δδt−1. The linear unloading slope
will be followed in the case of ð1RbÞ · Δδt−1 < Δδ < Δδt−1, and
the original loading model will be used again when Δδ > Δδt−1
occurs.

Fig. 5(b) shows an example of this model for λ ¼ 1 and
Rb ¼ 0.1. The steps with primary loading (Steps 1 and 4) follow
the line between (0;0) and (ΔδT ; 1). At each unloading step (Steps
2, 3, and 5), the stress is mobilized/demobilized, considering the
stresses at Δδt−1 as the maximum through the range defined by
Rb. For relative displacements smaller than this range, the toe
reaction is zero and is only remobilized again inside the range.

Validation

To calibrate the models discussed, an adequate axial load test is re-
quired [for recommendations on well documented test procedures,
see Bica et al. (2014)], with some form of strain measurement

Fig. 3. Example of the trilinear shaft mobilization model

Fig. 4. Algorithm to calculate the shaft mobilization

© ASCE 04017096-4 J. Geotech. Geoenviron. Eng.
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along the pile body. However, a systematic methodological issue
challenges the validation of the models proposed in this study,
namely that the instrumentation data are normally not recorded dur-
ing unloading. The authors identified one study that defies this trend
(Glisic et al. 2002) and used it to validate the pile response during
both loading and unloading.

The tests were conducted in Taiwan with 35-m-long, 1.2-m-
diameter cast-in-place piles, bored by means of reverse circulation.
These piles were designed for 365 t of compressive capacity and
220 t of uplift capacity. Loads were applied through hydraulic jacks
at the pile head. The poured concrete was designed for a compres-
sive resistance of 24.5 MPa at 3 weeks. The steel reinforcement was
composed of 24D10 longitudinal with D4@15 cm shear bars along
the top cage (0–12 m), and 16D10 longitudinal with D4@25 cm
shear bars along the middle (12–24 m) and bottom (24–32 m)
cages. Eight fiber-optic sensors were placed in series along the
main rebar, starting at 1 m depth. The sensors were long-gauge
sensors, each 4 m long, to provide measurements that are insensi-
tive to local structural defects. The measurement fibers were pre-
stressed to 0.5%. In addition, the settlements at the pile head were
monitored with LVDTs. The ground was composed of intercalated
layers of low plasticity clay (CL) and silty sand (SM) according to
the unified soil classification system.

Fig. 6 shows the settlements at the pile head and the measured
distributions of axial stress along the pile during the full load cycle.
These profiles were traced from the average strains along seven
sections of the pile. The rate of settlement during loading increased
significantly for loads above 4 MPa. After unloading, significant
axial loads were locked in the pile, and there was a residual settle-
ment of 41 mm.

During the first loading stages, the axial load was practically
constant between the depths of 20 and 23 m, indicating a soil layer
with poor mechanical properties, as described by Glisic et al.
(2002). However, the load profile presented a very distinctive slope
for the last three loading stages, showing an increase with depth that
was not evident before. A possible explanation for that local re-
sponse is that in the first stages the weight of the pile was balanced
by the shaft friction, but that this friction degraded in the last load-
ing stages. A similar increase was measured from the surface to
approximately 2 m depth. However, this interpretation is not part
of the proposed methodology and cannot be verified at this mo-
ment. During calibration, the shear in these regions was disre-
garded. Apart from that, the shaft friction varied significantly

along the depth, as can be noted in the changes in the slope of
the axial load profiles. The unloading steps did not match any load-
ing profile.

The first attempt (M1) to calibrate the load transfer models in-
volved calculating, using Eq. (1), the average shear between each of
the seven instrumentation sections and the local displacements at
the middle of the section. These curves (Fig. 7) were then used to
obtain the parameters of the trilinear model, presented in Table 1
under the heading M1. These mobilization curves were defined
along seven distinct layers. The results of the simulation were com-
pared with the load-settlement curve (Fig. 8) and the profiles of
axial stress during loading [Fig. 9(a)] and unloading [Fig. 9(b)].
The load-settlement response was already quite similar to the test
results. However, the profiles of axial stress differed significantly
from the measured values, especially during unloading.

The second calibration strategy (M2) was to use the framework
of the load-transfer method to calculate the shaft friction at each
point to match the profile of axial stresses for each head load. Once
this was achieved, the toe displacement was calculated so that the

(a) (b)

Fig. 5. (a) Monotonic functions for the loading branch of the toe model; (b) toe mobilization model

Fig. 6. Results of the pile load test
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head settlement matched the measured pile settlement. In this way,
the shear force and the local settlement, including the deformability
of the pile body due to the correct profile of axial loads, were
recorded at each point along the shaft. The results for each point
were again fitted with the trilinear model; Table 1 lists the param-
eters under the heading M2. There were at this point eight distinct
layers along the pile, with slightly different boundaries. The
simulation results improved the prediction of the axial stress pro-
files during loading [Fig. 9(a)] and especially during unloading
[Fig. 9(b)].

However, the model still could not capture the increase of axial
stress with depth along the top 7 m of the pile. The only process
which could cause such an increase was a reversal in the shear di-
rection (downwards) along that section, which could be simulated
in this framework through the imposition of ground settlements
along that section. Therefore the final calibration (M3) was ob-
tained by imposing 5 and 15 mm for the last two loading stages
and 30 mm of settlement during the unloading stages. This led
to new curves of load-settlement [Figs. 9(c and d)], which required
the parameters for the elastoplastic (S2) and unloading (S3) to be
slightly adjusted (Table 1, Column M3).

This calibration exercise shows how the results of a straightfor-
ward load test can be used to calibrate the mobilization functions
of a load-transfer model and how distinct responses can be simu-
lated through different model parameters or by considering the pos-
sibility of ground settlements around the pile. Unfortunately, it is
not possible at this point to trace definitive relationships between
the parameters of the load mobilization functions and the ground
properties or even its general composition (clay or sand). The same
can be stated for the difference between bored and driven piles.
Therefore it is important to calibrate these functions with a properly
instrumented pile load test.

Conceptual Results

To illustrate the features of a load-transfer model that considers
the unloading path, a few conceptual examples were calculated
with the spreadsheet described in the previous section. The first
examples consider a 20-m-long, 1-m-diameter pile. The shaft resis-
tancewas calculated based on a geostatic stress distribution. The soil
volumetric weight (γs) was 20 kN=m3 and the scaling parameter (β)
was 0.3, which yielded a shaft capacity (Fshaft) of 3.63 MN. The
shaft model was set perfectly plastic, with S1 ¼ S3 ¼ 0.2 mm−1
and S2 ¼ 0. The toe model was set with a maximum displacement
ΔδT ¼ 100 mm, rebound factor Rb ¼ 0.1, and mobilization expo-
nent λ ¼ 0.3. The toe capacity was 4.1MPa, which corresponded to
50% of the ultimate compressive load. The pile body had a volumet-
ric weight (γp) of 25 kN=m3 and a compressibility Ep ¼ 10 GPa.
A full load-unload cycle was simulated (Fig. 10).

The load-settlement curve can be complemented with the toe
reaction and the global shaft force [Fig. 10(a)]. A typical curve
was calculated, with a maximum settlement of 114 mm, which
was ΔδT plus the compressibility of the pile body. During loading
the shaft was fully mobilized at approximately 4 MPa, when the
pile had undergone approximately 15 mm of settlement. This was
3 times the settlement necessary to mobilize the shaft locally
(1=S1), which highlights the effect of the pile compressibility in
the shaft mobilization. During unloading, the toe rebounded to
approximately 55% of its capacity, requiring a downward shaft
force to be in equilibrium. The residual settlement was approxi-
mately 100 mm.

Fig. 7. Measured shaft mobilization curves

Table 1. Parameters of the Trilinear Shaft Mobilization Model for the Different Calibration Stages

Z=Zp

M1 M2 M3

τmax S1 τ ep S2 S3 τmax S1 τ ep S2 S3 S2 S3

0.000 0 — — — — 0 — — — — — —
0.050 0 — — — — 0 — — — — — —
0.075 54 0.20 0.77 0.0057 0.31 50 0.26 0.83 0.0043 0.60 0.0047 0.48
0.150 54 0.20 0.77 0.0057 0.31 50 0.26 0.83 0.0043 0.60 0.0047 0.48
0.175 54 0.20 0.77 0.0057 0.31 90 0.38 0.58 0.0067 0.55 0.0073 0.44
0.200 112 0.30 0.66 0.0074 0.30 90 0.38 0.58 0.0067 0.55 0.0073 0.44
0.225 112 0.30 0.66 0.0074 0.30 90 0.38 0.58 0.0067 0.55 0.0073 0.44
0.250 112 0.30 0.66 0.0074 0.30 120 0.40 0.62 0.0066 0.55 0.0072 0.44
0.425 112 0.30 0.66 0.0074 0.30 120 0.40 0.62 0.0066 0.55 0.0072 0.44
0.450 135 0.50 0.33 0.0130 0.50 148 0.28 0.39 0.0095 0.38 0.0103 0.30
0.525 135 0.50 0.33 0.0130 0.50 148 0.28 0.39 0.0095 0.38 0.0103 0.30
0.550 0 — — — — 148 0.28 0.39 0.0095 0.38 0.0103 0.30
0.575 0 — — — — 0 — — — — — —
0.650 0 — — — — 0 — — — — — —
0.675 89 1.10 0.69 0.0070 1.10 95 0.50 0.69 0.0057 1.25 0.0062 1.00
0.775 89 1.10 0.69 0.0070 1.10 95 0.50 0.69 0.0057 1.25 0.0062 1.00
0.800 76 1.20 0.61 0.0086 1.30 95 0.50 0.69 0.0057 1.25 0.0062 1.00
0.825 76 1.20 0.61 0.0086 1.30 90 0.30 0.35 0.0099 0.50 0.0107 0.40
1.000 76 1.20 0.61 0.0086 1.30 90 0.30 0.35 0.0099 0.50 0.0107 0.40
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The profile of axial load with depth shows this mechanism in
more detail [Fig. 10(b)]. The progressive increase in slope along
the load profiles indicates a distinct shaft mobilization along depth,
especially for the first loading steps. During unloading, negative
slopes of the load profiles indicate a reversal in the friction direc-
tion, creating what is referred to as residual loads locked in the pile.
Looking directly at the levels of shaft mobilization along depth
[Fig. 10(c)], this evolution can be better understood. During the

loading, mobilization progresses from the top down as the higher
loads on top squeeze the pile, increasing the relative displacement.
At approximately 80% of the maximum load, the shaft is fully
mobilized. During unloading, as the load around the pile head de-
creases, the elastic rebound of the pile body and the nonelastic re-
bound of the pile toe progressively demobilize the shaft from the
pile head to the toe. Already at 60% of the maximum load, shaft
friction at the top starts to act downward.

There are not enough data at this point to relate these profiles of
residual loads with the profiles resulting from dynamic pile instal-
lation methods. Residual loads are not routinely measured in load
tests, which normally disregard the strains before the loading steps.
This has been associated with erroneous estimations of pile resis-
tance and misleading models as the critical depth for shaft capacity
(Fellenius 2002a, b). These residual loads depend on the process of
pile construction and long-term set-up effects, and to compute them
without explicitly modeling these factors will always depend on
arbitrary modeling procedures. However, the sequence followed
in this example, loading the pile to failure and completely unload-
ing it, has been suggested for modeling pile installation and com-
puting residual loads in a finite element analysis (Altaee et al.
1992).

To explore this possibility, different residual loads (final load
profile after a full load–unload cycle) were calculated to explore
the parameters controlling its magnitude. The same parameters
were considered along the shaft, the pile body was considered
weightless, but with the same compressibility, and the toe response

Fig. 8. Load-settlement curves from the test and calibrations M1, M2,
and M3

(a) (b)

(c) (d)

Fig. 9. Profiles of axial stress during: loading for calibrations: (a) M1 and (c) M2 and M3; unloading for calibrations: (b) M1 and (d) M2 and M3
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was changed in terms of rebound factor and capacity. To focus the
analysis on the mechanism, the profiles were normalized by the
maximum head load and presented with the profile for the maxi-
mum load and the profile for total negative friction mobilization
and zero head load.

The results (Fig. 11) show that from the pile head to a certain
depth, the residual load profile follows the curve of full downward
shaft mobilization. For these conditions, the normalized depth at
which the profiles start to shift was roughly the same as the ratio
between the toe capacity and the ultimate compressive load.

A consequence of equilibrium is that the residual toe load can-
not be higher than the toe capacity or the downward shaft capacity.
From this upper bound, the residual toe load will be roughly pro-
portional to the toe rebound. When the unloading range of the toe
(RbΔδT) is smaller than that of the shaft and the toe capacity is less
than 50% UTC, the residual toe load will be zero.

Conclusion

This paper presented a framework for pile analysis. The discrete
formulation can account for different properties along the pile
depth, as in the case of soil layering, and for any profile of soil

settlements, as in the case of piles in interaction with deep exca-
vations. Modeling distinct unloading functions enables loading
cycles to be simulated, as well as the analysis of residual loads.
Example computations were presented and discussed, highlighting
the main features of the model. Different methods to predict the
pile capacity, and empirical rules for the displacements necessary
to mobilize it, can be easily translated in the appropriate parameters
for the mobilization models presented in this paper.

This framework is flexible enough to simulate various pile con-
ditions, but it represents nothing without proper input. At this point,
an instrumented pile load test is recommended to calibrate the
model parameters. The framework itself can be used to calibrate
the mobilization functions, which in turn enable a link between
the pile compressibility, the load transfer, and the pile settlement
along the whole pile, the benefits of which are clear when the ef-
fects of different layers and/or variable profiles of ground settle-
ments have to be assessed.

The concept presented in this paper will ideally reach the state of
practice to the point where the geotechnical characterization for a
soil/pile set describes the model parameters, namely a characteri-
zation of shaft/toe capacities always associated with corresponding
relative displacements and mobilization functions, because they
can be promptly used in this straightforward formulation.

(a) (b) (c)

Fig. 10. Conceptual simulation—full load–unload cycle: (a) load-settlement curve for the forces at the pile head, pile toe, and the total shaft force;
(b) profiles of axial load with depth; (c) mobilized shaft friction for different loads, normalized by the maximum load

(a) (b) (c)

Fig. 11. Residual loads after a full load–unload cycle considering toe resistance of (a) 25, (b) 50, and (c) 75% of the UCL; the legend depicts the
different toe rebound factors
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Notation

The following symbols are used in this paper:
Ap = pile cross-sectional area;
dl = length of each discrete pile section;
Ep = Young’s modulus of the pile body;

Fshaft = maximum shaft force;
Ftoe = maximum toe force;
Pp = pile perimeter;
qb = normal stress at the pile toe;

qb−max = maximum normal stress at the pile toe;
Rb = rebound factor of the exponential toe mobilization

model;
S1 = elastic loading slope of the trilinear shaft mobilization

model;
S2 = elastoplastic loading slope of the trilinear shaft

mobilization model;
S3 = unloading slope of the trilinear shaft mobilization model;

UCL = ultimate compressive load;
UTL = ultimate tensile load;
Wp = weight of the pile body;
Zp = pile length;
γp = volumetric weight of the pile body;
Δδ = relative displacement;

ΔδT = relative displacement to reach full mobilization at the pile
toe;

δp = pile settlement;
δs = soil settlement;
λ = parameter of the exponential toe mobilization model;
σ = normal axial stress at the pile cross section;
τ = shear stress along the pile shaft;

τ=τmax = shear mobilization;
τmax = maximum shear stress along the pile shaft; and
τ rel = transition level of mobilization from the elastic to the

elastoplastic slope in the trilinear shaft mobilization
model.
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