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Abstract An empirical method is developed for
estimating the load transfer and deformation of
drilled, in situ formed piles subjected to axial loading.
Firstly, governing equations for soil–pile interaction
are developed theoretically, taking into account
spatial variations in: (a) shaft resistance distribution
and (b) ratio of load sharing between the shaft and
base. Then generic load transfer models are formulated based on examination of data from 10 instrumented test piles found in the literature. The
governing equations and load transfer models are
then combined and appropriate boundary conditions
defined. Using an incremental-iterative algorithm
whereby all the boundary conditions are satisfied
simultaneously, a numerical scheme for solving the
combined set of equations is developed. The algorithm is then developed into an interactive computer
program, which can be used to predict the loadsettlement and axial force distribution in piles. To
demonstrate its validity, the program is used to
analyse four published case records of test piles,
which other researchers had analysed using the

following three computationally demanding tools:
(a) load transfer (t–z), (b) finite difference and (c)
finite element methods. It is shown that the proposed
method which is much less resource-intensive, predicts both the load-settlement variation and axial
force distribution more accurately than methods:
(a–c) above.
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Bearing capacity factor
SPT blow count for the ith stratum
along pile shaft
Average value of NSPT along pile
shaft, after weighting with respect to
strata thickness
Number of blow count in standard
penetration test
Mobilised base resistance of pile
Applied pile head load
Mobilised shaft resistance of pile
Ultimate pile base resistance
Maximum pile head capacity
Maximum shaft resistance of pile
Axial force in pile at depth z below
pile head level
Tangent slope, at the origin, of the
curve of unit base resistance versus
base movement of pile
Undrained shear strength of soil at
depth z
Compression of pile
Unit base resistance of pile mobilised
at a particular loading stage
Maximum unit shaft resistance at a
certain depth along pile (Kim et al
1999 and Balakrishnan et al 1999)
Average unit shaft resistance of pile
mobilised at a particular loading stage
Local unit shaft resistance mobilised
at depth z along pile
Maximum unit base resistance of pile
Maximum unit shaft resistance of pile
Number of Db increments applied in
SEM analysis program
Empirical constants in the expression
for n (Eq. 15a)
Thickness of ith stratum along pile
shaft
Gradient of the regression trend line
of Ps/HDs versus HDs
Critical shaft settlement divided by
pile shaft diameter (i.e., Dsc/Ds)
Correlation coefficient in linear
regression
Pile movement at depth z below pile
head level
Depth below pile head level

a
a 1, a 2, a 3, a 4
az
Db
Dbc
Dh
Ds
Dsc
s1, s2, s3
sb
ss

x
w

Adhesion factor
Compound coefficients in the
modelled functions: fs(z) and P(z)
fs(z)/cu(z)
Pile base displacement
Critical pile base displacement
(Db corresponding to Pub)
Pile head settlement
Average shaft settlement
Critical shaft settlement (Ds
corresponding to Pus)
Shear strength of 1st, 2nd, 3rd soil
layer respectively along pile shaft
Shear strength of soil at pile base
level
Average shear strength of soil around
pile shaft, weighted with respect to
strata thickness
Value of z/L at the point of maximum
fs(z)
Mobilised shaft resistance divided by
pile head load

1 Introduction
One of the most widely used methods of predicting
the load–displacement behaviour and axial force
distribution in vertically loaded piles is the load
transfer (t–z) analysis (Coyle and Reese 1966). The
method has three main advantages in that it can be
applied to:
1.
2.
3.

multi-layered strata having different load transfer
characteristics
piles having variable cross sectional area with
depth
pile materials having non-linear stress/strain
relationships.
The major disadvantages are that:

(a)

measurement of t–z relationships for each
stratum penetrated by a pile is not only difficult
but also expensive
(b) t–z relations are highly site-specific and therefore extrapolation of results between different
sites is seldom successful
(c) Although the modified t–z approach suggested
by Kim et al. (1999) accounts for effects of
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displacement of a given soil layer due to shear
on the other layers, it assumes that soil is an
elastic and homogeneous material.

(a)

Ph

Initial pile head level
and soil surface

(b)

Δh

Therefore, in order to contribute a simpler and more
practical solution, an opportunity has been taken to
develop an alternative method that can be solved
using a spreadsheet and requires basic soil parameters
from a standard site investigation report. By linking
basic concepts in soil–pile interaction theory with
empirical models derived from actual pile tests, the
proposed method aims to represent pile behaviour
realistically. At present, the formulation is appropriate to bored piles formed in cohesive soils and
weathered cohesive rocks, although there is scope to
extend the method to accommodate other pile types
installed in different ground profiles. The validity of
the proposed method is tested against published load
test data from instrumented piles.

Figure 1a is a schematic illustration of an unlined pile
of length L and diameter Ds supporting a vertical head
load Ph, through mobilised shaft and base resistances
Ps and Pb, respectively. If the vertical displacements
of the pile head and base are denoted Dh and Db,
respectively and the compression of the pile is ep, then
ignoring the weight of the pile, it is obvious that:
ð1aÞ

and
ð1bÞ
Dh ¼ ep þ Db
Consider an element of length dz, located at depth
z below the pile head level as illustrated in Fig. 1b.
The shaft resistance dPs mobilised, along the segment
dz, equals the change in axial force dP(z). The unit
shaft resistance fs(z), mobilised along dz, is related to
P(z) through the equation:
dPðzÞ
¼ pDs fs ðzÞ
dz

z
L

Ps(z)

Ps
(L-ep)

P(z)

δz
δPs

ð1cÞ

where the negative sign indicates that P(z) decreases
as z increases.
If the elastic modulus of the pile is denoted Ep then
ignoring any vertical soil movements, the displacement w(z) of the pile element at depth z can be
expressed as follows:

P(z)+δP(z)

Δb
Pile diameter=Ds
Elastic modulus=E p

Pb

Pb

Fig. 1 Forces and displacements in a loaded pile-soil system:
a schematic representation, b forces on a pile element in
‘‘equilibrium’’

dwðzÞ 4PðzÞ
¼
dz
pD2s Ep

2 Basic Equations for Pile–Soil Interaction

Ph ¼ Ps þ Pb ;

Ph

ð2Þ

Equation (2) is differentiated with respect to z and
dP(z)/dz is substituted for, using Eq. (1), to yield the
following:
d2 wðzÞ
4
¼
fs ðzÞ
2
dz
D s Ep

ð3Þ

The above equations, which are based on force
equilibrium and displacement compatibility considerations, are valid irrespective of the pile type and
soil classification.
The variation of fs(z) with depth is influenced by
numerous factors, most of which are not yet well
understood. The factors include not only the pile and
soil properties but also:(1) pile–soil interface geometry
and slip characteristics, (2) technique used for pile
installation, (3) stresses acting on the pile–soil interface and (4) method and rate of pile loading. Therefore,
it is helpful to develop a more realistic fs(z) relation
on the basis of observed performance of loaded piles.
This is carried out in the following section.

3 Equations for Idealised Loaded Pile
Figure 2a depicts normalised load transfer curves in
the form of shear strength reduction factor, az,

123

486

Geotech Geol Eng (2010) 28:483–501

0

0.25

0.5

0.75

1

Ph

(b)

Shear strength reduction factor α z (dimensionless)

(a)
0

Relative depth Lr (dimensionless)

(c)
fs (z≈0)

1.25

Ph

-0.1
-0.2

ωL

-0.3
-0.4

L
-0.5

Ps

Ps /Ph=ψ

fs (max)

Pb=(Ph-Ps )
=Ph(1-ψ)

-0.6
-0.7
-0.8
-0.9

Pile S1
Pile MT1
Pile S2
Pile S3
Pile PR2
Pile PR3
Pile MTO

fs( z = L )
=A
fs( z ≈ 0 )

-1

fs (z=L)

Ps
Pb

Pb

Fig. 2 Load transfer characteristics of bored cast in situ piles: a observed: relative depth versus shear strength reduction factor (after
Reese 1978), b modelled shaft resistance distribution, c modelled axial force distribution

versus relative depth, Lr, for seven instrumented
test piles installed in clay, at the stage of mobilisation of maximum shaft resistance. The data
were reported by Reese et al. (1976), Reese (1978)
and Wright and Reese (1979). The definitions of az
and Lr are as follows: (1) az = fs(z)/cu(z), where
cu(z) is the undrained cohesion at level depth z and
(2) Lr = z/L, where z = depth below ground surface and L = pile length or, for piles having
enlarged bases, L = length of pile minus base
thickness.
Bowles (1996), Wright and Reese (1979) and
Schmidt and Rumpelt (1993) suggested that loadtransfer curves such as those shown in Fig. 2a can be
modelled using parabolic functions. Based on this
suggestion, fs(z) can be a represented as follows:
fs ðzÞ ¼ a1 z2 þ a2 z þ a3

1.

2.
3.
4.

ð4Þ

in which a1, a2 and a3 are constants for a given Ph
value. Combining Eqs. (1c) and (4), the following
ensues:
a

a2
1 3
PðzÞ ¼ pDs
z þ z 2 þ a 3 z þ a4
ð5aÞ
3
2
where a4 is also constant for a given Ph value.
Typical curves modelling fs(z) and P(z) variations are
illustrated in Fig. 2b and c, respectively. Let x be
the value of z/L corresponding to the location of fs
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(max) as shown in Fig. 2b. Denoting Ps/Ph by w,
expressions for a1 to a4 can be derived using the
following boundary conditions:

5.

dfs(z)/dz = 0 when z = xL, representing the
location of fs (max). The parameter x is allowed
to vary with the ratio, Ph/Puh, of the applied load
to maximum head load
P(z) = Ph when z = 0, describing force equilibrium at the pile head level
P(z) = Pb = (1 - w)Ph when z = L, describing
force equilibrium at the pile toe level
The shapes of the fs(z) and P(z) curves are
additionally controlled by the ratio [fs(z)]z=L/
[fs(z)]z=0, where [fs(z)]z=L and [fs(z)]z=0 are the
values of fs at the bottom and top of pile shaft,
respectively. At present, the equations are not
valid if [fs(z)]z=0 \ 0, i.e. the case of negative
skin friction along the upper segment of the pile.
Infact the method is confined to positive shaft
friction cases only.
The ratio [fs(z)]z=L/[fs(z)]z=0 is allowed to vary
with Ph/Puh so that positive values of fs(z) and
P(z) are guaranteed for all values of z as Ph/Puh
increases from zero to unity.

Letting A = [fs(z)]z=L/[fs(z)]z=0, Omer (1998)
determined based on parametric studies of fs(z) and
P(z) for different piles, that generally:

Geotech Geol Eng (2010) 28:483–501

Ph
 0:4
Puh
Ph
for 0:4\ \0:6
Puh
Ph
for
 0:6
Puh

for

ð5bÞ

However, in the present work, more precise values
of A, for given Ph/Puh, are determined iteratively
within the same algorithm used to satisfy boundary
conditions (1–4).
From the above boundary conditions, the following solutions are explicitly obtained:
8
Ph
>
>
> a4 ¼ pD
>
s
>
>
>
>
wP
>
h
< a1 ¼
pDs LC
ð6aÞ
>
>
> a2 ¼ 2xLa1
>
>
>
>
2
>
>
: a3 ¼ wPh  L a1  La2
2
pDs L 3
in which
 2

8
2
2
L
>
C ¼ ð1AÞ
þ L3  2xL
 xL2
>
ð1AÞ
>
>
>
<
if[fs ðzÞz¼0 ¼ 0; or


> C ¼ ðB2 AL2 Þ þ L2  2xLðBALÞ  xL2
>
>
3
ð1AÞ
ð1AÞ
>
>
:
if[fs ðzÞz¼0 [ 0

Plots of fs versus depth for pile S1, as reported by
Reese (1978), are shown in Fig. 3. The undrained
shear strength varies approximately linearly with
depth as shown. Tracing the locus of maxima of the
curves in Fig. 3, values of x corresponding to each
Ph value are estimated. For the pile S1, Wright and
Reese (1979) reported Pus to be 859kN, although Pub
and Puh were not mobilised. Therefore, the authors
have extrapolated Puh and Pub to be 1720kN and
643 kN respectively using the method proposed by
Chin (1972). As recommended by Darrag (1987), a
reduction factor of 0.9 has been applied to the results
from Chin’s (1972) method.
In Fig. 4, plots of x versus Ph/Puh, Ps/Pus and Pb/
Pub for pile S1 are presented. Although the data is
limited to one pile and also low values of Ps and Pb
are not available, it appears that there is an approximately linear relationship between x and Ph/Puh
(and also between x and Ps/Pus) giving r2 = 0.97.
However, there is no discernible relation between x
and Pb/Pub. So the following expression can be
modelled from Fig. 4:
x ¼ b1

ð6bÞ

where B = WL and W a constant, the effect of which
is discussed later.
For most piles, the top of the shaft segment is at
ground level, where the horizontal effective stress is
zero therefore so that [fs(z)]z=0 = 0 and therefore the
first option in Eq. (6b) is used. On the other hand
some piles might be permanently sleeved over part
of their length from ground level to a certain depth,
thereby preventing contact with soil. In such a case
the top of the embedded segment (the lower
segment) is considered as depth z = 0 and has
[fs(z)]z=0 [ 0 because the horizontal effective stress
acting there is greater than zero. In this case the
second option in Eq. (6b) is used, however an
appropriate value of B must be judged, through
selectingW. Fortunately, as discussed later, the shape
of the shaft friction distribution curve has almost
negligible effect on the calculated load-settlement
curve so that the parameters {A,x,W} are relatively
less important.

Ph
þ b2
Puh

ð7Þ

where b1 = 0.2902 and b2 = 0.3375. While it is
accepted that much more data is needed to verify the
trend in Fig. 4, Eq. (7) is consistent with the
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Fig. 3 Distribution of mobilised shaft resistance for pile S1Reese et al. (1976) [1 ft = 0.305 m; 1 tsf = 95.8 kN/m2]
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1
Ds ¼
L

Depth ratio, ω (non-dimensional)
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0.8
ω versus Pb/Pub

ω = 0 .2902


4  a1 4 a2 3 a3 2
z þ z þ z þ a4 z þ C1 dz
Ds Ep 12
6
2

0

Ph
+ 0 .3375
Puh

ð10Þ

0.6
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Ds ¼

0.4

ω versus Ps/Pus
2

r =0.97
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Load ratios, P h/Puh, Ps/Pus and Pb/Pub (non-dimensional)

Fig. 4 Modelled trend for x versus Ph/Puh (pile S1)

observations by Schmidt and Rumpelt (1993) and
Zhu and Chang (2002) that the centre of friction
transfer generally moves downwards with increasing
pile head load.
Using Eq. (5a) to substitute for P(z) in Eq. (2)
results in:

dwðzÞ
4 a1 3 a2 2
¼
z þ z þ a3 z þ a 4
dz
D s Ep 3
2

It should be borne in mind that Eqs. (4)–(11) are
only defined when, for a given Ph value, w is known
from which a1, a2 and a3 can be calculated. This can
be achieved by developing an iterative scheme that
satisfies Eqs. (1–11) simultaneously thereby enabling
w to be determined. These equations describe the
equilibrium and deformation of a pile assumed
isolated from the soil and acted upon by skin
resistance forces and discreet forces at the extremities. The next section focuses on the idealised soil
component and considers the state of shear resistance
mobilisation due to progressive deformation.

4 Behavioural Models for Soil

ð8Þ

where C1 is a constant, which can be determined from
the boundary condition w(z=0) = Dh = (Db ? ep), in
which ep is the compression of the pile and Db is the
base movement (see Eq. 1b). Thus, C1 is found to be:
ð9bÞ

Invoking the final boundary condition, w(z=L) = Db
in Eq. (9a) results in


4
Ds Ep Db a1 4 a2 3 a3 2
ep ¼
 L  L  L  a4 L
Ds Ep
4
12
6
2
 Db
ð9cÞ
From Eq. (9a), the average shaft displacement Ds
can be interpreted as the mean value of w(z) over the
interval from z = 0 to z = L and is therefore given by
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ð11Þ

4.1 Shaft Load Transfer

Equation (8) is integrated with respect to z to yield:

4  a1 4 a2 3 a3 2
z þ z þ z þ a4 z þ C1
wðzÞ ¼
ð9aÞ
Ds Ep 12
6
2


D s Ep 
ep þ Db
4


4  a1 4 a2 3 a3 2 a4
L þ L þ L þ L þ C1
Ds Ep 60
24
6
2

2

r =0.96

ω versus Ph/Puh

C1 ¼

ZL

Columns 1–5 and 9 of Table 1 present data from
instrumented bored piles reported by Wright and
Reese (1979) (clay) and by Omer(1998) (weathered
mudstone). Graphs of shaft resistance Ps versus
average shaft displacement Ds are shown in Fig. 5a
and b for the piles in clay and mudstone, respectively.
Plotting Ps/HDs versus HDs as shown in Fig. 6a and
b, it is found that the trends of variation are
reasonably linear, and can therefore be represented
as follows:
pﬃﬃﬃﬃﬃ
Ps
pﬃﬃﬃﬃﬃ ¼ ms Ds þ I
ð12aÞ
Ds
where ms = slope and I = vertical axis intercept.
On examining plots Ps versus Ds curves in Fig. 5a
and b plus curves (not shown due to space limits)
from the other piles in the present database, approximate formulae for expressing maximum shaft resistance Pus and critical shaft settlement Dsc (i.e., the
value of Ds corresponding to Pus) in terms of ms and I
were found as follows: Pus & [-I2/(4 ms)] and
Dsc & [I/(2 ms)]2. Using these relationships, the
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Table 1 Back-analysed Pus and Dsc values for bored piles in clay and in mudstone
Reference

Pile
no.

Site location

Pile
dimensions
(m)

Shaft: ss (kN/ Pus = -I2/
m2)
(4 ms)
(MN)

Dsc = [I/
(2 ms)]2
(mm)

Wright and
Reese(1979)

SA

San Antonio,
Texas, USA

Lc* = 0.000

a

5.22
(5.26)

46.33
0.98
(43.94)

108

1.02
(0.86)

9.41
0.91
(11.10)

220

2.02
(1.70)

18.02
0.97
(17.09)

710

2.49
(2.63)

20.21
0.97
(20.96)

13.87
36.20
0.89
(15.00) (40.50)

S1

Houston, Texas,
USA

L@
s = 8.174
D#s = 0.762
Lc = 0.000
Ls = 7.040

Correlation
coeff. r2

Soil type

Clay

Ds = 0.762
S4T1 Houston, Texas,
USA

Lc = 0.000
Ls = 13.725
Ds = 0.762
Lc = 0.000

MT1 Austin, Texas,
USA

Ls = 7.259

TP3

Lc = 20.230

912b

Ls = 8.780
Ds = 0.900

(NSPT = 152)

Lc = 18.640

486b

Ls = 12.000

(NSPT = 81)

Ds = 0.762
Omer(1998)

TP5

Cardiff, UK

Cardiff, UK

8.55
(8.77)

32.25
0.99
(35.66)

Ds = 0.900
TP6

Cardiff, UK

Lc = 20.380

714b

Ls = 11.130

(NSPT = 119)

Weathered
Mercia
mudstones

12.23
31.27
0.99
(13.00) (28.00)

Ds = 0.900
#
Lc* length of casing, L@
s pile length embedded in soil, Ds Pile shaft diameter
a

not directly available

b

Values correlated from mean NSPT along shaft using ss 6NSPT

Emboldened bracketed numbers are observed values of Pus and Dsc

calculated values of Pus and Dsc are shown in
Columns 6 and 7, respectively of Table 1. The
corresponding correlation coefficients, r2, given in
column 8, lie in the range 0.89–0.99, which is
encouraging. Also, it is seen that the calculated Pus
and Dsc are close to the measured ones (emboldened
and bracketed values in Table 1). Therefore, for
Ds B Dsc, the relationship between Ps and Ds and can
be approximated as follows:
Ps
Pus pﬃﬃﬃﬃﬃ 2Pus
pﬃﬃﬃﬃﬃ ¼
Ds þ pﬃﬃﬃﬃﬃﬃﬃ
ð12bÞ
Dsc
Ds
Dsc
Using Eq. (12b), the calculated curves of Ps versus
Ds are included in Fig. 5a and b for comparison with
measured pile data. As can be seen, there is good
agreement between the measured and modelled
variations.

Expressing Dsc in general terms as Dsc = nDs,
where n depends on the properties of the soil, pile and
soil–pile interface, Eq. (12b) can be re-written as
follows:
sﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃ!
Ds
Ds
Ps ¼ Pus
2
ð13Þ
nDs
nDs
Despite the simplicity of the foregoing equation, a
search of literature shows that so far there is no
reliable formula for determining the value of n for a
given pile situation. This is because n is influenced by
several factors linked to (1) pile dimensions and
stiffness relative to soil, (2) pile–soil interface
properties, (3) the strength and stiffness of the soil
along the shaft and beneath the pile base, (4) the rate
of application of pile head load, (5) cyclic loading.
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Fig. 5 Observed and modelled variations of mobilised shaft
resistance with average shaft settlement: a 4 piles in clay, b 3
piles in weathered mudstone

For example, authorities such as British Standards
Institution (1986) merely suggest that Dsc should be
taken as 1%Ds to 5%Ds in general (that is: n = 0.01–
0.05), without providing a formula for calculating n.
In this paper n is assessed more realistically by
taking into account the effect of ss (average shear
strength along shaft) on Dsc (critical shaft settlement).
In the fs versus Ds curve, consider the gradient of the
line from the origin (0,0) to the point (Dsc, fus). This
will be referred to as the ‘‘secant slope’’ at full
mobilisation of shaft load. Thus, the secant slope is
defined as fus/Dsc, where fus = Pus/pDsL (taking Pus
from Table 1). The variation of fus/Dsc with ss is
shown in Fig. 7a for all the piles (except SA) in
Table 1. For piles S1, S4T1 and MT1 values of ss

123

Fig. 6 Observed and modelled variations of Ps/[Ds]0.5 versus
[Ds]0.5 for: a 4 piles in clay, b 3 piles in weathered mudstone

have been determined from data reported by Reese
et al. (1976) and Reese (1978). For piles TP3, TP5
and TP6, values of ss have been computed from the
average SPT (standard penetration test) blow count
Ns along pile shaft as follows:
!
1 X
Ns ¼
Ni li
ð14Þ
L i
where Ni, li is the SPT blow count and thickness
respectively of the ith stratum. The Ni value associated with a Mercia mudstone stratum of known
weathering grade is obtained from a chart developed
by Delpak et al. (2000). Then, Ns is converted to
unconfined compressive strength using a correlation suggested by Chandler and Foster (2001) and
finally ss is taken as half the unconfined compressive
strength.
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Since the trend of fus/Dsc versus ss in Fig. 7a is
reasonably linear (with a good correlation coefficient
of r2 = 0.9404), Dsc is a function of fus and ss, for
both clay and mudstone. To demonstrate that Dsc also
depends on shaft diameter, a plot of fusDs/Dsc against
ss is shown in Fig. 7b. The data points are seen to be
much less scattered than in Fig. 7a and the correlation
coefficient is enhanced to r2 = 0.9851. The ensuing
trend line equation allows the constant n in
Dsc = nDs to be expressed in the following general
form:
n¼

fus
k 1 ss  k 2

ð15aÞ

From the data plotted in Fig. 7b, where the units of
{Dsc, Ds} and {fus, ss} are metres and MN/m2
respectively, k1 = 15.609 (non-dimensional) and
k2 = 0.1119 MN/m2. For metre units of {Dsc, Ds}
and kN/m2 units of {fus, ss}, k1 is unchanged but
k2 = 111.9 kN/m2. Adopting these values, it is

(a) 16
14
2

r =0.94

3

fus /Δsc (MN/m )

12
10

determined that k1ss [ k2 for all ss values in excess
of 7.2 kN/m2 (e.g., for very soft clay). In terms of
proportion of pile shaft diameter, the calculated Dsc
values shown in Table 1 are:

Pile S1
(%)

S4T1
(%)

MT1
(%)

SA
(%)

TP3
(%)

TP5
(%)

TP6
(%)

Dsc 1.2

2.4

2.7

5.8

4.0

3.6

3.5

Despite the fact that the above piles have different
locations, dimensions, soil properties, method of
installation and testing, all their Dsc values are within
the limits 1–5% Ds suggested in British Standards
Institution (1986). Only pile SA (Dsc = 43.94 mm;
Ds = 762 mm) is slightly outside the range however,
it can be omitted due to incomplete data (on ss) in the
reference.
Replacing Pus by pDsLfus in Eq. (13) and substituting for n using Eq. (15a) gives the final
relationship:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
Ds ðk1 ss  k2 Þ
Ds ðk1 ss  k2 Þ
Ps ¼ pDs Lfus
2
fus Ds
fus Ds
ð15bÞ

8
6
Piles in mudstone

4

Piles in clay
Trend for all piles

2
0
0

0.2

0.4

0.6

0.8

1

Subject to accurate determination of soil strength
parameters, Eq. (15b) is readily applicable to clays as
well as weathered rocks. The above general formula
has been applied to instrumented pile test data from
geographically diverse locations.

Average soil shear strength along shaft τs (MN/m2)

4.2 Base Load Transfer

(b) 16

2

fusDs /Δsc (MN/m )

14

The critical displacement approach has also been
used by several workers to relate unit base resistance
fb to base settlement Db, for bored piles in residual
weathered metasedimentary rocks. Examples are:
Vijayvergiya (1977)

f us D s / Δ sc =k 1 τ s -k 2

12

2

r =0.99

10
8
6

Piles in mudstone

4

Piles in clay

fb
¼
fub

Trend for all piles

2
0
0

0.2

0.4

0.6

0.8

1
2

Average soil shear strength along shaft τs (MN/m )

Fig. 7 Derivation of correlation for Dsc: a variation trend of
fus/Dsc versus ss, b variation trend of fusDs/Dsc versus ss



Db
Dbc

0:5
ð16aÞ

where Dbc = critical base displacement (value of Db
corresponding to the maximum unit base resistance
fub).
Balakrishnan et al. (1999)
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Db
Dbc

13
ð16bÞ

where Dbc lies in the range 0.08 Db–0.1 Db, in which
Db = base diameter. Equations (16a) and (16b) are
unrealistic because they imply a sudden plunging
failure in end bearing, which in not normally
observed in a pile test. In addition, the equations do
not explicitly define soil stiffness as one of the
parameters influencing base behaviour.
It is considered that a more realistic yet simple
model for base load transfer can be developed
starting from the following two-constant hyperbolic
model:
fb ¼

Db
a þ bDb

ð17aÞ

Consistent with observations from pile tests, the
shape of the curve of Eq. (17a) is such that the
‘‘ultimate’’ base resistance is defined asymptotically.
Pile tests show that ultimate base resistance is
approached very gradually and is almost never
reached in reality. In addition, the flexible shape of
the curve of Eq. (17a) allows inclusion of more of the
influential parameters when modelling piles in different soil conditions. From Eq. (17a), the tangent
slope Si at the origin of the fb versus Db curve and the
asymptote are defined by the following expressions:
8
1
>
< Si ¼
a
>
:f ¼ 1
ub
b

ð17bÞ

Formulae for calculating a and b for cohesive soils
can be derived in terms of the (1) pile base diameter,
(2) modulus of deformation of the soil beneath the
pile base and (3) shear strength and bearing capacity
factors. Previously, hyperbolic functions have also
been applied to piles formed in clays and weathered
rocks, by Hirayama (1990) and Carrubba (1997)
respectively, although these workers took fewer
factors into account in defining a and b. For example
Hirayama (1990) suggested the formulae:
8
0:25Db
>
>
<a ¼
fub
1
>
>
:b ¼
fub
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For a hypothetical pile having Pub = 4MN and
Db = 0.9 m, Fig. 8 shows curves of fb/fub versus Db/
Dbc calculated using the formulae suggested by
Vijayvergiya (1977) and Balakrishnan et al. (1999),
assuming that Dbc = 0.1 Db. Curves calculated using
Eq. (17a) [with three values of a] are also shown as
well as measured data from a typical bored pile in
clay (pile MT1) reported by Wright and Reese
(1979). Ultimate base resistance was not reached in
pile MT1 therefore fub has been estimated as the
highest fb value mobilised, which corresponded to a
base movement of 9.3% Db. It is evident from Fig. 8
that Eq. (17a) is the most consistent (and accurate for
a = 1) representation of base resistance mobilisation.
To examine how well the proposed model in Eq.
(17a) bored, cast in situ piles in cohesive soils, backanalysis of a and b values is carried out for 7 test piles
reported by Wright and Reese (1979). The relevant
data are given in Table 2. For Db [ 3 mm, graphs of
Db/fb (vertical axis) versus Db (horizontal axis) were
plotted (although not presented here due to space
limitations) for the test piles. The plots were found to
be reasonably linear in trend with strong correlation
coefficients r2 in the range 0.936–0.996. The parameters a and b, which equal the vertical axis intercept
and gradient of the Db/fb versus Db curve respectively,
are listed in columns 5 and 6 of Table 2. For
comparison, values of Si and fub calculated from Eq.
(17b) are given in columns 7 and 8, respectively of
Table 2. Measured values of fub are shown in Column
8 in bold and under parentheses, for comparison.
It is seen that there is good agreement between
the calculated and measured fub values, which
1
0.9
0.8
0.7

fb /f ub

fb
¼
fub

0.6

Vijayvergiya(1977)

0.5

Balakrishnan et
al(1999)
Eqn.(17): a=0.5

0.4

Eqn.(17): a=1

0.3

Eqn.(17): a=2

0.2

Typical pile MT1

0.1
0
0

ð17cÞ

0.2

0.4

0.6

0.8

1

1.2

1.4

Δb/(0.1Db)

Fig. 8 Modelled and measured variation trends of fb/fub versus
Db/(0.1Db)
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Table 2 Back-analysed values of fub, Si and Ei/cu for piles in clay (using published pile data)
Pile No.

Site location

SA

San Antonio,
Texas, USA

Pile
dimensions
(m)

Base: sb
(kN/m2)

Intercept a
(m3/kN)
(910-6)

Lc* = 0.000

766

0.684

Slope b
(m2/kN) (910-6)

91.210

Si = 1/a
(kN/m3)
(9106)

fub = 1/b
(kN/m2)
(9103)

1.462

10.96

L@
s = 8.174

Ei/cu
(where
cu = sb)
870

(9.87)

D#b = 0.762
S1

Houston, Texas,
USA

Lc = 0.000

Houston, Texas,
USA

Lc = 0.000

Austin, Texas,
USA

Lc = 0.000

108

8.710

638.450

0.1148

Ls = 7.040

1.566

485

(1.41)

Db = 0.762
S4T1

220

1.596

319.230

0.6265

Ls = 13.725

3.133

1,299

(2.82)

Db = 0.762
MT1

710

0.638

182.410

1.566

Ls = 7.259

5.482

1,000

(5.48)

Db = 0.762
HB&T

BRY

Houston, Texas,
USA

Lc = 0.000

Bryan, Texas,
USA

Lc = 0.000

Austin, Texas,
USA

Lc = 0.000

233

1.479

227.510

0.6762

Ls = 18.30
Db = 0.851

4.395

1,651

(3.96)
322

1.687

182.410

0.5927

Ls = 12.81

5.482

839

(4.93)

Db = 0.762
MT3

477

0.656

Ls = 7.320

196.840

1.524

5.080

2,096

(4.57)

Db = 0.914
#
Lc* length of casing, L@
s pile length embedded in soil, Db pile base diameter. Emboldened bracketed numbers are actual values of fub
inferred from the pile tests

demonstrates that the proposed function (Eq. 17a)
represents base resistance mobilisation reasonably
well.
To incorporate the modulus of deformation of the
base soil into Eq. (17a), the stiffness of the fb-Db
curve for the pile can be compared to an equivalent
value that would be obtained from loadings tests on
an appropriately sized plate in the same ground.
Thus, for a circular plate of diameter Db the initial
stress–strain relationship can be expressed in terms of
the small strain modulus Ei (initial tangent modulus)
as follows:
fb ¼

4Ei Db
pD2b

so that

Si 

4Ei
pD2b

ð18Þ

It must be remembered that the stress–strain curve
from a plate bearing test or laboratory soil is not
linear at higher strains. Therefore, for analysing
foundation settlement, the modulus of deformation

should be appropriate for the strain level corresponding to the net foundation pressure. For coarse-grained
soils, it is usual to adopt the secant modulus, which is
taken as the gradient of the line from the origin (0,0)
to a point on the stress–strain curve at which the
stress equals 25% of the ultimate value (Schmertmann et al. 1978).
In clay soils, the undrained modulus Eu is commonly used for the purpose of calculating immediate
settlements of foundations. Values of Eu are often
estimated from oedometer tests or correlations with
undrained shear strength cu. For example the correlation charts published by Jamiolkowski et al. (1979)
show that Eu/cu varies from about 160 to 1,500
depending on the overconsolidation ratio and plasticity index. Charts presented by Jardine et al. (1985)
relate Eu/cu to axial strain and are therefore useful for
selecting a value of Eu/cu that is consistent with the
bearing stress anticipated below the pile base. For a
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typical strain range of 0.01–0.1%, Jardine’s et al.
(1985) curve gives Eu/cu values of 1,000–400, hence
supporting the common choice of Eu/cu &400 to
estimate settlement at the working load of a pile in a
material such as London clay.
After re-arranging Eq. 18 to express modulus of
deformation of soil Ei in terms of Si, values of the
ratio Ei/cu back-computed for each of the piles are
shown in column 9 (the last column) of Table 2. It
can be seen that, apart from pile MT3, all the backanalysed values of Ei/cu are within the range
suggested by Jamiolkowski et al. (1979), i.e., 160–
1,500. In reality, the shape of the graph of base
resistance versus base settlement is also affected by
the pile diameter and this may well be reflected in the
values of Ei/cu observed above. This is supported by
the findings published by Ahmadi and Khabbazian
(2009), who showed through numerical analysis that,
for a given unit base resistance mobilised, base
settlement increases with increasing diameter of the
pile (when all other factors are kept constant).
Depending on the assessed soil modulus, the
undrained modulus Eu might be used in place of the
initial tangent modulus. Then the relationship between
Pb and Db can be expressed by combining Eqs. (17a),
(17b) and 18, replacing fb by 4Pb/(pD2b), thus:
Pb ¼

pD2b Eu fub Db
pD2b fub þ 4Eu Db

ð19Þ

5 Analysis Procedure
The input parameters required are: (1) Pile geometry
and properties: Ds, Db, L and Ep (2) Soil parameters:
sb, Eu, ss, fub and fus. The first step is to calculate the
following: (1) Pus = pDsLfus, (2) Pub = 0.25pD2bfub
and (3) Puh = Pus ? Pub. Then generate j arbitrary values of Db ranging from zero to a maximum
of 10% Db. Since the load-settlement curve is
initially very steep but becomes flatter as Ph
increases, it is convenient to adopt Db increments
as follows:
1.
2.
3.
4.

for the first j/4 values: a quarter of 10%Db/j then
for the next j/4 values: a third of 10%Db/j, then
for the subsequent j/4 values: a half of 10%Db/j,
then
for the following j/8 values: three quarters of
10%Db/j, then
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5.

for the last j/8 values: 10%Db/j.

Figure 9 illustrates the numerical procedure,
which has been coded in a Matlab computer program
and given the name SEM. It is also possible to
implement the algorithm on a Macro sheet in
Microsoft Excel. The SEM program (a) determines
iteratively the correct values of w and A for each Db
increment and hence calculates (b) the complete loadsettlement curve and (c) the axial force distribution
for each Db increment.

6 Discussion of Parameters
6.1 Depth Ratio x
To test the validity of Eq. (7) and to assess the effect
of x on the predicted load transfer and loadsettlement curves, pile S1 (Reese et al. (1976) and
Wright and Reese (1979)) was analysed using the EM
program. The input data are:
1.
2.

3.
4.

Known pile attributes: Ds = Db = 0.762 m, L =
7.04 m, Ep = 38 kN/mm2 (assumed)
Measured soil data: ss = sb = 108 kN/m2;
back-figured Eu = 485 9 108 = 52,380 kN/m2
(Table 2)
Measured pile capacities: Pus = 859 kN, Pub =
643 kN
Theoretical shaft parameters: k1 = 15.609 (nondimensional), k2 = 111.9 kN/m2; Fig. 7b

Results from the program are plotted in Fig. 10a
and b. These illustrate the predicted variation of fs(z)
for x values of 0.5, 0.6, 0.7 and 0.9 at pile head loads
Ph = 1,270 kN and Ph = 1,337 kN. Also plotted are
the measured fs(z) variations for Ph = 1,246 kN and
the calculated fs(z) curve using Eq. (7). It is seen that
the calculated and measured curves of fs(z) are in
reasonable agreement. Different input values of x
have been found to have virtually no effect on the
computed load-settlement curves. This is hardly
surprising since, for a given Ph value, the total shaft
resistance (represented by the area under the fs(z)
curve from z = 0 to z = L) does not vary with x. By
extension, therefore, the shaft compression component of the pile head settlement is also unaffected by
the choice of x value.
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Fig. 9 Flow chart for the
algorithm of the empirical
method

6.2 Critical Shaft Settlement Dsc
Still using input data for pile S1 as above, calculated
Ph-Dh curves for arbitrary Dsc values in the range
0.1%Ds–4%Ds are plotted in Fig. 11a. It is shown
that Dsc is an important factor controlling the initial
slope of the Ph-Dh curve. In Fig. 11b, the variation
of the shaft load ratio w with Dsc is examined. It is
seen that, as Dsc increases from 0.1%Ds to 4%Ds, the
value of w for pile head movements less than 1 mm
decreases from 0.98 to 0.55. Thus, Dsc is also

important in determining the shaft-base load sharing
ratio at any stage of loading.
6.3 Soil Heterogeneity Factor ss/sb
It is important to consider the case of a clay deposit in
which the shear strength increases with depth such as
the situation in pile S1 (Fig. 3). The effect of the
ratio, ss/sb, of the average shear strength of the clay
around the shaft to that at the pile base level is now
examined. Still using the data for pile S1 as before,
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Fig. 10 Influence of x on
shaft resistance distribution
in pile S1: a at Ph
&1,246 kN, b at
Ph = 1,337 kN
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1
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Values of Δsc (% of Ds)

0.1
0.5

0.85

1

0.8
0.75

2

0.7
3

0.65

400

4

0.6
200

0.55

0

0.5
0

0.01

0.02
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0.04

0.05

Pile head settlement Δh (m)

0

0.01

0.02

0.03

0.04

0.05
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Fig. 11 Influence of Dsc on: a load-settlement variation, b w versus settlement variation

several values of ss/sb lying in the range 0.135–1.35
were used in the EM program to calculate the loadsettlement curves shown in Fig. 12a. As ss/sb
increases, both the initial slopes of the load-settlement curve and the maximum pile head load
decrease. Calculated curves of w versus Dh for
various values of ss/sb are shown in Fig. 12b. It is
seen that the initial w value increases with increasing
ss/sb values. However, the rate of increase of w with
settlement decreases with increasing ss/sb. The curve
for ss/sb = 1.35 represents the expected behaviour of
a pile supporting load principally through shaft
resistance. In this case w is relatively insensitive to
Dh and remains close to unity. The curves: ss/
sb = 0.135–0.72 represent the behaviour of a pile
whereby the total load is shared more evenly between
the shaft and base.
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7 Validation of the Proposed Method
7.1 Piles Formed in Weathered Rocks-Kuala
Lumpur, Malaysia
Balakrishnan et al. (1999) reported load tests on
bored cast in situ piles in Kuala Lumpur, Malaysia.
The piles were installed in residual soils and weathered material from clastic metasedimentary rocks
(Kenny Hill formation) comprising interceded mudstones, shales and sandstones. Pile TP1-site 2 has
been selected for SEM analysis since it was the only
instrumented pile, for which t–z predictions are
available (excluding pileTP1-site 5, since it had
93% of its length passing through weak soil of
NSPT = 18). The ground stratigraphy, NSPT results
and pile elevation is shown in Fig. 13a. Pile TP1-site
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Fig. 12 Influence of ss/sb on: a load-settlement variation, b w versus settlement variation
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program

program

19.9m

0

-20

0

5

10

15
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Fig. 13 Piles in weathered rocks in Kuala Lumpur, Malaysia (Pile TP1-Site 2). a Geotechnical profile, b SEM and t–z predictions of
axial force distribution, c SEM and t–z predictions of load-settlement variation

2 was constructed in a wet hole stabilised by
bentonite or water during the drilling process with a
waiting period of less than 1 day. The input data for
the program are given in Table 3. Where pile failure
was not reached, values of maximum shaft resistance,
fmax, have been estimated using fmax = 2.3NSPT and
fmax = 35[NSPT]0.5, for NSPT \ 150 and NSPT C 150
respectively, as suggested by Balakrishnan et al.
(1999). Other parameters are obtained as follows:

1.

2.

the shear strength values s1,2,3 for various
numbered soil layers have been estimated using
the formula s = 6NSPT (kN/m2) recommended
by Balakrishnan et al. (1999).
the deformation modulus of soil is estimated
using the SPT correlations suggested by Chang
and Broms (1991) where typically for NSPT =
184 (Fig. 13a) Eu & 32 MN/m2. It should be
noted that very little load was transferred to the
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Table 3 Input data from piles not used in the development of the empirical method
Site location

Reference

Pile No.

Pile input data

Soil input data

Kuala Lumpur, Malaysia

Balakrishnan et al. (1999)

TP1 (Site 2)

Ds = 1.2 m

ss = 577 kN/m2

Db = 1.2 m

fus = 231 kN/m2

Ls = 19.9 m
Ep = 43kN/mm2
Bannosu Viaduct,

Hirayama (1990)

T1

Honshu-Shikoku Bridge,
West Japan
Bannosu Viaduct,

Hirayama (1990)

T2

Honshu-Shikoku Bridge,
West Japan
Bannosu Viaduct,

Hirayama (1990)

T3

Honshu-Shikoku Bridge,
West Japan

ss = 173 kN/m

fus = 260 kN/m2
sb = 300 kN/m

Ep = 45kN/mm2

fub = 20,000 kN/m2

Ds = 2 m

ss = 117 kN/m2

Db = 2 m

fus = 100 kN/m2

7.2 Pile Formed in Layered/Mixed Soils:
Honshu-Shikoku Bridge, Japan
An opportunity has been taken to determine whether
the proposed method can also yield reasonable
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b

b

2

Ls = 40 m

sb = 180 kN/m

Ep = 45kN/mm2

fub = 6,366 kN/m2

b

2

Ds = 2 m

ss = 173 kN/m

Db = 2 m

fus = 259 kN/m2

b

2

Ls = 70 m

sb = 300 kN/m

Ep = 45kN/mm2

fub = 20,000 kN/m2

Values back-analysed by Hirayama (1990)

The predicted axial force distribution and loadsettlement curve are plotted in Fig. 13b and c, which
also show the results of t–z analysis carried out by
Balakrishnan et al (1999) using the program
LTRANB. The t–z curves were derived from 13 test
piles and incorporated a non-linear stress/strain
model for concrete. Predictions usng the proposed
method are seen to be in better agreement with the
measured data, in comparison with the t–z results.

b

2

Ls = 70 m

Values estimated using correlation suggested by Balakrishnan et al. (1999) since pile failure not reached

4.

a

2

Db = 3 m

a

3.

sb = 1104 kN/m
fub = 7,360 kN/m2

Ds = 3 m

b

pile base (Balakrishnan et al. 1999) and therefore
the effect of Eu on the SEM predictions is
negligible.
the ss value is the weighted (with respect to strata
thickness) average of the s values
fub is estimated from fub = 40NSPT (kN/m2) as
suggested by Chang and Broms (1991), based on
instrumented pile tests in weathered rocks. This is
consistent with 40NSPT \ fub \ 43NSPT (fub is in
kN/m2) suggested by Balakrishnan et al (1999).

a

2

b

results for long piles founded in layered soils. Three
such piles were installed and tested at the site of
Honshu-Shikoku Bridge, West Japan. The database
is taken from Hirayama (1990) and comprises piles:
T1, T2 and T3 of lengths 70, 40 and 70 m and
diameters 3, 2 and 2 m, respectively, Fig. 14. For all
the piles, the maximum test load was 40MN, which
caused head settlements of approximately 9 mm
(\ 0.5%Ds), 210 mm (10%Ds) and 15 mm
(& 0.8%Ds) for piles T1, T2 and T3, respectively.
While the maximum head capacity of pile T2 was
nearly reached, only a very small portion of total
load capacity was apparently mobilised in piles T1
and T3. The input data for the program were
assessed as follows:
(a)

Maximum shaft resistance values fmax for various strata were back-analysed by Hirayama
(1990). Then fus has been calculated by weighting the fmax values with respect to strata
thickness as defined by Eq. 14.
(b) Values of fub back-analysed by Hirayama (1990)
for each pile have been adopted.
(c) ss and sb have been estimated based on the
correlation s = 6NSPT (kN/m2) proposed by
Stroud (1974), where s and NSPT refer to shear
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For a pile head load of 40MN, the SEM predicted
load-settlement curves and axial force distribution,
for piles T1, T2 and T3 are plotted in Figs. 15, 16 and
17. The predictions are compared with observed pile
data and predictions made by Hirayama (1990) and
Lin (1997). Hirayama (1990) adopted a finite difference model (PILELS computer program) while Lin
(1997) used a non-linear FE model whereby the pile
was discretised into filamented 3-dimensional circular beam elements. The soil was represented by axial
non-linear spring models. It is seen that SEM predicts
both axial force and load-settlement variation more
accurately than the above two methods.
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Ep for the composite pile has been assessed
based on static modulus of 38 kN/mm2 for
concrete and assuming a typical reinforcement
ratio of 2.3%.
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Fig. 14 Piles in layered soil at Honshu-Shikoku Bridge,
Japan: Geotechnical profile
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strength and SPT blow count averages for
individual soil layers.
(d) Eu values are also approximated based on SPT
data and corroborated by reference to guidelines
given by Tomlinson (1994) for sand and clay
strata. The effect of Eu on pile head settlement
was likely to be very small given the very long
pile lengths.
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The analytical objective of the paper was to develop a
semi-empirical solution for the problem of predicting
load transfer and settlement behaviour of bored piles
formed in clays and weathered rocks. The following
conclusions may be drawn:
1.

The proposed method enables spatial variations in
both shaft-base load sharing and shaft resistance
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Fig. 15 Piles in layered soil at Honshu-Shikoku Bridge, Japan: EM and FE predictions-pile T1. a axial force distribution (for
Ph = 40 MN), b load-settlement variation
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Fig. 17 Piles in layered soil at Honshu-Shikoku Bridge, Japan: EM and FE predictions-pile T3. a axial force distribution (for
Ph = 40MN), b load-settlement variation

2.

distribution profile to be taken into account. The
formulation involves a relatively small number of
soil parameters, which can usually be abstracted
from standard ground investigation records.
Despite the large number of factors affecting
critical shaft settlement Dsc, British Standards
Institution (1986) merely lists a range of values
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for Dsc without setting out how Dsc should be
calculated. In this paper a correlation is proposed
for Dsc, through analysing actual pile test data, so
that many of the important factors influencing
Dsc are accounted for. The common assumption
that Dsc depends only on the shaft diameter was
shown to be inadequate.
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3.

4.

5.

For most of the piles analysed, the load-settlement and axial force variations predicted by the
proposed method are more accurate than those
calculated using either (1) a site-derived (appropriate) t–z analysis or (2) non-linear finite
analyses of two distinct types.
The program developed is capable of simulating
the pile head load-settlement curve, up to the
ultimate capacity. In addition, the program
provides the following solutions at any specified
loading stage: (a) the axial force variation along
pile (b) the shaft resistance distribution along pile
(c) the mobilised shaft and base resistances (d)
the average shaft settlement (e) the compression
of the pile and (f) the displacement of the pile at
any level.
Owing to its simplicity, the proposed method is
readily customisable to accommodate different
ground conditions and pile properties and dimensions. Therefore, the proposed method is likely to
be of significant benefit to foundation engineers.
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