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Analytical solution for stress distribution around deep lined

pressure tunnels under the water table

Xiangjian Dong, Ali Karrech∗, Chongchong Qi∗, Mohamed Elchalakani, Hakan Basarir

Department of Civil, Environmental and Mining Engineering, The University of Western Australia, 35
Stirling Hwy, Crawley, WA 6009, Australia

Abstract

Existing models on the stress distribution around deep buried tunnels pay little attention

to the impact of rock-liner interaction and seepage variation. The conventional solution

for deep lined tunnels has an inherent mathematical restriction since it is limited to thin

liners. In this paper, we solve the poro-mechanical problem of stress and pore pressure

distribution using the complex variable method and the conformal mapping technique. The

proposed solution relaxes the assumptions of thin liner and negligible stresses that limit the

usefulness of existing approaches. To derive the solution, the stress function is expanded

into Laurent series in the complex plane. Analytic expressions for both with and without

gravity conditions are obtained. The proposed solution is compared with the Finite Element

Method; a good agreement has been obtained between the numerical simulations and pro-

posed analytical solution. It is found that with the liner installation, the effective maximum

principal stress (MPS) decreases by about 50 % for the given case condition. In addition,

the pore pressure distribution around the tunnel increases sharply compared to the no liner

condition. The parametric study shows that the effective MPS value is highly affected by

the liner relative thickness, stiffness and permeability. Its location on the tunnel boundary

moves from the horizontal direction to the invert with the increase of the liner thickness

and stiffness. Furthermore, the results show that low liner permeability results in high pore

pressure around the tunnel, which reduces the effective stress within the rock mass.

Keywords: Closed-form solution, Skin effect, Complex variable method, Deep excavation
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1. Introduction

For deep underground tunnel construction, one of the important issues is the design of

lining with the consideration of groundwater flow into the tunnel [1, 2]. When an underwa-

ter tunnel is excavated, the groundwater may flow in especially when the infrastructure is

located under the water table. The effective stresses around the tunnel are affected by the

consequent seepage forces. Determining the stress distribution around the tunnel is essential

for its influence on the safety of workers and on the daily maintenance, especially when the

underground openings are excavated in areas with strong earthquake potential [3].

Analytical models can provide the stress and displacement fields within the whole domain

through rigorous mathematical derivation that take into account the relevant physical pa-

rameters [e.g. 4]. Analytical solutions are considered more advantageous than other methods

as they allow to explore the governing physics more effectively and to verify the correctness

of the results. However, numerical methods allow to investigate the poromechanics [5–8],

rock instabilities [9, 10] and the non-linear behaviour of geomaterials [11–14] that are dif-

ficult to reach analytically. Given simplified conditions, it is useful for the preliminary

design to obtain an early estimation of the excavation parameters. The complex variable

method has attracted research interest for its high precision and efficiency in solving various

opening problems [15–18]. For deep tunnels, the stress and displacement around circular

and/or non-circular shaped openings with homogeneous elastic media due to excavation are

obtained analytically by using complex variable method [4, 19–24]. However, in these ref-

erences the rock-liner interaction are ignored. The analytical solution proposed by Einstein

and Schwartz [25] was probably the first to consider the liner effect on the rock mass. At a

∗Corresponding author
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later stage, Bobet [26] illustrated the stress variation by considering the elastic transversely

anisotropic rock response of a circular lined tunnel. For non-circular lined tunnels, the ana-

lytical solutions were obtained by combining the complex variable method and the conformal

mapping function in elasticity [27–31]. Nevertheless, these solutions are restricted to thin

liners and they neglect the permeability of the liner.

For the pressure tunnel, the support design requires a good understanding of seepage

forces that are induced by interstitial fluid flow. The water inflow into a tunnel has been

substantially studied in recent years [32–37]. In these studies, the water tables were consid-

ered by using conformal mapping, which mapped the half-infinite fully saturated hydraulic

domain onto a circular ring. The complex variable method was used and combined with

specific boundary conditions in terms of constant pore water pressure or hydraulic head on

the tunnel boundary. However, the obtained solutions do not take the properties of liners

(e.g. thickness, stiffness and permeability) into consideration. Zhang et al. [38] consid-

ered the permeability of the liner and proposed a new set of solutions to study its effect

on the ground and tunnel behaviour due to steady water inflow. In addition, Li et al. [1]

investigated and compared the pore pressure expressions obtained from the complex vari-

able method, mirror image method and axisymmetric modelling method by considering the

effect of liner properties. The above mentioned analytic solutions are valid only for shallow

tunnel excavations. Being at depth, the problem we are focusing on here requires different

boundary conditions for stress functions, which correspond to different complex variable rep-

resentations. The problems were decomposed into far-field total stress and far-field uniform

water pressure (no water table assumption) [39–43]. Tran et al. [43] showed that the pore

pressure variation has a great influence on the distribution of stresses and displacements

around the tunnels.

The design of tunnels under high geo-stresses has been studied by many scholars; analyt-

ical and numerical solutions have been derived for steady seepage flow around openings [33–

3



44]. However, limited effort has been dedicated to obtain analytical expressions of effective

stress distribution around deep pressure tunnels considering the seepage effect. Moreover,

most of the existing analytical solutions were obtained either by neglecting the impact of the

lining permeability (without considering the thickness of liner) or by significantly simplify-

ing the boundary conditions (rock-liner interaction). In this paper, we derive an analytical

solution on the basis of superposition of three partial solutions, in which the underwater

lining-induced seepage problem in the half-infinite plane is solved by combining the complex

variable method and conformal mapping technique. The solution is validated by the FEM

modelling. The lining effect on the stress distribution is studied in details and the influ-

encing factors such as liner relative thickness, relative stiffness and relative permeability are

discussed.

2. Definition of the problem

2.1. Problem description

This paper describes the behaviour of deep lined tunnels subjected to far-field initial com-

pression geo-stresses, at a distance h below the water table (as shown in Fig. 1). The liner,

usually made of reinforced concrete, is installed to ensure the stability of the surrounding

rock mass. For an underwater tunnel, if the lining is designed to fully seal the water inflow

achieving a waterproof tunnel, the lining would have to withstand a high water pressure

for a long period, which would result in water leakage and subsequent tunnel lining failure.

If full drainage is implemented in the tunnel construction, a large-scale pumping system is

needed which increases the production cost. Therefore, for economic and safety purposes,

the liner is designed to block limited drainage. Its designed permeability is different from

the rock matrix and varies for different tunnel usages.

The following assumptions are made to obtain the analytical solution for the steady

seepage field of the deep lined tunnel. (1) the lined material and the surrounding rock mass

4



Figure 1: Analytic model for deep lined underwater tunnel.

are homogeneous, isotropic and elastic; (2) the cross-section is circular and suitable for plane

strain condition; (3) a steady-state flow and fully saturated conditions are assumed; (4) the

water table is horizontal and remains unchanged.

2.2. Theoretical framework

Taking water pressure into account, the effective stress is expressed as:

σ′ij = σij − δijαip (1)

where σij is the total stress; δij is the Kronecker symbol which is equal to one and zero when

i = j and i 6= j, respectively; αi represents Biot’s coefficient and p means pore pressure.

For the steady-state flow, the posed problem can be solved by superposing three partial

solutions. The first partial solution is the far-field total stress distribution caused by the

circular opening excavation with finite liner installation (see Fig. 2(a)). The second partial

solution is the pore pressure distribution within the surrounding rock mass below the water

5



table (see Fig. 2(b)). The third partial problem (Fig. 2(c)) is the pore pressure variation

due to liner installation since the permeabilities are different. The superposition principle

applies in this case because the problem is linear both in terms physical responses related

to the solid and fluid phases.

Figure 2: Principle of superposition in solving the poro-mechanical problem.

The solution of any problem in elasticity must satisfy force equilibrium, compatibility of

deformations, and boundary conditions. In particular, to obtain the total stress distribution

induced by tunnel excavation, we use Airy stress function Φ, which fulfils compatibility

equation:

∇2(∇2Φ) = 0 (2)

where ∇2 is the Laplace operator.

The total stresses in the 2D Cartesian coordinates are expressed as:

σx =
∂2Φ

∂y2
;σy =

∂2Φ

∂x2
; τxy = − ∂2Φ

∂x∂y
(3)
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For the steady-state fluid flow, the total head distribution follows Laplace equation:

∇2H = 0 (4)

The pore pressure, a function of total head, is calculated as:

p = γw(H − Z) (5)

where γw is the unit weight of fluid and Z is the elevation head.

It is assumed that the water pressure at inner liner boundary is constant (p), which can

be considered as leakage and/or pumping condition. The total hydraulic head at the the

outer liner boundary is assumed constant (Hr) [1, 39, 40]. Therefore, the pore pressure at

the rock-liner interface is a linear function with respect to the depth py = γw(Hr − y) (as

shown in Fig. 2(c)).

3. Analytical solution

3.1. First partial solution

In this framework, the total stress distribution is solved by using the complex variable

method. The general concepts can be found in [15]. As shown in Fig. 2(a), the liner is

assumed to adhere perfectly to the surrounding rock and its installation is assumed instan-

taneous after the tunnel excavation. For the case of support delay condition (add another

displacement component in the deformation continuity equation), we can use the recent pub-

lication derived by Lu et al. [28] for non-circular openings with thin liner only. However, for

modern excavation processes such as shielded TBM tunnels, it is reasonable to assume that

support systems are installed instantaneously. Therefore, the deformation field continuity

7



at the rock-liner interface can be written as:

Γ[k1ψ1(z)− zψ′1(z)− χ1(z)] = k2ψ2(z)− zψ′2(z)− χ2(z), z = r1e
iθ (6)

where the superscripts ′ represents the first order of the derivatives; Γ = G2/G1 and G =

E/(2 + 2ν). To make it clear, the subscripts 1 and 2 represent the rock mass and the liner,

respectively.

On the inner boundary of the liner, the stress relations are expressed as:

σr − iτrθ = 0, z = r2e
iθ (7)

The continuity of resultant force at the rock-liner interface results in:

χ1(z) + ψ1(z) + zψ′1(z) = χ2(z) + ψ2(z) + zψ′2(z), z = r1e
iθ (8)

For the addition of far-field stress boundary conditions, we consider two different cases,

which are the conditions with and without gravity. 1) in Case one (with gravity), the far-field

stress condition is expressed as:

σv→∞ = σffv + γr(Y − v)

σu→∞ = λ[σffv + γr(Y − v)]

τuv→∞ = 0

(9)

where σffv is the far-field vertical stress, γr is the unit weight of the rock mass (we set the

densities between the rock mass and the liner equal), Y is the relative distance from the

tunnel centre to the upper boundary (as shown in Fig. 2(a)) and λ = ν/(1− ν) represents

the lateral stress coefficient.
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2) in Case two (without considering gravity), the far-field total stress can be expressed

as: σ̃v→∞ = σffv , σ̃u→∞ = λσffv and τ̃uv→∞ = 0.

The solution procedure is similar to the above mentioned far-field total stress boundary

conditions. We now derive the expressions based on the first case boundary condition. The

stress boundary condition of Eq.(9) for case one is expressed as:

(1 + λ)[σffv + γr(Y − v)] = 4Re[ψ′1(z)], |z| → ∞

(1− λ)[σffv + γr(Y − v)]ei2θ = 2ei2θ[zψ′′1(z) + χ′1(z)] |z| → ∞
(10)

We now expand the complex stress functions ψ(z) and χ(z) into Laurent series as [45]:



ψ1(z) =
∑∞

k=0[a2kz
2k+1 + b2kz

−(2k+1)]

χ1(z) =
∑∞

k=0[c2kz
2k+1 + d2kz

−(2k+1)]

ψ2(z) =
∑∞

k=0[e2kz
2k+1 + f2kz

−(2k+1)]

χ2(z) =
∑∞

k=0[g2kz
2k+1 + h2kz

−(2k+1)]

(11)

where the unknown coefficients a2k, b2k, c2k, d2k, e2k, f2k, g2k and h2k are expressed in

the complex space. Knowing that the opening geometry, liner and far-field stresses are

symmetric to the coordinates, these coefficients are real constants which can be calculated

based on the above mentioned stress and displacement boundary conditions.

By combining Eq.(6) ∼ Eq.(11), and comparing the coefficients of eiθ, ei(2k+1)θ and

e−i(2k+1)θ in each derived equation (see the detailed derivation in Appendix), the following

9



set of equations is obtained:



a0 = 1
4
(1 + λ)[σffv + γr(Y − v)], a2k = 0, k > 1

c0 = 1
2
(1− λ)[σffv + γr(Y − v)], c2k = 0, k > 1

2e0 + h0r
−2
2 = 0, 1©

2a0r1 + d0r
−1
1 − 2e0r1 − h0r−11 = 0, 2©

(k1Γ− Γ + 2)a0r1 − (Γ− 1)d0r
−1
1 − (k2 + 1)e0r1 = 0, 3©∑∞

k=1[2(2k + 1)e2kr
2k
2 − 2(2k − 1)f2k−2r

−2k
2 − 2k(2k + 1)e2kr

2k
2

−2k(2k − 1)f2k−2r
−2k
2 − (2k − 1)g2k−2r

2k−2
2 + (2k + 1)h2kr

−2k−2
2 ] = 0, 4©∑∞

k=1[−2k(2k + 1)e2kr
2k
2 + 2k(2k − 1)f2k−2r

−2k
2

−(2k − 1)g2k−2r
2k−2
2 − (2k + 1)h2kr

−2k−2
2 ] = 0, 5©∑∞

k=1[a2kr
2k+1
1 − (2k − 1)b2k−2r

−2k+1
1 + d2kr

−2k−1
1

−e2kr2k+1
1 + (2k − 1)f2k−2r

−2k+1
1 − h2kr−2k−11 ] = 0, 6©∑∞

k=1[(k1Γ + 1)a2kr
2k+1
1 + (Γ− 1)(2k − 1)b2k−2r

−2k+1
1

−(Γ− 1)d2kr
−2k−1
1 − (k2 + 1)e2kr

2k+1
1 ] = 0, 7©∑∞

k=0[b2kr
−2k−1
1 + (2k + 3)a2k+2r

2k+3
1 + c2kr

2k+1
1

−f2kr−2k−11 − (2k + 3)e2k+2r
2k+3
1 − g2kr2k+1

1 ] = 0, 8©∑∞
k=0[(k1Γ + 1)b2kr

−2k−1
1 − (Γ− 1)(2k + 3)a2k+2r

2k+3
1

−(Γ− 1)c2kr
2k+1
1 − (k2 + 1)f2kr

−2k−1
1 ] = 0. 9©

(12)

The final equation set contains 3 + 6k unknowns and 3 + 6k independent equations, which

are solved by following matrix:

MX = N (13)

where M is a n × n matrix of coefficients ak, bk, ek, fk, gk and hk; X is a n × 1 vector of

ak, bk, ek, fk, gk and hk; and N contains n constants. Taking these coefficients into the

potential function Eq.(11), the total stresses distribution in both finite thickness liner and

10



surrounding rock mass are therefore obtained analytically.

3.2. Second partial solution

The second partial problem involves water inflow into the lined tunnel. As shown in Fig.

3, the conformal mapping technique [32–36] is applied to deal with this semi-infinite complex

boundary condition. We map the outer liner boundary, water table and the surrounding

rock medium onto a circular ring. The mapping function can be written as:

F = ω(ξ) = −ih1− α2

1 + α2

1 + ξ

1− ξ
(14)

where α is defined by the ratio of opening radius (r1) and the depth h.

α =
h

r1
−
√

(h/r1)2 − 1 (15)

The coordinate transformation between the F -plane (F = x + iy) and ξ-plane (ξ =

ρ(x,y)e
iθ(x,y)) in Polar coordinates is shown as:

ρ =

√
x2 + (y +

√
h2 − r21)2

x2 + (y −
√
h2 − r21)2

θ = arctan(
2x

√
h2 − r21

x2 + y2 − (h2 − r21)
)

(16)

In the original F -plane, the x− axis is set at the water table level and the y− axis aligns

with the tunnel centre. After mapping, any point (x, y) below the water table in F -plane can

be conformally mapped into ξ domain with (ρ, θ). The inner circumference in ξ-plane with

radiusα represents the original F -plane with radius r1; the radius of the outer circumference

in ξ-plane is equal to one, which represents the water table level of the original plane. The

mapping result of this mapped function is illustrated in Fig. 3.

The total head expression (Eq.(4)) within the original plane is expressed in the ξ-plane

11



Figure 3: Mapped opening for half-infinite plane.

as:

∂2H

∂ρ2
+

1

ρ

∂H

∂ρ
= 0 (17)

The general solution to Eq.(17) is:

H = C1 + C2 ln ρ+
∞∑
n=1

(C3ρ
n + C4ρ

−n) cosnθ (18)

where ρ and θ represent any point in the ξ domain; C1, C2, C3 and C4 are determined by the

total head boundary conditions at the water table level H(ρ=1) = 0 and rock-liner interface

H(ρ=α) = Hr (constant total head assumption in Section 2.2).

Substituting these boundary conditions into Eq.(18), the total head expression in ξ do-

main can be obtained as:

H =
Hr

lnα
ln ρ (19)

Therefore, the water pressure within the rock mass is denoted as (expressed in original

F region):

pr(x, y) =
γwHr

ln(h/r1 −
√

(h/r1)2 − 1)
ln

√
x2 + (y +

√
h2 − r21)2

x2 + (y −
√
h2 − r21)2

− γwy (20)

Eq.(20) shows that the water pressure distribution is a function of the hydraulic head

12



Hr, which is an unknown parameter to be determined. Instead of assuming a value Hr, we

use the equality relationship of water inflow in the rock mass and in the liner to precisely

determine this value.

The water inflow through the rock-liner interface can be obtained as:

Qr = Kr

∫ 2π

0

∂H

∂ρ
ρdθ =

2πKrHr

ln(h/r1 −
√

(h/r1)2 − 1)
(21)

where Kr is the permeability of the rock mass.

3.3. Third partial solution

The third partial problem (see Fig. 2(c)) is proposed to express the total head at the

outer liner boundary (Hr = py/γw + y). It is firstly solved without taking specific weight

γw and the elevation head y into consideration. The pore pressure distribution within liner

fulfils Laplace equation and the conditions of the conformal mapping of the complex variable

methods. The general solution of pore pressure distribution is written as.

pl = C5 + C6 ln ρ (22)

where C5 and C6 are constants which are determined by the boundary conditions.

When the gravity is neglected, the pore pressure boundary condition at the rock-liner

interface is expressed as p1 = γwHr and the pore pressure at the inner liner p2 = p is constant.

The pore pressure expression is obtained by substituting these boundary conditions into

Eq.(22):

pl = γwHr +
p− γwHr

ln(r2/r1)
ln
ρ

r1
(23)

The total hydraulic head within the liner is expressed as:

Hl = Hr +
p/γw −Hr

ln(r2/r1)
ln

√
x2 + (y + h)2

r1
(24)
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The above solutions are derived under the condition of negligible gravity. By taking

the gravity and elevation head into consideration, the total hydraulic head expression is

described as follows [35]:

Hl = Hr + A(x, y) +
p/γw −Hr +B(x, y)

ln(r2/r1)
ln

√
x2 + (y + h)2

r1
(25)

where A(x, y) and B(x, y) are functions to be determined.

The corresponding boundary conditions are:

Hl = Hr, (x2 + (y + h)2 = r21)

Hl = p/γw + r2 sin θ − h, (x2 + (y + h)2 = r22)

(26)

where θ = arctan y+h
x

Substituting Eq.(26) into Eq.(25), the unknowns are solved as A(x, y) = 0 and B(x, y) =

r2 sin θ − h.

The total hydraulic head Hl can be rewritten in Polar coordinates as:

Hl = Hr +
p/γw −Hr + r2 sin θ − h

ln(r2/r1)
ln
ρ

r1
(27)

The water inflow Ql in the liner is calculated as:

Ql = Kl

∫ 2π

0

∂Hl

∂ρ
ρdθ =

2πKl

ln(r2/r1)
(p/γw −Hr − h) (28)

where Kl represents the permeability of the liner.

Combining Eq.(21) and Eq.(28) and setting Qr = Ql, the unknown hydraulic head Hr is

derived as:

Hr =
k(p/γw − h) lnα

ln(r2/r1) + k lnα
(29)

14



where k = Kl/Kr is the relative permeability between the liner and rock mass.

Substituting Eq.(29) into Eq.(20), the pore pressure distribution within the rock mass is

denoted as:

pr(x, y) =
k(p− γwh)

ln(r2/r1) + k ln(h/r1 −
√

(h/r1)2 − 1)
ln

√
x2 + (y +

√
h2 − r21)2

x2 + (y −
√
h2 − r21)2

− γwy (30)

4. Validation of the proposed solution

4.1. Numerical simulation

The general purpose software Abaqus that uses the Finite Element Method (FEM) is used

to validate the analytical solution. The model is developed to simulate a deep buried lined

tunnel. The rock mass and lined material are modelled as solid elements. In this simulation,

as shown in Fig. 1, the domain is discretised with 8-node plane strain quadrilateral element

(CPE8RP). Local fine mesh is applied to capture the displacement/stress component and

to save computational time. We extend the analysed domain to 30 times the opening radius

(100 m from the tunnel centre) to reduce the error caused by the far-field boundary condition

as suggested by Bobet [39].

Table 1 summarises the input mechanical properties. To simulate the far-field condition,

10.0 MPa vertical stress is applied on the top boundary. The horizontal stress is obtained

based on the Poisson’s ratio and the gravity gradient automatically. The vertical and bottom

boundaries are restricted to normal movement. The pore pressure of the inner liner boundary

is 0.2 MPa. The water table is set to 50 m above the tunnel centre and remains unchanged.

The pore pressure at and above the water table is set to zero; it increases linearly with

depth. For this case, the liner thickness is set to 0.5 m, while the solution is not restricted in

terms of liner thickness. The permeability of the liner is selected 100 times smaller than that

of the rock mass, while the stiffness of the liner is relatively higher. For the case without

gravity , the top and bottom boundaries are both equal to 10.0 MPa compressive stresses.
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Table 1: Mechanical parameters.

Variable Parameter Variable Parameter

σffv (MPa) 10 p (MPa) 0.2
Y (m) 100 h (m) 50
r1 (m) 3.0 r2 (m) 2.5
Kr (m/s) 5× 10−6 Kl (m/s) 5× 10−8

Er (GPa) 20 El (GPa) 200
γr (N/m3) 25000 γw (N/m3) 10000
νr 0.25 νl 0.25

4.2. Comparison of analytical solutions with numerical results

Fig. 4 shows the pore pressure distribution contour in a half-domain since its distribution

is symmetric to y−axis. It is obvious that the proposed analytical solution matches well with

the FEM modelling, especially in the vicinity of the lined opening. In the area further away

from the opening, the pore pressure obtained using FEM modelling is slightly higher than

that obtained using analytically, because of the mesh effect and the pore pressure constraints

along the edges of the boundary. For the fine mesh and the points further away from the

boundary constraints, the results match well.

Apart from comparing it with the numerical simulation, we compared the derived first

partial solution with Lu et al. [46] and Wand and Li [47]. In this comparison, the following pa-

rameters are taken: r1 = 3.0 m, r2 = 2.5 m, νr = νl = 0.25, El/Er = 10.0, σffv = 10.0 MPa

and σffu = 5.0 MPa. Fig. 5 shows the variation of stress concentration factor (SCF), σ/σffv ,

with the ratio distance (r/r2) in the horizontal direction. Clearly, the numerical result is

close to the analytical solution, with finer mesh the stress value would reach the analytic

result especially at the rock-liner interface. The analytical solution derived by Lu et al. [46]

considered slip and no-slip conditions on the interface. The inner pressure of the tunnel was

considering in both Wand and Li [47] and Lu et al. [46] solutions, but they overlooked the

gravity effect. For comparison purpose of the first partial solution with our solution, the

same results were obtained, since all these solutions are derived based on the same theory.
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Figure 4: Comparison with FEM modelling in terms of pore pressure distribution.

Figure 5: Comparison of the first partial total stress solution.
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The derived pore pressure distribution is also compared with the published results of

Ming et al. [35] where lining was ignored. In our solution, the pore pressure distribution

obtained in the absence of lining using equation Eq.(30) can be expressed as:

pr(x, y) =
γwHr

ln(h/r1 −
√

(h/r1)2 − 1)
ln

√
x2 + (y +

√
h2 − r21)2

x2 + (y −
√
h2 − r21)2

− γwy (31)

where Hr = p/γw−h, which also matches the constant total head assumption. This equation

is comparable with the solution of Ming et al. [35]. Their solution can be considered as a

specific case of our solution, in which the liner is not considered.

Taking liners effect into consideration, we further compare the pore pressure with Li et

al. [1] solution, in which the mirror image method is used. Fig. 6 shows the comparison

result in horizontal direction along the tunnel axis. The relative permeability between the

rock and liner is set to 10 (Kr/Kl = 10.0) to clearly show the variation of pore pressure with

distance. The rest calculation parameters are shown in Table 1. Obviously, the proposed

solution by using complex variable method coincides with the result derived by Li et al. [1].

We also compare our analytical solution to the numerical simulation in terms of effective

principal stresses with respect to distance from the opening boundaries (see Fig. 7 and

Fig. 8). For the total stress partial solution, we consider both conditions with and without

gravity gradient and compare the results to the corresponding numerical simulations. Both

the effective maximum and minimum principal stresses obtained analytically (see the solid

line) in the three representative directions coincide with the corresponding solutions obtained

using FEM simulation (see the dot-dash line). It is suggested that our solutions are valid to

describe the lining effect of the stress distribution within the rock mass.

The effective maximum principal stresses (MPS) on the tunnel boundary in the vertical

direction (point 2 and 3) show a similar results irrespective of the gravity conditions (Fig.

7 (a) and (b)). However, these values vary a lot when the distance increases from the
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Figure 6: Comparison of pore pressure.

boundary. In the horizontal direction, the MPS values obtained with gravity are larger than

those obtained without it. The magnitude mainly depends on the distance between the

model boundary and the tunnel centre (Y value). When gravity is neglected, the effective

minimum principal stresses increase sharply and then decreases with the distance away

from the tunnel boundary in the vertical directions (Fig. 8 (a) and (b)). When gravity is

considered, this value decreases with respect to distance away from the tunnel boundary.

Considering gravity has a great influence on the stress distribution and should be taken into

account especially when designing deep pressure tunnels.

5. Discussion

5.1. Lining effect on the stress distribution

As shown in Fig. 9, the installed liner highly affects the pore pressure distribution. We

plot the pore pressure expression Eq.(31) obtained without lining first. The pore pressure

drops rapidly to the value near the inner boundary condition at the vicinity of the tunnel,
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Figure 7: Comparisons of effective maximum principal stress (MPS) between the proposed analytical solution
and numerical simulation in three representative directions; (a) above the tunnel crown, (b) below the tunnel
invert and (c) at horizontal line.

20



Figure 8: Comparisons of effective minimum principal stress between the proposed analytical solution and
numerical simulation in three representative directions; (a) above the tunnel crown, (b) below the tunnel
invert and (c) at horizontal line.
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regardless of the total head level. While with the liner (the related parameter is shown in

Table 1), the pore pressure near the tunnel drops slightly.

Figure 9: Pore pressure distribution contour with and without liner conditions.

Installing the liner also alters the total stress distribution which changes the effective

stress within the rock mass. Fig. 10 compares the effective MPS variation with and without

liner installation. When there is no liner (dot-dash line in Fig. 10), the MPS concentrates

at the horizontal direction and decreases gradually further away from the opening. On the

tunnel boundary, the stress increases from the tunnel crown to the horizontal direction.

When the liner is installed (solid line in Fig. 10), the MPS appears on the tunnel boundary

with an angle around -40◦ from the x−axis. It is noticed that the effective MPS reduces

by about 50% as it decreases from 33.1 MPa to 17.3 MPa with the liner effect. It is

worthwhile mentioning that the standard total MPS (calculated without considering the
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effects of gravity and liner) for the same set of parameters is 25.0 MPa in accordance with

the textbook of Jaeger et al. ([48]). As for the minimum principal effective stress shown

in Fig. 11, it increases from the tunnel corner to a high value away from the opening both

with and without lining conditions. On the tunnel boundary, the stress starts to decrease

slightly at the tunnel crown until it reaches a higher level at a point around 40◦ from the

x−axis; it then increases to its peak value in a horizontal direction for the given lined tunnel

case. The same tendency can be found under no liner condition. It is also noticed that the

effective stress contours are not symmetric with respect to x due to gravity.

Figure 10: Effective MPS contour with and without liner conditions.

For given geological conditions, the properties of the liner are selected to resist stress

concentrations; these properties include essentially the thickness, stiffness and permeability.

Herein, We are not intended to give the best possible design, but rather to cover a range of

typical dimensions. To provide acceptable design, only one parameter should be varied at

a time while all other parameters are kept constant. From the derived equations in Section

3, the relative liner thickness would affect both pore pressure distribution and total stress

status around the opening. The pore pressure distribution is also highly related to the
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Figure 11: Effective minimum principal stress contour with and without liner conditions.

relative permeability of the liner. The relative stiffness of liner, in turn, affects the total

stress distribution. Although the Poisson’s ratio has an influence on the stress, it does not

vary too much for different liner materials. Therefore, we keep its value equal to 0.25.

5.2. Effect of the relative thickness

Fig. 12 shows the variation of effective MPS with different relative liner thicknesses in

the horizontal direction at line 5-6. The two extreme cases with ∆r/r1 = 1 and ∆r/r1 =

0 represent fully filled and no liner installed conditions, respectively. The effective MPS

increases with the relative liner thickness on the boundary. When the relative liner thickness

is larger than 0.143, the effective MPS decreases first and then increases gradually to a stable

value.

In addition, the effect of the relative thickness on the effective MPS within the domain

and its location around the tunnel boundary are studied in detail (see Fig. 13). The effective

MPS reaches its highest value of 33.1 MPa when there is no liner. With the liner, the value

drops sharply and remains around 17 MPa with different liner thicknesses. However, the

concentration location varies a lot. It moves from the tunnel crown to the tunnel invert as
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Figure 12: Effective MPS variation at line 5-6 on the effect of relative thickness.

the relative liner thickness increases.

5.3. Effect of the relative stiffness

The total stresses shown in Eq.(12) are determined using the relative Young’s modulus

rather than the Young moduli of the rock or the liner alone. The analysed cases cover El/Er

ratios that change over two orders of magnitude, which are thought to be representative in

design cases. As shown in Fig. 14, if the liner stiffness is smaller than the rock mass stiffness,

the stress increases at the excavation boundary. A relative stiffness equal to 0 is considered

when no liner is installed. Under such condition, the total MPS reaches 33.3 MPa on the

tunnel boundary. When the relative stiffness value is less than 5, the stress within the

rock mass decreases with the increase of the liner relative stiffness. The total MPS decays

gradually with the distance. However, when the relative stiffness value is larger than 10, the

total MPS decreases first and then increases to a stable value. The stress variation zone is

in the range of 3 times the initial opening radius (within 15 m to the opening boundary).
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Figure 13: Effective MPS within the domain and its location on the effect of relative thickness.

In all cases, the total MPS convergence to 12.5 MPa in the horizontal direction.

Fig. 15 also shows that the effective MPS drops when the liner is installed. When the

liner stiffness is equal to or larger than that of the rock mass (relative stiffness is larger

than 1), the effective MPS value reduces to about 20 MPa. The concentration location of

the effective MPS converges to about -40◦ from x-axis with the increase of the liner relative

stiffness.

5.4. Effect of the relative permeability

The pore pressure distribution is also related to the liner relative permeability. In

petroleum engineering, the skin effect is formed since the permeabilities between the well-

bore and the formation are different. The skin is positive if the permeability in the skin

zone is less than that of the formation (Kl/Kr < 1). In contrast, the skin is negative if

it is more than that of the formation (Kl/Kr > 1). If the two permeabilities are equal

(Kl/Kr = 1) there is no skin effect [49]. Fig. 16 indicates that the pore pressure increases
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Figure 14: Total MPS variation at line 5-6 on the effect of relative stiffness.

Figure 15: Effective MPS within the domain and its location on the effect of relative stiffness.
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with the decreases of the liner relative permeability. The case Kl/Kr = 0 with the solid red

line in the figure means the impermeable liner condition, while Kl/Kr = 1.0e5 represents

no liner condition, in which the pore pressure at the inner boundary equals the initial pore

pressure as 0.2 MPa which also confirms of no liner condition. Furthermore, the effective

MPS value increases with the liner relative permeability (see in Fig. 17). Changing the liner

permeability affects the pore pressure distribution only; the concentration location of the

effective MPS remains at -37.1◦ on the tunnel boundary.

Figure 16: Pore pressure variation at line 5-6 on the effect of relative permeability.

6. Conclusion

An analytical solution is obtained in terms of stress distribution in deep lined tunnels.

The problem is solved by using the superposition of three partial solutions. The complex

variable method and the conformal mapping technique are applied to solve this half-infinite

hydraulic domain and far-field geo-stress conditions. The proposed solution is compared
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Figure 17: Effective MPS within the domain and its location on the effect of relative permeability.

with the results of the Finite Element Method obtained in terms of pore pressure and

effective principal stresses. The lining effect on the effective stress distribution is studied

in detail. Furthermore, a range of liner relative thicknesses, relative stiffnesses and relative

permeabilities are performed to investigate the lining effect on the stress variation. The

main findings of this study are summarised as follows:

In deriving the total stress, we considered both with and without gravity for far-field geo-

stress conditions. Both cases were compared to the numerical modelling and they were found

to match well. For the final superposition solutions, both pore pressure distribution and

effective principal stresses obtained analytically coincide with the FEM modelling results.

In addition, the proposed solution can be generalised to any thickness of the liner.

The liner has great influence on the stress distribution after tunnel excavation. When

there is no liner, the pore pressure drops significantly to a low value. While when the liner is

installed (for the given liner property), the pore pressure changes slightly around the tunnel.
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In addition, under the lined condition, the effective MPS reduces from 33.1 MPa to 17.3

MPa within the domain.

Parametrization results show that the effective MPS value is the coupling effect of the

liner relative thickness, stiffness and permeability. While its location moves from the hor-

izontal direction to the invert with the increase of the liner thickness and stiffness. The

difference in permeability between the rock and liner acts as a skin effect on the fluid flow.

The lower the liner permeability the higher water pressure would be, which reduces effective

stress in the rock mass. In practice, the selection of liner should also take the cost and the

real geological conditions into consideration.
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Appendix

By substituting Eq.(8) into Eq.(6) and combining Eq.(11), the following equations can

be obtained:

(k1Γ + 1)a0r1e
iθ + (k1Γ + 1)

∞∑
k=1

a2kr
2k+1
1 ei(2k+1)θ + (k1Γ + 1)

∞∑
k=0

b2kr
−2k−1
1 e−i(2k+1)θ

− (Γ− 1)a0r1e
iθ − (Γ− 1)

∞∑
k=0

(2k + 3)a2k+2r
2k+3
1 e−i(2k+1)θ + (Γ− 1)

∞∑
k=1

(2k − 1)b2k−2r
−2k+1
1 ei(2k+1)θ

− (Γ− 1)
∞∑
k=0

c2kr
2k+1
1 e−i(2k+1)θ − (Γ− 1)d0r

−1
1 eiθ − (Γ− 1)

∞∑
k=1

d2kr
−2k−1
1 ei(2k+1)θ

− (k2 + 1)e0r1e
iθ − (k2 + 1)

∞∑
k=1

e2kr
2k+1
1 ei(2k+1)θ − (k2 + 1)

∞∑
k=0

f2kr
−2k−1
1 e−i(2k+1)θ = 0

(A.1)
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Comparing the coefficients of eiθ, ei(2k+1)θ and e−i(2k+1)θ in Eq.(A.1) and noting that the

equality is independent of θ, we have:



(k1Γ− Γ + 2)a0r1 − (Γ− 1)d0r
−1
1 − (k2 + 1)e0r1 = 0,∑∞

k=1[(k1Γ + 1)a2kr
2k+1
1 + (Γ− 1)(2k − 1)b2k−2r

−2k+1
1

−(Γ− 1)d2kr
−2k−1
1 − (k2 + 1)e2kr

2k+1
1 ] = 0,∑∞

k=0[(k1Γ + 1)b2kr
−2k−1
1 − (Γ− 1)(2k + 3)a2k+2r

2k+3
1

−(Γ− 1)c2kr
2k+1
1 − (k2 + 1)f2kr

−2k−1
1 ] = 0

(A.2)

Substituting Eq.(11) into Eq.(10), we have:

σffv + σffu =4[
∞∑
k=0

(2k + 1)a2kr
2k
3 e

i2kθ −
∞∑
k=1

(2k − 1)b2k−2r
−2k
3 e−i2kθ];

(σffv − σffu )ei2θ =2ei2θ[
∞∑
k=0

2k(2k + 1)a2kr
2k
3 e

i(2k−2)θ +
∞∑
k=1

2k(2k − 1)b2k−2r
−2k
3 e−i(2k+2)θ

+
∞∑
k=0

(2k + 1)c2kr
2k
3 e

i2kθ −
∞∑
k=1

(2k − 1)d2k−2r
−2k
3 e−i2kθ]

(A.3)

Since r3 →∞ in Eq.(A.3), we have:

 a0 = 1
4
(1 + λ)[σffv + γr(Y − v)], a2k = 0, k > 1

c0 = 1
2
(1− λ)[σffv + γr(Y − v)], c2k = 0, k > 1

(A.4)

Substituting Eq.(11) and Eq.(7) into Airy stress function, the following equations can be

obtained:
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2e0 + h0r
−2
2 +

∞∑
k=1

[2(2k + 1)e2kr
2k
2 − 2(2k − 1)f2k−2r

−2k
2 − 2k(2k + 1)e2kr

2k
2

− 2k(2k − 1)f2k−2r
−2k
2 − (2k − 1)g2k−2r

2k−2
2 + (2k + 1)h2kr

−2k−2
2 ] cos 2θ

+
∞∑
k=1

[−2k(2k + 1)e2kr
2k
2 + 2k(2k − 1)f2k−2r

−2k
2 − (2k − 1)g2k−2r

2k−2
2

− (2k + 1)h2kr
−2k−2
2 ] sin 2θ = 0

(A.5)

Knowing that Eq.(A.5) is independent of θ shows that:



2e0 + h0r
−2
2 = 0,∑∞

k=1[2(2k + 1)e2kr
2k
2 − 2(2k − 1)f2k−2r

−2k
2 − 2k(2k + 1)e2kr

2k
2

−2k(2k − 1)f2k−2r
−2k
2 − (2k − 1)g2k−2r

2k−2
2 + (2k + 1)h2kr

−2k−2
2 ] = 0,∑∞

k=1[−2k(2k + 1)e2kr
2k
2 + 2k(2k − 1)f2k−2r

−2k
2

−(2k − 1)g2k−2r
2k−2
2 − (2k + 1)h2kr

−2k−2
2 ] = 0

(A.6)

Substitution of Eq.(11) into Eq.(8) leads to:

a0r1e
iθ +

∞∑
k=1

a2kr
2k+1
1 ei(2k+1)θ +

∞∑
k=0

b2kr
−2k−1
1 e−i(2k+1)θ + a0r1e

iθ

+
∞∑
k=0

(2k + 3)a2k+2r
2k+3
1 e−i(2k+1)θ −

∞∑
k=1

(2k − 1)b2k−2r
−2k+1
1 ei(2k+1)θ +

∞∑
k=0

c2kr
2k+1
1 e−i(2k+1)θ

+ d0r
−1
1 eiθ +

∞∑
k=1

d2kr
−2k−1
1 ei(2k+1)θ = e0r1e

iθ + h0r
−1
1 eiθ + e0r1e

iθ +
∞∑
k=1

e2kr
2k+1
1 ei(2k+1)θ

+
∞∑
k=0

f2kr
−2k−1
1 e−i(2k+1)θ +

∞∑
k=0

(2k + 3)e2k+2r
2k+3
1 e−i(2k+1)θ −

∞∑
k=1

(2k − 1)f2k−2r
−2k+1
1 ei(2k+1)θ

+
∞∑
k=0

g2kr
2k+1
1 e−i(2k+1)θ +

∞∑
k=1

h2kr
−2k−1
1 ei(2k+1)θ

(A.7)
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Comparing the coefficients of eiθ, ei(2k+1)θ and e−i(2k+1)θ in Eq.(A.7) and noting that this

equality is independent of θ, we have:



2a0r1 + d0r
−1
1 − 2e0r1 − h0r−11 = 0,∑∞

k=1[a2kr
2k+1
1 − (2k − 1)b2k−2r

−2k+1
1 + d2kr

−2k−1
1

−e2kr2k+1
1 + (2k − 1)f2k−2r

−2k+1
1 − h2kr−2k−11 ] = 0,∑∞

k=0[b2kr
−2k−1
1 + (2k + 3)a2k+2r

2k+3
1 + c2kr

2k+1
1

−f2kr−2k−11 − (2k + 3)e2k+2r
2k+3
1 − g2kr2k+1

1 ] = 0

(A.8)

Combining Eq.(A.4), Eq.(A.6), Eq.(A.8) and Eq.(A.2), we have the following equation
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set:



a0 = 1
4
(1 + λ)[σffv + γr(Y − v)], k > 1

c0 = 1
2
(1− λ)[σffv + γr(Y − v)], c2k = 0, k > 1

2e0 + h0r
−2
2 = 0, 1©

2a0r1 + d0r
−1
1 − 2e0r1 − h0r−11 = 0, 2©

(k1Γ− Γ + 2)a0r1 − (Γ− 1)d0r
−1
1 − (k2 + 1)e0r1 = 0, 3©∑∞

k=1[2(2k + 1)e2kr
2k
2 − 2(2k − 1)f2k−2r

−2k
2 − 2k(2k + 1)e2kr

2k
2

−2k(2k − 1)f2k−2r
−2k
2 − (2k − 1)g2k−2r

2k−2
2 + (2k + 1)h2kr

−2k−2
2 ] = 0, 4©∑∞

k=1[−2k(2k + 1)e2kr
2k
2 + 2k(2k − 1)f2k−2r

−2k
2

−(2k − 1)g2k−2r
2k−2
2 − (2k + 1)h2kr

−2k−2
2 ] = 0, 5©∑∞

k=1[a2kr
2k+1
1 − (2k − 1)b2k−2r

−2k+1
1 + d2kr

−2k−1
1

−e2kr2k+1
1 + (2k − 1)f2k−2r

−2k+1
1 − h2kr−2k−11 ] = 0, 6©∑∞

k=1[(k1Γ + 1)a2kr
2k+1
1 + (Γ− 1)(2k − 1)b2k−2r

−2k+1
1

−(Γ− 1)d2kr
−2k−1
1 − (k2 + 1)e2kr

2k+1
1 ] = 0, 7©∑∞

k=0[b2kr
−2k−1
1 + (2k + 3)a2k+2r

2k+3
1 + c2kr

2k+1
1

−f2kr−2k−11 − (2k + 3)e2k+2r
2k+3
1 − g2kr2k+1

1 ] = 0, 8©∑∞
k=0[(k1Γ + 1)b2kr

−2k−1
1 − (Γ− 1)(2k + 3)a2k+2r

2k+3
1

−(Γ− 1)c2kr
2k+1
1 − (k2 + 1)f2kr

−2k−1
1 ] = 0. 9©

(A.9)

It contains 3 + 6k unknowns and 3 + 6k independent equations, which can be solved linearly

by using Python code as follows:

MX = N (A.10)

where M is a n×n matrix of coefficients ak, bk, ek, fk, gk and hk; X is a n×1 vector of ak, bk,

ek, fk, gk and hk; and N contains n constants. We combine k > 1 in Eq.(A.9) 4©- 7© and k > 0

in 8© and 9©, which consist of 6n equations equal to zero without any constant. This indicates
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that the unknown coefficients of these equations are zero (e2k = h2k = d2k = 0, k > 1;

f2k = g2k = b2k = 0, k > 0). Therefore, the 9 unknowns with remaining 9 independent

equations are solved.



2e0 + h0r
−2
2 = 0,

2a0r1 + d0r
−1
1 − 2e0r1 − h0r−11 = 0,

(k1Γ− Γ + 2)a0r1 − (Γ− 1)d0r
−1
1 − (k2 + 1)e0r1 = 0,

−4f0r
−2
2 − g0 + 3h2r

−4
2 = 0,

−6e2r
2
2 + 2f0r

−2
2 − g0 − 3h2r

−4
2 = 0,

−b0r−11 + d2r
−3
1 − e2r31 + f0r

−1
1 − h2r−31 = 0,

(Γ− 1)b0r
−1
1 − (Γ− 1)d2r

−3
1 − (k2 + 1)e2r

3
1 = 0,

b0r
−1
1 + c0r1 − f0r−11 − 3e2r

3
1 − g0r1 = 0,

(k1Γ + 1)b0r
−1
1 − (Γ− 1)c0r1 − (k2 + 1)f0r

−1
1 = 0.

(A.11)

where for case 1) with gravity a0 = (1+λ)[σffv +γr(Y −v)]/4; c0 = (1−λ)[σffv +γr(Y −v)]/2

and for case 2) without gravity ã0 = (1 + λ)σffv /4; c̃0 = (1− λ)σffv /2.
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