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Abstract: A simple analytical approach for nonlinear analysis of the load–displacement response of a single pile is presented.
Two models are adopted in the proposed approach. One model uses a softening nonlinear relationship to simulate the degra-
dation behavior between the unit skin friction and the pile–soil relative displacement developed in the pile–soil interface, and
the other model adopts a bilinear load–displacement relationship to capture the pile-end response. Based on the two proposed
models, a highly effective computer program has been developed for nonlinear analysis of the load–settlement behavior of a
single pile. Comparisons are made between the present method, other analytical methods, and a well-documented field ex-
perimental pile loading case. The results of the comparisons indicate that the proposed method is generally in good
agreement with field-observed behavior and the calculated results derived from other approaches. A parametric study is
conducted to assess the influence of the parameters related to the proposed model on the load–displacement response
of a single pile.

Key words: pile, softening model, bilinear model, ultimate unit skin friction, end resistance, settlement.

Résumé : Cet article présente une approche analytique simple pour l’analyse non linéaire du comportement en charge–déplacement
d’un pieu unique. Deux modèles sont adoptés dans l’approche proposée. Un modèle utilise une relation d’adoucissement
non linéaire pour simuler le comportement en dégradation entre la friction superficielle unitaire et le déplacement relatif
pieu–sol développé à l’interface pieu–sol; tandis que l’autre modèle adopte une relation bilinéaire de charge–déplacement
pour illustrer le comportement de l’extrémité du pieu. À partir de ces deux modèles proposés, un programme informa-
tique très efficace a été développé pour l’analyse non linéaire du comportement en charge–tassement d’un pieu unique.
Des comparaisons sont faites entre la méthode présentée, d’autres méthodes analytiques et un cas bien documenté d’un
pieu expérimental sur le terrain. Les résultats des comparaisons indiquent que la méthode proposée concorde générale-
ment bien avec le comportement observé sur le terrain et avec les résultats calculés avec les autres approches. Une
étude paramétrique est réalisée pour évaluer l’influence de paramètres reliés au modèle proposé sur le comportement en
charge–déplacement d’un pieu unique.

Mots‐clés : pieu, modèle d’adoucissement, modèle bilinéaire, friction superficielle unitaire ultime, résistance à l’extrémité,
tassement.

[Traduit par la Rédaction]

Introduction
Much effort has been made to develop theoretical methods

to analyze the behavior of single piles and pile groups. Many
of these various numerical methods fall into five main cate-
gories: (i) the theoretical load–transfer curve method (Kraft
et al. 1981; Xiao et al. 2002; Zhang et al. 2010a), which
uses the load–transfer function to describe the relationship
between the unit skin friction transferred to the surrounding
soils and the pile–soil deformation behavior in each soil
layer; (ii) the simplified analytical methods (Randolph and
Wroth 1979; Lee 1993; Guo and Randolph 1999), which
consider the vertical displacement of the soil induced by the
shaft resistance as a logarithmic relationship of the radial dis-
tance away from the pile shaft; (iii) the boundary–element

method (Mandolini and Viggiani 1997; Mendonça and De
Paiva 2000; Ai and Han 2009), employing either load–trans-
fer functions to capture the interaction response or elastic
continuum theory to simulate the soil mass response; (iv) the
finite element method (Sheng et al. 2005; Comodromos et al.
2009; Said et al. 2009), which is considered one of the most
powerful approaches for the analysis of the behavior of single
piles or pile groups, however, it is not commonly used in
practice because of its high computational requirements; (v)
the variational approach (Shen et al. 1997, 1999, 2000),
which has been used recently in the analysis of piled raft
foundations.
To account for the nonlinearity in the stress–strain re-

sponse of soil, the load–displacement response of both the
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pile shaft and base are usually taken to be hyperbolic (Lee
and Xiao 2001; Xiao et al. 2002; Yetginer et al. 2006). In
these approaches, to define the shaft or base responses, the
ultimate unit skin friction or the limiting unit base resistance
and its corresponding displacement are required. In practice,
however, the shaft resistance degradation has been investigated
in field tests (Zhao et al. 2009; Zhang et al. 2010b, 2011a,
2011b), and skin friction softening has been observed with in-
creasing displacement. Meanwhile, it can be observed that a
bilinear model is feasible in analyzing the load–settlement re-
lationship developed at the pile end in practical applications
(Liu et al. 2004; Zhang et al. 2010a); however, very few
approaches account for the skin friction softening in detail.
This paper presents a simple analytical approach for the
nonlinear analysis of the load–displacement response of a
single pile considering shaft resistance degradation and
base resistance hardening. Two models are adopted in the
proposed approach. One model uses a softening nonlinear
relationship to simulate the degradation behavior between
the unit skin friction and the pile–soil relative displacement
developed at the pile–soil interface, and the other model is
based on field test results (Zhang et al. 2010b, 2011a,
2011b) and the analytical solution presented by the authors
in another paper (Zhang et al. 2010a) to describe the load–
displacement response developed at the pile tip. Based on the
two proposed models, a highly effective computer program is
developed for nonlinear analysis of the load–settlement behav-
ior of a single pile. The well-documented field test results and
the computed results reported in the literature are used to as-
sess the efficiency and accuracy of the proposed analytical ap-
proach. Further study is conducted to analyze the influence of
the parameters related to the proposed model on the load–
displacement response of a single pile.

A softening nonlinear model of skin
resistance
From the results of laboratory and field tests on pile–soil

interfaces, it can be seen that the relationship between skin
friction and the corresponding shear displacement follows a
softening model when skin friction is fully mobilized. Thus,
in this work, a simple softening model, as shown in Fig. 1,
may be conveniently adopted to describe the shaft shear
stress and the shear displacement developed along the pile–
soil interface. Figure 1 shows that at first the pile side friction
increases nonlinearly with increasing pile head load. When
the pile–soil relative displacement reaches the value Ssu, the
unit skin friction achieves its ultimate value, tsu. The unit
skin friction then decreases with increasing displacement
along the pile–soil interface.
This softening behavior between the skin friction and the

pile–soil relative displacement at a given depth has been ap-
proximated by the following equation:

½1� tsðzÞ ¼ SsðzÞ½aþ cSsðzÞ�
½aþ bSsðzÞ�2

where ts(z) is the shaft shear stress at a given depth, z; Ss(z)
is the relative displacement along the pile–soil interface at a
given depth, z; and a, b, and c are empirical coefficients. The
determination of these three parameters will be discussed in
the following section.

The accuracy of the proposed softening model will be dis-
cussed in a later section.

Determination of the values of parameters a,
b, and c

When the pile–soil relative displacement reaches the value
Ssu, the unit skin friction achieves its limiting value, tsu. The
derivative of ts(z) is written as:

½2� dtsðzÞ
dSsðzÞ

¼ ½aþ 2cSsðzÞ�½aþ bSsðzÞ� � 2b aSsðzÞ þ cSsðzÞ2
� �

½aþ bSsðzÞ�3
Following the assumption that dts(z)/dSs(z) = 0, the value

of Ssu can be estimated. One obtains

½3� Ssu ¼ a

b� 2c

Substitute eq. [3] into eq. [1], the value of the ultimate unit
skin friction, tsu, can be obtained in the following form:

½4� tsu ¼ Ssuðaþ cSsuÞ
ðaþ bSsuÞ2 ¼ 1

4ðb� cÞ
When the relative shaft displacement along the pile–soil

interface reaches a very large value, S∞, the skin friction re-
mains at a residual value, tsr. The value of tsr can be calcu-
lated using the following equation:

½5� tsr ¼ lim
SðzÞ!S1

SsðzÞ½aþ cSsðzÞ�
½aþ bSsðzÞ�2 ¼ c

b2
¼ bstsu

where bs is defined as the ratio of the residual unit skin fric-
tion to the limiting unit shaft resistance. A series of field tests
on bored piles under compression loading (Zhang et al.
2010b, 2011a, 2011b) demonstrated that values of bs applied
for the bored piles have been found to be in the range 0.83–
0.97.
From eqs. [4] and [5], the value of b is expressed as

½6a� b ¼ 1� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� bs

p
2bs

1

tsu

Fig. 1. Assumed relationship between skin friction and relative shaft
displacement at the pile–soil interface.
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or

½6b� b ¼ 1þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� bs

p
2bs

1

tsu

Substituting eq. [6a] into eq. [4], the value of the parame-
ter c can be written as follows

½7a� c ¼ 2� bs � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� bs

p
4bs

1

tsu

or substituting eq. [6b] into eq. [4]

½7b� c ¼ 2� bs þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� bs

p
4bs

1

tsu

From eqs. [3], [6a], and [7a], the value of parameter a can
be expressed as

½8a� a ¼ ðb� 2cÞSsu ¼
bs � 1þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� bs
p

2bs

Ssu

tsu

or from eqs. [3], [6b], and [7b]

½8b� a ¼ ðb� 2cÞSsu ¼
bs � 1� ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� bs
p

2bs

Ssu

tsu

It should be noted that the value of parameter a shown in
eq. [8b] is deduced from eqs. [6b] and [7b], and is a negative
value. This is not feasible in practice (see Fig. 1). Therefore,
only eqs. [6a], [7a], and [8a] are adopted to calculate the val-
ues of the parameters a, b, and c, respectively.
It is well known that the interface behavior of an actual pile

at a site is affected by many complicated factors, such as con-
struction methods, pile types, soil types, stratigraphy, and
loading procedure. These factors may influence the magnitude
of parameter Ssu. The value of Ssu is determined experimen-
tally or by back-analysis of field load test results. A series of
field tests (Zhao et al. 2009; Zhang et al. 2010b, 2011a,
2011b) show that the values of parameter Ssu have been found
to be in the range 5–25 mm for bored piles of 0.7–1.1 m di-
ameter in different soils (e.g., mud, clay, sandy silt, silty clay).
In the analytical approach presented here, the ultimate unit

shaft resistance, tsu, is determined based on a formula using
soil parameters derived from both laboratory and in situ tests.
The effective stress method is employed to predict tsu in the
drained condition. Based on Coulomb’s friction law, the fol-
lowing equation can be used to calculate the limiting unit
shaft resistance, tsu:

½9� tsu ¼ Ks 0
v tand

where K is the lateral earth pressure coefficient; s 0
v is the ef-

fective overburden pressure at the depth under consideration;
and d is the friction angle of the pile–soil interface. For bored
piles, the angle d is commonly assumed to be equal to the
angle of shearing resistance of the surrounding soil, 40, for
practical purposes. The coefficient K depends on various fac-
tors including the soil state, the pile installation method, and
the pile geometry, and is related to the in situ earth pressure
coefficient, K0, whose value is approximately estimated by
K0 = 1 – sin40 for normally consolidated soils. Therefore,
eq. [9] can be written in another form (Yang et al. 2006)

½10� tsu ¼ K0

K

K0

� �
tan 40 d

40

� �� �
s 0
v

Some proposals have suggested that d=40 be in the range
0.8–1.0 for smooth concrete piles, and that K/K0 be in the
range 0.7–1.2 for small-displacement piles and 1.0–2.0 for
large-displacement piles (Kulhawy 1984).

A bilinear base load–displacement model
Assuming that the load–displacement relationship devel-

oped at the pile base follows a bilinear model, as shown in
Fig. 2, the pile base settlement induced by the mobilized
base load can be written as

½11� tb ¼
k1wb wb < Sbu

k1Sbu þ k2ðwb � SbuÞ wb � Sbu

(

in which tb and wb are the unit end resistance and the pile-
end settlement, respectively; k1 and k2 represent the compres-
sive rigidity of the pile-tip soil in the first and second stages
of the load–displacement curve, respectively; and Sbu is the
pile-end settlement related to the limiting end resistance in
the first stage.
In the following section, the accuracy of the proposed bi-

linear model will be assessed using a series of field experi-
mental pile loading cases.

Determination of the values of parameters
k1, k2, and Sbu

In the bilinear base load–displacement model, three param-
eters k1, k2, and Sbu are required to define the pile end re-
sponse. Both the parameters k1 and k2 are dependent upon
the pile base settlement. The variation of k1 may be conven-
iently expressed using the following equation, as suggested
by Randolph and Wroth (1978):

½12� k1 ¼ 4Gsb

pr0ð1� ybÞ
where Gsb and yb are the shear modulus and Poisson’s ratio
of the soil below the pile base, respectively.
The value of k2 can be approximately calculated by the fol-

lowing simple equation (Zhang et al. 2010a):

½13� k2 ¼ DPt

Dwt � ðDPtL=EpApÞ ¼
kt

1� ðktL=EpApÞ
where DPt is the increased load at the pile head when the
settlement at the pile base is larger than the limiting pile end
settlement of the first stage of the tb–wb curve; Dwt is the
increased settlement at the pile head induced by DPt; L is
the pile length; Ep represents the pile elastic modulus; Ap is
the cross-sectional area of the pile; and kt is the ratio of the
load increment to the settlement increment at the pile head,
kt = DPt/Dwt.
It should be mentioned that the construction method, the

nature of the soils under the pile tip, the borehole cleaning
methods, and the sediment thickness may have a significant
influence on the value of Sbu. Therefore, it is difficult to get
an accurate value of Sbu using numerical methods. However,
the value of Sbu can be determined experimentally or by
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back-analysis of field load tests results. Brief descriptions of
14 test piles and back-analyzed values of Sbu are given in Ta-
ble 1. The back-analysis of field tests (Mayne and Harris
1993; Paik et al. 2003; Yang et al. 2006; Zhao et al. 2009;
Zhang et al. 2010b, 2011b) shows that the values of the pa-
rameter Sbu have been found to be in the range 1.2–8.3 mm
in different soils for different pile types. The previously men-
tioned results can be used in the numerical analysis of the
pile toe response. In Table 1, the mobilized base load re-
ported by Yang et al. (2006), Zhao et al. (2009), and Zhang
et al. (2010b, 2011b) was approximately measured by vibrat-
ing wire strain gauges near the tips of single piles. For the
field tests reported by Yang et al. (2006), the base settlement
was determined by subtracting the elastic shortening of the
pile shaft from the pile head settlement. The test method for
the pile tip settlement given by Zhao et al. (2009) and Zhang
et al. (2010b, 2011b) was summarized as follows: (i) a
66 mm diameter pipe was attached to the steel reinforcement
cage; (ii) a 33 mm diameter pipe was placed inside the
66 mm diameter pipe before the loading test was conducted;
and (iii) the settlement at the pile tip was measured with the
dial gauges located on the 33 mm diameter pipe during the
loading test. Full details of the test method for the measured
pile-end displacement and unit end resistance of Mayne and
Harris (1993) and Paik et al. (2003) were not given in their
papers. Using the previously mentioned field values, the
load–displacement response developed at the pile base can
be obtained, as shown in Table 1. The parameter Sbu is de-
fined as the pile-end settlement related to the limiting end re-
sistance in the first stage.

Comparison between field measurements
and calculated values using the proposed
model

The capability of the proposed model is assessed by com-
paring the theoretical results from the present method with
those deduced from field tests on a single pile. Brief descrip-
tions of the test piles are given in Table 2. The field values
were measured using strain gauges that were attached to the
steel rebar cage at different locations along a single pile. Us-
ing the strain gauge installed at a certain depth, the average
axial force at that depth was calculated following the method

of Zhang et al. (2010b). Skin friction along the pile was cal-
culated by dividing the difference of two consecutive axial
forces by the pile surface area between the two groups of
strain gauges. The skin friction was therefore an average
value corresponding to the distance between the locations of
two groups of strain gauges. Results of the field tests on
seven single piles presented by the authors (Zhang et al.
2010b, 2011a) are used to check the reliability of the pro-
posed softening model for skin friction, as shown in Fig. 3.
In Fig. 3, the shaft resistance, ts, is normalized by the limit-
ing unit skin friction, tsu, and the relative shaft displacement,
Ss, is normalized by the displacement at the ultimate unit
shaft resistance, Ssu.
Figure 3 shows that a relatively close agreement between

the measurements and the calculated values can be observed
in different soils. The proposed softening model can be used
to simulate the relationship between unit skin friction and
shear displacement for the test piles.
A comparison of the measured end resistance–settlement

curve with that calculated using the procedure described in
the previous sections is shown in Fig. 4 for the single piles.
As can be seen, comparisons between the calculated and
measured results of the piles are rather satisfactory.

Algorithm for load–settlement analysis of a
single pile embedded in layered soils

Based on the proposed two models and the bisection
method, a single pile response can be obtained. The bisection
method is a root-finding method that repeatedly bisects an in-
terval then selects a subinterval in which a root must lie for
further processing. The theoretical method for a single pile
embedded in layered soils can be analyzed with the following
procedure:

1. Assume a single pile is divided into m segments, as shown
in Fig. 5.

2. Assume a small pile head settlement, wt1. On the other hand,
assume a constant pile head load value, Pt1.

3. Assuming an average load, Pt1, in pile segment 1, the elas-
tic deformation of pile segment 1, sc1, can be calculated
using

½14� sc1 ¼ Pt1L1

ApEp

where L1 is the length of pile segment 1.
4. A vertical movement, wc1, at the middle height of pile seg-

ment 1 can be calculated using

½15� wc1 ¼ wt1 � 0:5sc1

5. By substituting eq. [15] into eq. [1], the shaft shear stress,
ts1, developed in the interface between pile segment 1 and
soil can be obtained.

6. Calculate the total skin friction of pile segment 1, T1,
using the following equation:

½16� T1 ¼ 2pr0L1ts1

where r0 is the pile radius.
7. The mobilized base load of pile segment 1, Pb1, can then

be calculated as follows:

Fig. 2. Assumed relationship between end resistance and pile-end
settlement.
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½17� Pb1 ¼ Pt1 � T1

8. The average axial load of pile segment 1, P1, is written as:

½18� P1 ¼ Pt1 þ Pb1

2

9. Calculate the modified compression of pile segment 1, s0c1,
using eq. [19]

½19� s0c1 ¼
P1L1

ApEp

10.Compare the modified compression of pile section 1, s0c1,
with the initial elastic deformation of pile segment 1, sc1.
If the modified compression of pile section 1, s0c1, does
not agree with the elastic deformation of pile segment 1,

sc1, within a specified tolerance (e.g., 1 × 10–6 m) use s0c1
as the new value of sc1. Repeat steps (4) to (9) until the
value of sc1 – s0c1 is within the assumed tolerance.

11. The end displacement of pile segment 1, wb1, is given by

½20� wb1 ¼ wt1 � s0c1

12.Repeat steps (3)–(11) until the pile end settlement of a cer-
tain pile segment is within the assumed tolerance, or the
mobilized base load of a certain pile segment is within
an assumed tolerance.

13.Calculate the total skin friction or the sum of the total skin
friction and the mobilized base load, T.

a. If the mobilized base settlement of pile segment i is lar-
ger than the assumed small value of 1 × 10–6 m, and

Table 1. Brief descriptions of test piles and back-analyzed values of Sbu.

Reference
Pile
No. Pile type Soil under pile toe Pile length (m) Pile size

Back-analyzed
value of Sbu (mm)

Zhang et al.
(2010b)

S1 Cast-in-situ
bored pile

Moderately decomposed
bedrock

119.9 1.1 m diameter ≥6.9

S2 Cast-in-situ
bored pile

Moderately decomposed
bedrock

88.2 1.1 m diameter ≥8.3

S3 Cast-in-situ
bored pile

Highly decomposed
bedrock

88.4 1.1 m diameter 1.2

Zhang et al.
(2011b)

S1# Cast-in-situ
bored pile

Moderately decomposed
diorite

109.7 1.1 m diameter 2.7

S3# Cast-in-situ
bored pile

Moderately decomposed
diorite

103.7 1.1 m diameter 3.1

Zhao et al. (2009) — Cast-in-situ
bored pile

Soft clay 48.2 1.2 m diameter 2.2

Mayne and Harris
(1993)

— Cast-in-situ
bored pile

Silty sand 16.8 0.76 m diameter 2.2

Paik et al. (2003) — Driven pile
(closed-ended)

Dense sand 7.0 0.356 m diameter 5.0

— Driven pile
(open-ended)

Dense sand 7.0 0.356 m diameter 8.0

Yang et al. (2006) PD1 Driven pile
(steel H-section)

Completely to highly
decomposed granite

31.8 305 mm × 305 mm
× 223 kg/m

8.0

PD2 Driven pile
(steel H-section)

Completely to highly
decomposed granite

39.6 305 mm × 305 mm
× 223 kg/m

6.0

PD5 Driven pile
(steel H-section)

Completely to highly
decomposed granite

42.9 305 mm × 305 mm
× 223 kg/m

7.0

PD7 Driven pile
(steel H-section)

Completely to highly
decomposed granite

45.1 305 mm × 305 mm
× 223 kg/m

5.0

PD8 Driven pile
(steel H-section)

Completely to highly
decomposed granite

38.6 305 mm × 305 mm
× 223 kg/m

8.0

Table 2. Brief descriptions of test piles. Pile type is cast in situ bored pile for all cases shown.

Case
Pile
No. Soil (depth)

Pile length
(m)

Pile diameter
(m)

Wenzhou World Trade Center
(Zhang et al. 2010b)

S1 Mud (0∼5.24 m); mud (5.24∼17.24 m); clay (17.24∼17.24 m) 119.9 1.1

S2 Mud (0∼4.2 m); mud (4.2∼16.2 m); clay (16.2∼28.2 m) 88.2 1.1
S3 Mud (0∼9.6 m); mud (9.6∼19.6 m); clay (19.62∼30.6 m) 88.4 1.1

Hangzhou Olympic Sports
Center (Zhang et al. 2011a)

TS1 Sandy silt (2.1∼5.1); sandy silt (8.6∼9.8) 39.8 0.8

TS2 Sandy silt (2.6∼4.9); sandy silt (4.9∼9.9) 40.5 0.7
TS3 Sandy silt (2.0∼5.8); sandy silt (5.8∼10.4) 39.1 0.8
TS4 Sandy silt (2.1∼6.0); sandy silt (6.0∼8.8) 39.2 0.8
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the base movement of pile segment i + 1 is less than
1 × 10–6 m, the total skin friction, T, can then be ap-
proximately estimated by

½21� T ¼ T1 þ T2 þ � � � þ Ti

b. If the mobilized base settlement of pile segment m is
larger than the assumed small value of 1 × 10–6 m,
the mobilized base load can be calculated with
eq. [11], and the sum of the total skin friction and
the mobilized base load, T, can be calculated using

½22� T ¼ T1 þ T2 þ � � � þ Tm þ Pbm

where Pbm is the mobilized base load at the pile seg-
ment m, whose value can be calculated using eq. [11].

14. The procedure from steps (2) to (13) is then repeated using
a large pile head settlement value, w0

t1 (e.g., w0
t1 = 0.1d),

until another total skin friction or the sum of the total
skin friction and the mobilized base load, T′, is ob-
tained.

15.Repeat steps (3) to (13) using an average pile head settle-
ment, wave

t ¼ ðw0
t1 þ wt1Þ=2, the total skin friction or the

sum of the total skin friction and the mobilized base
load, Tave, can then be calculated.

16.Compare the value of Tave with the load at the pile top.

a. If the value of Pt1 – Tave is within a specified tolerance,
the value of wave

t is the settlement at the pile top
caused by the pile head load Pt1.

b. If Tave does not agree with the assumed load at the pile
head, Pt1, within a specified tolerance, check if the va-
lue of (Tave – Pt1)(T – Pt1) < 0. If so, use w0

t1 as the
new value of wave

t , or else use wt1 as the new value of
wave
t . Repeat steps (3) to (15) until Tave agrees with the

assumed pile head load, Pt1, within a specified tolerance.
17. The procedure from steps (3) to (16) is then repeated using

a different assumed load level at the pile top, Pt1, until a
series of load–settlement responses developed at the pile
head are obtained.
The proposed simple analytical approach is economical

and efficient, and suitable for the analysis of a pile embedded
into layered soils by considering the shaft resistance degrada-
tion and the base resistance hardening.

Fig. 3. Comparison of theoretical and measured relationship be-
tween ts/tsu and Ss/Ssu: test piles of (a) the Wenzhou World Trade
Center (Zhang et al. 2010b) and (b) the Hangzhou Olympic Sports
Center (Zhang et al. 2011a).

Fig. 4. Comparison of theoretical and measured relationship be-
tween pile-end displacement and unit end resistance: test piles of
(a) the Wenzhou World Trade Center (Zhang et al. 2010b) and
(b) Wenzhou Lucheng Square (Zhang et al. 2011b).
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Case study

To check the reliability of the proposed method, the ap-
proach described in the previous section is applied to analyze
one case history reported in the literature that was performed
on a single pile in multilayered soil. The case history ana-
lyzed, regarding the loading test and the numerical analysis,
was reported by Dong et al. (1994), Zhu et al. (1998), and
Zhang et al. (2010a) on a large-diameter single bored pile
embedded in multilayered soil. The bored cast-in-situ pile of
47.7 m length and 1.1 m diameter, had an elastic modulus of
30 GPa, and was drilled into a gravel layer with embedded
length of 3.2 m at the base of the pile. The thickness of each
soil layer shown in Table 3 was given by Dong et al. (1994).
The values of the limiting unit skin friction tsu were deter-
mined by the field load test results reported by Dong et al.
(1994). The value of bs was assumed to be 0.85 for the soils
around the pile. The values of the parameters k1, Ssu, and Sbu
were suggested by Zhu et al. (1998) using the back-analysis
of the field test pile results, whereas the values of the param-
eters a, b, c, and k2 were calculated using eqs. [7a], [8a],
[9a], and [13], respectively. The values of these parameters
are listed in Table 3. Note that the values of Ssu quoted in
Table 3 (0.9–1.5 mm) are given by Zhu et al. (1998) and are
much smaller than the range previously given in this paper
(5–25 mm). However, later analysis shows that the parameter
Ssu has little influence on the load–settlement response of a

single pile and is not a key factor to be considered in the
present softening model. Therefore, to get a better compari-
son between the load–settlement response of the single pile
derived from the present approach and that given by Zhu et
al. (1998), the values of Ssu quoted in Table 3 were used in
this case.
A comparison between the computed and measured load–

settlement curves at the head of the single pile is shown in
Fig. 6. In the analytical method proposed by Zhang et al.
(2010a), a load-transfer method was used to assess the elas-
tic–plastic behavior of the pile embedded into layered soils
using two models. One model adopted a hyperbolic approach
to describe the nonlinear relationship between shaft shear
stresses and displacement surrounding the pile shaft, and the
other model used a bilinear hardening model to simulate the
relationship between pile end displacement and mobilized
base load. Zhu et al. (1998) analyzed the pile load–settlement
response using a linear elastic–plastic load transfer function.
Figure 6 shows that the load–settlement response at the

pile head plotted from the present method is generally consis-
tent with the measured results given by Dong et al. (1994)
and the calculated results proposed by Zhang et al. (2010a)
at all loading levels. However, the calculated settlement re-
sponse derived from the present approach is slightly higher
than the theoretical values suggested by Zhu et al. (1998)
under a large load.

Parametric study
To analyze the influence of the parameters related to the

proposed model on the load–displacement response, a further
study was conducted. Analyses were conducted on a single
pile embedded in homogenous soil. A pile of 20 m length
and 0.8 m diameter had an elastic modulus of 30 GPa. The
ultimate unit skin friction was assumed to be 50 kPa for
each case. The load–settlement response of the single pile is
portrayed parametrically in Figs. 7 and 8 in terms of the pa-
rameters Ssu and bs, respectively. The single pile head settle-
ment is plotted for different values of k1, k2, and Sbu as
shown in Figs. 9, 10, and 11, respectively.

Influence of Ssu on load–settlement response
Figure 7 shows that the pile head settlement increases with

increasing Ssu when the pile head load is small (e.g., the pile
head load is smaller than 5000 kN), and decreases with an
increase in the value of Ssu under a large load. It is noted
that the unit skin friction increases with decreasing values of
Ssu up to its ultimate value. When the total skin friction is
fully mobilized, the pile head settlement is only influenced
by the softening behavior of skin friction. However, the unit
skin friction decreases with an increase in the value of Ssu at
the post-peak stage of skin friction, which may cause a de-
crease in the pile head settlement with increasing Ssu under a
large load. Generally speaking, the parameter Ssu has a small
influence on the load–settlement response of a single pile.
This implies that the parameter Ssu is not a key factor to be
considered in the present softening model.

Influence of bs on load–settlement response
Figure 8 indicates that the pile head settlement increases

slightly with decreasing values of bs when the pile head load

Fig. 5. A single pile embedded in layered soil.
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is small, and decreases with an increase in the value of bs
under a large load. In short, the pile head settlement is
slightly influenced by the parameter bs, and the influence of
parameter bs on the load–settlement response of a single pile
is too small to be of practical significance.

Influence of k1 on load–settlement response
Figure 9 shows that the pile head settlements are identical

for different values of k1 before the base load is mobilized,
and the differences in the calculated settlement become sig-
nificant when the base load is gradually developed. The pile

Table 3. Soil profile and parameters for the case history.

Name of soil layer
Thickness of each
soil layer (m) tsu (kPa) Ssu (mm) a (m/kPa) b (kPa–1) c (kPa–1)

Fill 1.3 6.1 1.0 2.29E–5 5.91E–2 1.81E–2
Clay 0.6 11.8 1.0 1.18E–5 3.05E–2 9.36E–3
Silt 8.4 19.6 1.4 9.97E–6 1.84E–2 5.63E–3
Silt 10.7 18.5 1.0 7.55E–6 1.95E–2 5.97E–3
Silt 4.0 53.7 1.5 3.90E–6 6.71E–3 2.06E–3
Coarse sand 9.6 61.0 1.0 2.29E–6 5.91E–3 1.81E–3
Silty clay 4.1 29.9 1.0 4.67E–6 1.21E–2 3.69E–3
Sandy clay 1.8 34.6 1.1 4.44E–6 1.04E–2 3.19E–3
Dust mixed with clay 2.0 50.2 0.9 2.50E–6 7.18E–3 2.20E–3
Silty clay 2.0 61.0 1.0 2.29E–6 5.91E–3 1.81E–3
Gravel 3.2 83.6 1.4 2.34E–6 4.31E–3 1.32E–3

Note: Sbu = 1.4 mm, k1 = 1.4E+6 kPa/m, k2 = 3.3E+5 kPa/m.

Fig. 6. Comparison of predicted and measured load–settlement be-
havior for a single pile embedded in multilayered soils.

Fig. 7. Influence of Ssu on load–settlement response of a single pile.

Fig. 8. Influence of bs on load–settlement response of a single pile.

Fig. 9. Influence of k1 on load–settlement response of a single pile.
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head settlement increases with decreasing values of k1 when
the skin friction is fully mobilized.

Influence of k2 on load–settlement response
Figure 10 shows that the pile head settlements are identical

for different values of k2 before the pile base settlement is
larger than 5.0 mm (Sbu is assumed to be 5.0 mm), and it is
obvious that the pile head settlement decreases with increas-
ing values of k2 when the skin friction and the base resist-
ance of the first stage of the load–displacement curve are
fully mobilized.

Influence of Sbu on load–settlement response
Figure 11 shows that the value of Sbu has a significant in-

fluence on the pile head settlement. It is likely that more dis-
placement is required to fully mobilize the end resistance of
the first stage of the load–displacement response developed at
the pile tip as the value of Sbu is large. This causes a small
settlement at the pile head because the value of k1 is assumed
to be larger than that of k2.

Conclusion
In this work, a simple analytical approach for nonlinear

analysis of the load–displacement response of a single pile is
presented. Two models are adopted in the proposed ap-
proach. One model uses a softening nonlinear relationship to
simulate the degradation behavior between the unit skin fric-
tion and the pile–soil relative displacement developed at the
pile–soil interface. The other model is based on field test results
and an analytical solution to capture the load–displacement re-
sponse developed at the pile tip. Based on the proposed two
models and the bisection method, a highly effective com-
puter program is developed for nonlinear analysis of the
load–settlement behavior of a single pile. Comparisons are
made between the present method, other analytical methods
and a well-documented field experimental pile loading case.
The results of the comparisons indicate that the proposed
method is generally in good agreement with the field-observed
behavior and other analytical methods. A parametric study is
conducted to analyze the influence of the parameters related
to the proposed model on the load–displacement response of
a single pile. The proposed simple analytical approach is
economical, efficient, and suitable for the analysis of a pile
embedded into layered soils by considering shaft resistance
degradation and base resistance hardening.
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List of symbols

Ap pile area
a parameter used to simulate a softening nonlinear model

of skin resistance
b parameter used to simulate a softening nonlinear model

of skin resistance
c parameter used to simulate a softening nonlinear model

of skin resistance
d pile diameter
Ep pile elastic modulus
Gsb shear modulus of pile base soil
K lateral earth pressure coefficient
K0 in situ earth pressure coefficient
k1 compressive rigidity of pile-tip soil in the first of load-

displacement curve
k2 compressive rigidity of pile-tip soil in the second of

load-displacement curve
kt ratio of increased pile head load DPt to increased pile

head settlement Dwt
L pile length
L1 length of pile segment 1
m number of pile segments
P1 average axial load of pile segment 1
Pb1 mobilized base load of pile segment 1
Pbm mobilized base load of pile segment m
DPt increased load at pile head
Pt1 load at pile head of segment 1
r0 pile radius

Sbu pile-end displacement related to ultimate end resistance
in the first stage of load-displacement curve

Ss relative shaft displacement
Ss(z) pile-soil relative displacement at a given depth z
Ssu pile-soil relative displacement corresponding to limiting

unit skin friction
S∞ very large value of pile-soil relative displacement
sc1 elastic deformation of pile segment 1
s0c1 modified compression of pile segment 1

T, T′ total skin friction or sum of total skin friction and mo-
bilized base load

T1 total skin friction of pile segment 1
Tave total skin friction or sum of total skin friction and mo-

bilized base load derived from wave
t

wb pile-end displacement
wb1 pile end displacement of pile segment 1
wc1 vertical movement at the middle height of pile segment

1
Dwt increased settlement at pile head induced by DPt
wave
t average pile end settlement, wave

t ¼ ðw0
t1 þ wt1Þ=2

wt1 assumed small pile head settlement
w0
t1 assumed large pile head settlement value
z a given depth
bs ratio of limiting unit skin friction to residual unit shaft

resistance
d friction angle of the pile-soil interface
nb Poisson’s ratio of pile base soil
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s 0
v effective overburden pressure
tb unit end resistance

ts(z) unit skin friction at a given depth z
ts1 unit skin friction developed in interface between pile

segment 1 and soil
tsr residual unit skin friction

tsu limiting unit skin friction
40 friction of angle of shearing resistance of surrounding

soil
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